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PREFACE 


This text is planned to give the student a clear understanding of the 
basic principles of the calculus as well as a practical working knowledge 
of the subject. It is recognized, however, that a completely rigorous 
treatment of the subject cannot ordinarily be given in a first course, and 
certain proofs are of necessity omitted. Where this is done, attention is 
called to the fact. Even in the discussion and proofs that are included, 
considerable latitude is given the instructor. For instance, since the 
concept of a limit is of fundamental importance, considerable attention 
is given to it. This material is, however, so presented that the instructor 
may omit class discussion of as much of it as he desires. Throughout the 
book the explanations are sufficiently detailed to permit the student to 
grasp the ideas with a minimum of assistance from the instructor. 
Although a number of sections have been rewritten to provide a more con¬ 
cise exposition, this characteristic feature of the first edition has not been 
sacrificed Illustrative examples are worked out in some detail in the 
hope that the reader will be able to follow easily all steps in the argument. 

The wide and effective use of the calculus is amply demonstrated in 
the many geometrical and physical applications that are included m the 
text. A large number of exercises furnishes the student with the oppor¬ 
tunity of testing his understanding of the subject. 

The author is indebted to a number of his colleagues, students, and 
friends as well as to the many users of the first edition whose helpful 
suggestions find expression in many ways throughout the second edition. 


Harold M. Bacon 
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CHAPTER 1 


INTRODUCTION 


In our study of the world about us, we are continually observing rela¬ 
tionships among the things which we see and with which we have to deal. 
For example, we notice that old pine trees are tall and young ones short; 
that people with large incomes pay high taxes and people with small 
incomes pay lower taxes; that the postage required on a letter is deter¬ 
mined by the weight of the letter; that a baseball thrown into the air 
rises to a height which depends upon the velocity with which it leaves the 
ground- that the price of an article affects the volume of sales; that the 
tangent of an angle depends upon the size of the angle. We might say 
that the height of a pine tree depends upon or is a function of its age, that 
the amount of tax is a function of the size of the income, that the postage 
required is a function of the weight of the letter, that the maximum height 
attained by the baseball is a function of its initial velocity, that the 

volume of sales is a function of the selling 
price, and that the tangent of an angle is 
a function of the size of the angle. To 
study functions such as these and their 
variation is the purpose of calculus. By 
its aid, many problems of great practical 
and theoretical importance can be solved. 

This subject that we are about to study 
has had a long and fascinating history. 

Attempts to solve two problems eventu¬ 
ally led to the formulation and develop¬ 
ment of what today we call the " calcu¬ 
lus.” The older of these two problems is 
concerned with the determination of the 
area bounded by particular curves; the other is concerned with the method 
of finding the line tangent to a curve at a given point upon the curve. 

The first problem was attacked by the Greeks, who sought, among 
other things, a means of finding the area of a circle of given radius. 
Antiphon ( ca . 420 n.c.) was one of the first whose use of the “method of 
exhaustion” to solve this problem is known to us. His procedure was 
essentially as follows: Inscribe a square ABCD in the circle (Fig. 1); 
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draw radii through the mid-points of the sides of this square. These radii 
meet the circle in points E, F, G, H. Join these points to the vertices of 
the square. The resulting figure is an inscribed regular octagon. Draw 
radii through the mid-points of the sides of the octagon. Join the points 
where these meet the circle to the vertices of the octagon to form an 
inscribed regular polygon of 16 sides. Draw radii to the mid-points of 
the sides of this figure, and proceed as before. Continue the process until 
a regular inscribed polygon is obtained whose sides “coincide with the 
circumference of the circle. And, as we can make a square equal to any 
polygon ... we shall be in a position to make a square equal to any 
circle.”* Of course, we see at once that no matter how numerous (and 
therefore minute) the sides of the polygon, it is quite incorrect to say that 
they “coincide with the circumference of the circle.” But we are proba¬ 
bly willing to admit that we can make 
the area of the polygon as close to the 
area of the circle as we please by increas¬ 
ing sufficiently the number of sides. In 
fact, we might say that “the area of the 
polygon approaches the area of the circle 
as a limit” without as yet trying to give 
a precise meaning to this statement. As 
indicated, the desire was to find a square equal in area to the area bounded 
by the given curve (in this case, the circle). For this reason the problem 
has been called the -problem of quadrature . 

It is impossible to give here an account of the use by the Greeks of this 
method of exhaustion, but it must be noted that it contained the essential 
ideas of the method which we shall use for finding areas bounded by 
curves. For example, we shall find the area bounded by the curves C 1 and 
C 2 (Fig. 2) by constructing rectangles as indicated. Evidently the sum 
of areas of these rectangles is approximately the area sought. The error 
committed arises from the fact that the bases of the rectangles do not 
coincide with the curves. The larger the number of rectangles used for 
the given area, the smaller this error will be. We shall follow the Greeks 
in “exhausting” this error by increasing indefinitely the number of rec¬ 
tangles and finding the limiting value of their sum. The problem of 
finding this limiting value is solved by the integral calculus. 

The question of finding the line tangent to a curve at a given point upon 
the curve requires a different treatment. Finding the tangent is equiva¬ 
lent to determining its slope; that is, if the slope can be found, then the 
line can be drawn—or, to use the language of analytic geometry, its equa¬ 
tion can be written. In Fig. 3, let C be a curve and P a given point upon 



• From a fragment of Eudemus (ca. 335 b.c.) restored by G. J. Allman, Greek 
Geometry from Tholes to Euclid , pp. 65-66, Hodges, Figgis and Company, Dublin, 1889. 
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it. .et the scales on the x and y axes be the same. Let Q be a nearby 
point upon the curve, and draw the secant PQ. Draw PR and RQ 
parallel to the x and y axes, respectively. The ratio RQ/PR is the slope 
of PQ. Now, if Q is allowed to move along the curve toward P , the 
secant will come closer and closer to the position of the tangent line at P. 
In fact, we shall later define this tangent to be the limiting position of the 
secant PQ as Q approaches coincidence 
with P. The limiting value of the ratio 
RQ/PR is the slope of the tangent line at 
P. The evaluation of the limit of this 
ratio is the fundamental problem of the 
differential calculus. Although the prob¬ 
lem of quadrature is a very old one, it was 
not until comparatively recent times that 
the problem of tangents received wide 
attention. The development of analytic Fio. 3 . 



geometry by Descartes (1596-1650) pro 

vided a very convenient means of attacking the problem of tangents, and 

its solution was soon achieved for many different curves. 

Although the problems of quadrature and of tangents had been solved 
for various specific curves prior to the middle of the seventeenth century 
and although the methods used closely approached the methods of the 
calculus, the connection between the two problems was not generally 
known; no general system of attack and no common principle had been 
formulated by which all questions of the kind, and even problems not yet 
thought of, could be solved. It is principally to Sir Isaac Newton 
(1642-1727) and G. W. Leibnitz (1646-1716) that we owe such a formula¬ 
tion. It is now recognized that these two remarkable men developed the 
calculus quite independently of one another. The notation devised by 
Leibnitz has been adopted as being the more convenient and with some 


modifications is in use today. 

Though no attempt will be made at this point to describe the great 
number of different problems whose solutions depend upon the problems 
of quadrature and tangents, one or two examples will indicate their 
diversity Newton was chiefly interested in mechanics and proposed 
these problems: (1) The position of a point moving along a given path 
being continually (that is, at all times) known, to find the velocity of the 
point at any given instant. (2) The velocity of the point being continu¬ 
ally known, to find the length of the path traversed during a given interval 
of time The first problem reduces to the problem of tangents, and the 
second to the problem of quadrature. Again, a modern manufacturer 
might put this problem: To find the dimensions of a 1-gal. cylindrical tin 
can requiring the least amount of tin. The solution may be given by 
solving a proper problem of tangents. In general, a knowledge of the 
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methods for solving the problems of quadrature and of tangents will 
greatly aid our study of functions. 

Before going ahead, however, we must first come to a clear understand¬ 
ing of exactly what we mean by function. Also, we have been talking 
about “limiting value," “limit,” “limiting position,” “increasing indefi¬ 
nitely” without giving any explanation of the meaning of these terms. 
Because the whole structure of the calculus is based upon the idea of 
limits, it is essential that we reach a clear understanding of this idea 
before we proceed. Otherwise our study of calculus would become a 
mere memorizing of rules for working exercises, a dreary prospect indeed! 
Having clearly in mind the notion of a limit, we shall be ready to take up 
the problem of tangents and its implications. This will occupy con¬ 
siderable time, after which we shall be ready to proceed to the problem 
of quadrature with its many applications. 
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FUNCTIONS AND LIMITS 


1 Variables and Constants. A variable is a quantity that may have 
different values. The values that it takes may be restricted to a certain 
finite set of numbers; for example, the variable may be the number of 
oranges of a given size that can be packed in a standard box by different 
packers. Evidently the values of this variable ml be confined to a set 

of integers, perhaps 59, 60, 61.72. Or the values may be res noted 

to a set of numbers in some other way. For example the tangent of an 
angle between 0 and 180 deg. (including 0 and 180 deg. but excluding 
90 deg ) is a real number, positive, negative, or zero; the square roots of 
all real numbers (positive, negative, or zero) are either real or purely 
imaginary numbers. Hereafter, we shall restrict our variables to real 

values unless otherwise expressly stated. , . 

A constant is a quantity that retains the same value thr0 ^™ t 
given problem or discussion. For example, the speed and height of a 
baseball thrown into the air are variables, but its mass is a constant. 

2 Function. We have already noticed some instances of one variable 
a function of another; but before we can obtain any very extensive 
information about functions, we must come to an agreement as to pre¬ 
cisely what we mean by function. It will be convenient to call one of the 
variables x and the other y, this has the advantage of conciseness, and it 
will help us to avoid confusing one variable with the other. 

We are now ready to make our definition of a function: A van able y re 
eaid to be a function of another variable x, rf for every one of eome sc of 
values of x there corresponds a value, or a set of values, of y The variable x 
is called the argument of the function; the set of values of x is called the 
domain of definition. We note that, of course, the function may be unde¬ 
fined for other values of x. For instance, if x ,s the age in years of a cer¬ 
tain pine tree, and if y is its height, then the domain of definition of this 
function y can consist of only positive values of x; for negative x he 
function is undefined. On the other hand, if we arbitrarily assign the 
value zero to y for all negative or zero values of x, we shal have enlarged 
the domain of definition to include all (real) values of x. Again if 
y = tan x, the domain of definition of this function y consists of all angles 
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whose measure is x, except those whose measure is an odd multiple of 90 
deg. for which values of x there are no values of y. 

Since the value of y is determined for a given value of x, it is customary 
to call y the dependent variable. In many cases, x may be taken at will 
to be any value whatever (sometimes with certain restrictions), and 

under such circumstances x is called 
the independent variable. It may 
happen, however, that x is in turn 
a function of a third variable t. 
In this case a given value of t will 
determine a value of x. For this 
value of x, there is determined a 
value of y so that y is also a func¬ 
tion of t, although this time t rather 
than x is to be regarded as the 
independent variable. For exam¬ 
ple, if y = x 2 , and x = sin t, then y is 
a function of t, namely, y = sin 2 t. 
convenient to represent functions 



Fio. 4. Height of a pine tree as a function 
of its age. 


3. Graph of a Function. It is 
graphically. As is usually done, we shall let the independent variable x 
be plotted horizontally as the abscissa, and the corresponding y ver¬ 
tically as the ordinate of a point. The collection of points obtained by 
assigning various values to x and calculating the corresponding values of 



Fia. 5. y — tan x. The tangent of an angle as a function of the angle. 

y is called the graph of the function. Graphs of two of the functions 
already discussed are shown in Figs. 4 and 5. 

In the definition of a function and in the examples just considered, it 
is to be understood that we always restrict ourselves to real values of 
x and y. Furthermore, it will be observed that we have illustrated, in the 
two examples given, only single-valued functions. That is, for each value 
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of x , there corresponds only one value of y\ for a given age the pine tree 
has just one height; for a given angle the tangent has just one value. 
Now suppose that x and y are related by the equation y 2 = x. Then 
y = ± y/l, so that, for x = 4, y = ±2; similarly, for any given value of 
x, there are two values of y. Such a function of x is called a double¬ 
valued function. In this case, we shall regard y as made up of two 
branches, namely, y/x and - y/x, each one of which is single-valued. 
Note that the symbol y/x always means the positive square root. For 
example, y/(a — b ) 2 means a — b if a > b, but 6 — a if a < b. Or sup¬ 
pose that y = arctan x. Here, if 
x = 0 , then y = 0 , ±ir, ±2ir, . . . ; 
similarly, for each value of x, there 
are many (even infinitely many) cor¬ 
responding values of y, and y is called 
a many-valued function of x. Again 
we shall regard y as made up of many 
branches, each one of which is a 
single-valued function of x. In the 
case of arctan x, it is customary to 
regard 

— | < arctan x < ^ 

as the principal branch (shown by the 
heavy curve in Fig. 6 ). 

Although we have been using x and 
y as convenient designations for the 
variables involved in our discussion, there is no special reason to prefer 

them to any other pair of letters. # . 

4. Functional Notation. A very useful way of abbreviating the state¬ 
ment “y is a function of x” is to write y = f(x) (read “f of x”). This 
means that y depends upon x in some definite way. In case we wish to 
speak of another function of x where y depends upon x in a different way, 
we write y = </(x). Still other functions of x could be indicated by fi(x), 
/.(x), F(x), G(x), Ax), *(*), and so on. If we wish to express the fact 
“the value of the function/(x) for x = 2 is 10 ,” we shall write/( 2 ) = 10 . 
For example, if/(x) = 2 x + 6 , then/( 2 ) = 10 ,/( 0 ) - 6 ,/( 17) - 28. 

If g(x) = tan x, then g( 0 ) = 0 , g(*/4) = 1> 0(~ 7 r /‘I) — “I* 



Fio. 6. 


If the function/(i) has the property that/<-*) - /(*), the function is 
function. If, on the other hand, /( -x) = -fix), the function is called 

an odd function. 


Example- 
called an even 


Suppose 

Then 


f(x) ° x 4 + 2x* + 7 

/(_ Z ) « (_ z )« + 2(-x)’ +7 = i 4 + 2z* -f 7 -/(*) 


Therefore f(x) is, in this case, an even function. 
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Suppose 

Then 


92 

g(x) ~ I s - 16x* + 11* - — 

ff (-x) = (-*)‘ - 16(—*)* + IK-*) 

_ ??\ 


( 


- ( x* - ie** + iix 


Therefore, in this case, g(x) is an odd function. 


92 
—x 


EXERCISES 

Express each of the functions of Exercises 1 to 12 by a formula, draw the graph, 
and indicate the values of the independent variable for which the formula has a 

meaning in the particular problem. 

1. (a) The area of a square as a function of the length of the side 
(6) The length of the side of a square as a function of the area 

2. (a) The volume of a sphere as a function of its radius 

(6) The radius of a sphere as a function of its volume . 

3. The cost of a carpet as a function of its area in square yards if its price is SJ4.5U 

per square yard . . . , , 4 , - 

4 The function of Exercise 3 if $10 must be added for a decorator s fee 

6. The time required for an air { lane to travel 1000 miles as a function of the 

average speed . , 

6 The distance traveled in t hr. by a tram whose speed is 55 m.p.h. 

7. The amount at the end cf t years cf $1 at 2 per cent interest compounded 

annually as a function of t 

8. The cost at 25 cents per square foot of a square cement floor as a function ot tne 
length of the side 

9. The function of Exercise 8 if the floor is surrounded by a curbing costing $1.25 
per linear foot and $5.00 is added for incidental expenses 

10. y as a function of x if y is inversely proportional to the square root of x 

11 . if the pressure of a gas at constant temperature is inversely proportional to the 

volume, express the pressure as a function of the volume. 

12 The stiffness of a beam of rectangular cross section is proportional to the 
breadth and the cube of the depth. If the breadth is 10 in., express the stiffness as a 
function of the depth. 


13. Find/(0),/(l),/(-l),/(2),/(3),/(x + 1) if/(x) = *' - 4x* - x + 4. 

x*(x — 1) 

14. Find v(2), v>0). v'(0). v(-l). *>(-2) if v-(*) = (l + 2) * 

16. Find t/(0), g(l), (7(2), <7(3), g( 3 - x) if g(.x) =* x*(* - 3)*. 


16. Find F(l), F{ 3), F( 4), F (4 - y) if F(j) 


y 


•*»/ + 5 


lGy - 4 y* 


17. Find/(0),/^./^^/(')./^-^’/(*- ~ -I )’ if/(x) 


tan x. 


18. Find / 

(a) if f(x) = sin x 




/(*■ + *) 

(6) if /(x) =■ cos x 
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19. By considering /(-*), discover which of the following are even functions, 
which are odd functions, and which are neither even nor odd: 

(a) fix) = x« + 7x> + 9 (i>) /(*) -*»+*+-, 


(0 /(X) 

= Vx* + 18 

(d) /(X) " 4x> + 9 

(e) f(x) 

— sin x 

(J) fix) - COS X 

(g) fix) 

= tan x 

(/i) fix) = 6in x + esc x 

(!) fix) 

«= tan x + cos x 

O’) /(*) = tan x sec x 

<*) fix) 

= tan* x 

(0 /(x) “ tan* x 

COS X 

(m)/(x) 

« sin x + cos x 

in) fix) = x + ^ 


20. If fix) - sin x and p(x) = cos x, show that 


/(2x) - 2/(x) (7(x) 

/(x + y) = /(-r) ff(y) +/(y) 
y(x + y) = c(x) y(y) - /(*) /<y) 

21. If /,(x) - \Zx* + 4a* and /,(x) ~ V** - 4a ’. show that, for 0 < a < 

-(-CM* *?)-*■ 

22. If/(x) - show that /(x) - 

6 Implicit Functions. All the examples of functions so far considered 
have been such that the mere designation of a value of x serves to provide 
at once a value of y. In other words, y = fix) expresses y as an explicit 
function of x. It may happen that x and y are connected by some sort of 
equation; for instance, we may have x l + y 2 - 25 = 0 Here evi¬ 
dently if values are assigned to x, corresponding values of y are deter¬ 
mined’ For example, if x = 3, then y = ±4. Therefore, y is a double¬ 
valued function of x, consisting of two branches, although the equation 
that defines the function is not solved for y and so does not give y explicitly 
in terms of x. Under such circumstances, we say that y is an implicit 
function of x. Our notation for functions can be modified for use in this 
case and we write F(x,y) = 0. It may be possible to solve this equation 
conveniently for y, say y = *(x), and the result gives y explicitly as a 
function of x. Here 4>(x) is the function that is implicit in the equation 
F(x,y) = 0. In the example given we have 

y = ± V25 - x* = $(x) 

One of the branches of this double-valued function is \/25 - x* and the 

other is — \/25 — x*. ... 

Another illustration of y as an implicit function of x is 

F(x,y) = y‘ + y + x = 0. 

In this case it can be proved, although the proof is difficult, that it is 
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impossible to find an explicit algebraic expression for y in^terms of x. 
Nevertheless, this equation does define y as a function of x* 

6 . Classification of Functions. It is interesting and useful to classify 
functions in the following way. The simplest kind of function of x is the 
polynomial , or integral rational funclion y 

aox n + aix ” -1 + • • • + Gn-l£ + 

where n is a positive integer and a 0) aj, . . . , a„ are any constants. 

The next more complicated kind of function is a quotient of two poly¬ 
nomials, and it is called a rational function, or rational fraction. For 
example, 3x 5 + 15x 2 - 9x + 1 and x 4 - x + 11 are both polynomials, 

and their quotient 

3x 5 + 15s* - 9x + 1 
x* — x + 11 

is a rational function of x. Any polynomial is, of course, a rational func¬ 
tion, since it may be regarded as a rational fraction whose denominator is 
a constant. A constant is a polynomial in which all the coefficients except 
the last one are zeros. 

The next more complicated kind of function is called an algebraic func¬ 
tion. Such a function can be obtained by combining rational functions 
in a way that employs a finite number of root extractions. For example, 

if ^__^ ==== 

y = ^ x + Vx + Vx 


then it is easy to verify that 



- (4x)i / 6 4- 2x(3x - l)y* - 4x 2 (x - l)t / 2 

+ (x 4 — 2 x 3 + x 2 — x) = 0 


by repeated squaring of both sides of the equation. Observe that this 
second equation is a polynomial in y whose coefficients are rational func¬ 
tions of x. In general, y is said to be an algebraic function of x if it is a 
root of an equation of nth degree in y whose coefficients are rational func¬ 
tions of x. It is clear that rational functions are included in the class of 
algebraic functions. For instance, the rational function in the example 
in the middle of this page may be expressed as a root of the following first- 
degree equation in y: 

(x 4 - x + 11)»/ “ (3x 5 + 15x 2 - 9x + 1) = 0 


Any function that is not algebraic is said to be transcendental. A nega¬ 
tive kind of definition like this naturally includes an immense variety of 


• That such equations as this actually, under certain conditions, define y as a 
function of x requires proof. However, no such proof will be given here, for it is best 
to leave these details to more advanced courses. 
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functions of varying degrees of importance and interest. Perhaps the 
most familiar transcendental functions are the trigonometric and inverse 
trigonometric functions. Other elementary transcendental functions are 
the logarithmic, exponential, and hyperbolic functions. Besides these, 
there are many important transcendental functions whose properties 
have been studied but which lie beyond the scope of this book; for 
instance, the elliptic, Bessel’s, and gamma functions are of this type. 


EXERCISES 


1. Express y as an ex 
(a) x* — y* — 8 = 0 
(c) x * + 4j i 3 = 10 

2. Express y as an ex 


plicit function of x in each case: 

(6) (i* + x — l)y + 3x — 3 = 0 
( d) x* + 3zy + 2y* - x + y - 1 =0 
plicit function of x. draw the graph, and indicate the branches 


of the function if 
(a) 4x — y J = 0 
(c) 9z 2 - 4y» = 36 
(e) x* - y 1 = 0 

3. The following functions of x arc 
coefficients arc rational functions of x. 

(a) y = \/2x + V~x 


(6) 9x 2 + 4y* = 36 
(< d) xy l — 16 = 0 


roots of algebraic equations in y in which the 
Find these eq uations. _ 

(6) y = V3X + \/2x + y/~z 


7. Sequences; Limit of a Function. We are now ready to examine the 
concept of a limit —the foundation upon which the whole of our future 
work will rest. Most of us probably have a rough idea of what is meant 
when we «*ay “The variable x approaches the constant a as a limit.” 
Note that we are not talking about x equaling a, for, if we were interested 
in having x equal to a, we should simply say, “Let x equal a,” and settle 
the matter. We are, instead, concerned with what is going on “close” 

to a, or “in the neighborhood of a.” < 

Such an idea must be put into more precise and abstract form if we are 
to use it for the basis of any careful and extensive study of functions. We 
first define the word sequence: If to each positive integer 1, 2, 3, ... , 
n there corresponds a definite real number x„, then the numbers x u x 2 , 

x [ x n ... are said to form a sequence. Such a sequence will be 

designated by the symbol {x„}. A sequence |i„| is said to converge to 
a number a, or to have limit a, if the numerical values of the differences 


q — Xi, a — xt, a — Xt, ... y a x n , . . . 


eventually become and remain smaller than any preassigned, arbitrarily 
small positive number. Using \a - x„| to denote the numerical value or 
positive value of a - x„, this can be stated in a formal way as follows: If, 
for any positive number e, no matter how small, there can be found a posi¬ 
tive integer N such that [a - x„| < «for every n > N, then the sequence 
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We shall, for convenience, say that x approaches a , and 


{xni has limit a. 
write x —» a. 

Example 1. Let x assume the sequence of values 


Xl ■» 





Xn 


n 

n +T 


• • • 


Points whose abscissas are x t , x s , x», . . . can be plotted on the x axis as in Fig. 7. It 
looks as if |x„! may have limit 1. If it has, we must be able to surround 1 by an 



X approaching 1 from the left 

Fio. 7. 


- 4 - 1 - 4 - 

(enlargement) 


interval, as small as we please, so that eventually (that is, for sufficiently remote 
numbers in the sequence x,. x,, x,, ... ) the remaining plotted points will all fall 
inside the interval. Let us try an interval of width T§ncr, °f which 1 is the middle 
point. Now we expect that the differences 





n 

»+ r 



will become and remain less than yvts- To see whether they will, consider 


n n + 1 — n 1 

1 n + 1 n + 1 n + 1 

Evidently —< — if n + 1 > 100, that is, if n > 99. Therefore, we may say 
n + 1 100 

with certainty that 1 — x, will be numerically less than tttb provided only that n is 
greater than 99. Hence the differences in question eventually become and remain 
numerically less than y^. This can be conveniently stated in symbols. We write 

|1 - 2,| < tutt for a11 n > 99 

However, we are still not ready to say that the limit of |x, | is 1. All we have said 
is that x eventually differs from 1 by less than -yrrc'i z niight eventually become and 
remain equal to i Vcfi f an d 6t dl satisfy the condition. We must be assured that the 
difference between 1 and x will become and remain less than any arbitrarily small 
positive number. This is not difficult to show. Suppose t — l/G is some small 
number. Now 

n 1 


will be less than « - l/G if n + 1 > G = l/«. Therefore, we may write, using 
symbols for brevity, 

|1 — 2 »| < « — 7 : for all n > - — 1 — G — 1 

We are now sure than |x«| has limit 1 because, no matter how small an interval (of 
width 2 1 ) is chosen to surround 1, all the values, after a certain one, assumed by x , 
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will fall inside this interval. Evidently, this certain value of r„ depends upon the 
size of the interval chosen. An inspection of Fig. 7 leads us to say that, when x 
assumes the values in this sequence, it approaches 1 from the left. 

Example 2. Let x assume the sequence of values 


Zl 


2 
—1 
1 


Z, ~2 


Xi 


4 

—I 

3 


n + 1 


X n “ 


n 


Again jx.) appears to have limit 1. Proceeding as in Example 1, we find that for 


|1 - z„| = x. - 1 


n + 1 _ l m 1 
n n 


to be less than . we must have l/« < ., or » > 1/*. For instance if . - T» all 
differences II - x„| with n > 100 will be less than tw; hence all points w hose 

_ will fall inside the interval of width whose middle 

^“bsc^ T The ‘reader should make a figure similar to Fig. 7 and observe 
that, when x assumes values in this sequence, it approaches 1 from the right. 

Example 8. Let x assume the sequence of values 


x, - 2 , 




Xn 


X| 

n + 1 
n 


— I 

3 


Xi 


Xi 


(for n odd), x„ 


6 

“I 

5 

n — 1 
n 




• • » 


(for n even), 


. . t _i_ LJ2H 1 . Again x. appears to have limit 1 . 

Note that, in any case, 1 + n K 

ceeding as in Example 1, we find that for n odd 


Pro- 


|1 - X„| = Xn - 1 - - 


and for n even 


|1 -x, 


1 — Xn = - 

n 


Hence 11 - x I will be less than any arbitrarily assigned small number « provided 
only that l/i? <" that is n > 1 A- The reader should I make a figure similar to Fig. 7 
and describe the behavior of x as it assumes values in this sequence. 


In these examples, we have seen three different sequences, each one of 
which has limit 1. Many other sequences with limit 1 could be devised; 
since we have been considering x an independent variable, we might choose 
any of these sequences for the purpose of making x approach 1. 

Now suppose that y is a function of an independent variable x. As x 
is given values in some sequence whose limit is a, y will assume a corre¬ 
sponding sequence of values. Does the sequence of y values have a limit 
6 ? If x is given any other sequence of values with limit a, does the corre¬ 
sponding y sequence still have the same limit 6? If the answer to both 
questions is yes, then we say that the limit of y is b as x approaches a. 
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Let us suppose, for example, that y = 8/z, and inquire what happens 
to y as we let x approach 2. We choose some sequence of x values having 
limit 2, for instance the sequence 2.1, 2.01,2.001, . . . The corresponding 
values of y appear in the table 


X 

2.1 

2.01 

2.001 

2.0001 

2.00001 

V 

3.8 

3.98 

3.998 

3.9998 : 

3.99998 


The sequence of y’s appears to have limit 4. If this is the case, then the 
difference between y and 4 should become and remain numerically less 
than any assigned small positive number, provided x is taken close 
enough, but not equal, to 2. To test this, we observe that 


I y - 4| 




l (2 - *) 


This will become and remain less than any arbitrarily small positive num¬ 
ber «if x becomes and remains close enough to 2* But, since x approaches 
2 (that is, assumes values in a sequence whose limit is 2), this is exactly 
what takes place, and we are justified in saying that this sequence of y’s 
has limit 4. We also note that the result is in no way affected by what 
sequence of values of x is chosen so long as x ^ 2 and the limit of the 
sequence is 2. This is all just a precise way of saying that as x gets closer 
and closer to 2, y gets closer and closer to 4. It is very important for us 
to keep clearly in mind the fact that nothing whatever has been said 
about the value of y when x equals 2; in fact, x = 2 has been carefully 
excluded from the entire discussion. We are not interested in what hap¬ 
pens to y for x equals 2, but in what y is doing as x gets closer and closer 


* In fact, for 0 < x < 2, \y — 4| will be less than « for all x such that 

Iv - 4| = - x (2 - x) < « 

that is, such that 

g 

8 — 4x < ex or 8 < x(c + 4) or -- < x < 2 

< + 4 

For x > 2, \y — 4| will be less than t for all x such that 


It/ - 4[ 


- (* - 2 ) < « 
X 


that is r such that 


4x — 8 < ex 


or 


x(4 - 0 < 8 


or 


2 < x < 


8 


(We shall suppose « to have been chosen less than 4.) 
than <, provided only that 

8 8 


4 - € 

Hence |y — 4| will be less 


4 + € 


< x < 


4 — • 
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to 2. To put it another way, it is the neighborhood of 2 that interests us, 
not 2 itself. The significance of this fact will appear presently. 

What we have just been saying can be interpreted graphically as fol¬ 
lows. First draw the graph of y = 8/x as in Fig. 8. Next decide how 
close we wish y to be to 4, say closer than « units. With the point (0,4) 
as mid-point and with 2e as width, lay off an interval A B on the y axis. 
Through A and B, draw horizontal lines. They form a strip of width 2<. 
Obviously, all points inside this strip have ordinates that differ from 4 by 
less than e. For example, if < is chosen 
equal to every point in this 

strip would have its ordinate greater 
than 3.99 but less than 4.01. Where 
these horizontal lines cut the graph (at 
C and D), draw vertical lines. They 
cut the x axis at E and F on either side 
of 2. Now, if we take any point on the 
x axis between E and 2 or between 2 and 
F and substitute its abscissa for x in the 
equation y = S/x, the result will be the 
ordinate of a point inside the horizontal 
strip. In other words, y will be closer 
to 4 than e, if x is close enough to 2, 
and we say that the limit of y is 4 as x 

approached. Note particularly that the pent whose abscissa is 2 has 

been very carefully excluded from the entire iscussion. 

We can now state our definition of the bmi of a function of // 
V = /(x) fa a Junction of x, then y is said to have a limit 6 os x approach a 
provided that the numerical value of the difference between y and b become 
and remains less than any arbitrarily assigned small poeUive number for all 

values of x close enough , but not equal , to a. e wrl e 

lim y - b or lim /(x) = b 



Fio. 8. 


It cannot be too strongly emphasised that this definition and the idea 
of the limit of y in general have nothing whatever to do with the value of 
the function y for x = a. It must also be pointed out that x may 
approach o in any manner, that is, through any desired sequence of values 
(all different from a) that has a as a limit. 

„ , _ 2 z* - 2x if y has a limit as i -* 1. 

Example 4. Suppose y ■=• - —r-’ 


Note 


that if x - 1, this function i. undefined, tor the expression on the right is the meaning- 

• This definition could be expressed in symbols as followa; The limit of f(x) is smd 
to be b as x approaches a if, for any prcossib"^ 

« > 0, such that for 0 < \z - a\ < * we have |/(z) b\ < «. 
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less fraction 0 / 0 . 


But, we note that for every * 9 * 1, 


V 


2 x(x - 1 ) 
x - 1 



As x—* 1, y seems to be approaching 2 as a limit. Since, in testing for a limit as 
x -* 1 , we exclude x = 1 , we need consider only 

|y - 2| - |2s - 2| - 2 |x - 1| 

This can evidently be made less than any arbitrarily small positive number < simply 

by taking x near enough (but not equal) to 1. Hence the limit of y is 2. 

The graph of this function consists of the line y — 2x with one point (with abscissa ) 
omitted. The reader should draw the graph and carry through a discussion similar 
to that illustrated by Fig. 8 . This example illustrates the striking fact that the 

function y may have a limit as x approaches 
some particular value, although it may be 
entirely undefined for the value of x in 
question. 

Example 6 . Consider the function de¬ 
scribed in Fig. 9, namely, the postage as a 
function of the weight of a letter. We have 

y - /(x) - 3 for 0 < i S 1 

y «■ 6 for 1 < x £ 2 

y-9 for 2 < x Sa 3 


Docs y have a limit as x approaches 1? 
Evidently |y - 3| becomes and remains less 
Fio. 9 Postage on a letter as a func- th&n any arbitrarily sraall positive number 

tion of its weight. fact it ^ equa i to 0) for x approaching 1 

through values less than 1 ("from the left"). But |y - 3| - 3 for x approaching 1 
through values greater than 1 ("from the right”), and therefore cannot become and 
remain less than any arbitrarily small positive number. Since, if y is to have 3 as a 
limit, |y - 3| must become less than any arbitrarily small positive number no matter 
how i approaches 1, the limit of y is not 3. For similar reasons, it cannot be 6, or 
indeed any other number; hence, y does not have a limit as x approaches 1. 

In this case, we might speak of the left-hand limit of y, and write lim^ y ™ 3. Here 

we indicate by the symbol x — 1' that x approaches 1 through values lees than 1. 
Similarly, we might speak of the right-hand limit of y, and write lim^ y =■ 6, indicating 

by the Bymbol x -» 1 + that x approaches 1 through values greater than 1. A function 
has a limit for x-* a only if the left- and right-hand limits exist and are equal. 

8 . Theorems Concerning Limits. There are three general theorems 

that will be found useful in evaluating limits. 

Theorem 1 : If each one of a finite number of functions of x has a limit as 
x approaches a, then the limit of the sum of the functions is equal to the sum of 
their limits. 

Thus, in the case of two functions, 

lim (/i(x) + /j(x)] = lim /i(x) + lim /*(x) 

x —► a x—* d x—+ <i 
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For example, consider the function y = fix) = x* + x 2 , and let x -* 3. 
Then lim x* = 27, lim x* = 9, and 


a?—*3 


lim (x* + x*) = lim x* + lim x* = 27 + 9 = 36 

x—*3 r—*3 r—*3 


Theorem 2 : If each one o/ a finite number of functions of x has a limit 
as x approaches a, then the limit of the product of the functions is equal to the 

product of their limits. 

Thus, in the case of two functions, 

lim (/,(x) • / 2 (x)] = lim /i(x) • lim f t (x) 

r—* a x ~~* 0 z ~* a 

For example, consider the function y = fix) = x* + x 2 = x 2 (x + 1) and 
let x —♦ 3. Then lim x 2 = 9, lim (x + 1) = 4, and 

i—3 r-3 

lim x 2 (x + 1) = lim x 2 ■ lim (x + 1) = (9)(4) = 36 

X—3 r—3 r—3 

Theorem 3: 7/ each of two functions of x has a limit as x approaches a, 
then the limit of the quotient of the functions is equal to the quotient of their 
limits, provided that the limit of the denominator is not zero. 


Thus 


, , . lim /,(x) 

lim.;; = £L a t ' iZ \ provided lim/j(x) ^ 0 


,/t(x) lim /*(x) 


For example, 


x’ + 2 L m 3 (ll + 2) _11 
~ Hrn (x< - 1) ' 


8 


Now consider the quotient y = 2 ** _ ■ -p = jjgj- We have seen in 

Example 4 of Art. 7 that the limit of this quotient is 2 as x -* 1. But, 

lim g i(x) 

since lim (* - 1) - lim »,(x) - 0, the quotient has no meaning. 

In other words, the limit of this quotient cannot be found by taking the 
quotient of the limits. Incidentally, note that 

lim (2x 2 - 2x) = lim g x (x) = 0 
*— 1 *— 1 

Again, consider the quotient 


x* + 2 


/>_(*) 

/*(*) 


and let x —* 1. 


x* - 1 

Then we see that the fraction 


x 2 + 2 
x* — 1 


increases with- 
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lim fi(x) 

out limit, for /i(z) -> 3 while /»(*) -> 0. Also, the quotient ^ has 

T —* 1 

no meaning since its denominator is 0. In general, if/i(x) has a limit ^ 0 

while U(x) has limit 0, the quotient has no limit. 

J2\ X ) 

These examples indicate that, if the limit of the denominator is zero, a 
quotient may or may not have a limit, but if it has a limit, this limit can¬ 
not be found by forming the quotient of the limits of numerator and 
denominator. If the limit of the quotient exists, some other device must 
be employed to find its value. These facts are included in a corollary to 
Theorem 3: 

Corollary : If the limit of the denominator of a quotient is zero and (a) 
the limit of the numerator is also zero, the quotient may or may not have a 
limit; ( b) the limit of the numerator is not zero, the quotient has no limit. 

The proof of only theorem 1 will be given. Proofs of the other two 
theorems are similar in nature. As a first step, the student should satisfy 
himself that, if A and B are any two numbers, then \A + B\ ^ \A\ + |B|. 
For example, if A = —5 and B = 3, then [A + = l — 2| — 2. Also, 

\A\ = 5 and |B| =3; hence \A\ + \B\ = 8. Since 2 < 8, our general 

statement is verified in this case. 

Proof of Theorem 1: Consider two functions, /,( x) and/,(x), and let it be given that 
lim /,(x) = 6, and lim /,(x) ■= 6,. In order to prove that 

x-*a x—+a 

lim [/i(x) + /,(x) 1 = bx + 6, 

x—*a 

we must show that |/,(x) + /,(x) - (6, + M can be made less than any arbitrarily 
small positive number simply by taking x close enough to a. Now, we have 

|/,(i) +/,(x) - (6, + 6,)| = /i(x) - bx +/,(x) - 6,| 

^ /.(x) - 6,| 4- |/,(x) - 6,| 

Let « be an arbitrarily small positive number. Since lim /,(x) “ 6,, there exists some 
number 6, such that 

\fi(.x) — 6,| < ^ for all x such that 0 < |x — a| < i, 

Similarly, there exists some number 5 t such that 

| fi(z) — 6i| < - for all x such that 0 < |x — a| < 

2 

Hence for all x sufficiently close to a, that is, for all 0 < |x — a| < 5 where 5 is the 
smaller of d\ 9 wo shall have 

l/i(s) +/»(*) - (6i + 6t)l < \ + l - « Q- E - D - 

Evidently the proof can be extended to the sum of any finite number of functions. 
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Example 1. Limit of a Constant Times a Function. Suppose we wish to find 
lim 5x*. This may be regarded as a special case of theorem 2 where/,(x) = 5 and 

r—*2 

/t(x) =* x*. Hence 

lim 5x* = lim 5 • lim x* = 5 • lim x* “6-4 =20 
1—2 x—2 x— 2 r—2 


In general, if A: is any constant, then 

lim k ■ /(x) - lim k • lim /(x) = k ■ lim /(x) 


In other words, the limit of a constant times a function is that constant times the limit of 
the function . 

Example 2. Find 

x 5 _ x t - 7 X + 3 


lim 

*—♦3 


x* - 9 


Since this function is the quotient of two functions, we first try to apply theorem 3 
about the quotient of the limits. The numerator is the sum of four functions, namely, 
z», _ x * t — 7x, 3. Hence, by theorem 1, 

lim (x* — x* — 7x + 3) = lim x* + lim (—x*) + lim (-7x) + lim 3 «= 0 

£ ,3 x-*3 x—*3 r-*3 ^-*3 


Similarly 


lim (x* — 9) D 9 - 9 ° 0 
p-*3 


But, since the limit of the denominator is 0, we cannot find the limit of the quotient 
by taking the quotient of the limits. Since the limit of the numerator is 0, it is possi¬ 
ble that the fraction has a limit. If it has, some other method must be used to find 
the limit. 

We observe that the fraction could be written 


x » -z* -7z +3 (x - 3)(x* + 2x - 1) x» + 2r - 1 


x* - 9 


(x - 3)(x + 3) 


x + 3 


for all x ^ 3 


It is now possible to apply the theorem about the quotient of the limits, 


lim 

r—3 


x* ~f~ 2x 1 
x +3 


and this is the limit of the fraction originally given since, in the limiting process, x is 
never equal to 3. Note especially that we reduce the fraction before proceeding to the 
limit and that the reduction is valid for every value of x except x = 3. This is essen¬ 
tially different from reducing the fraction and then substituting x = 3. 

Example 8. Find the limit 

x* - x» - 7x + 3 
x* - 6x + 9 


Again we cannot obtain any result by trying to divide the limit of the numerator by 
the limit of the denominator, since the latter is 0. But we do have 

-i _ x t _ 7 Z + 3 (x - 3)(x* + 2x - 1) x* + 2x - 1 
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for every value of * except s - 3. In this new fraction the limit of the denominator 
ia 0 and the limit of the numerator is 14. Hence the fraction has no limit, and the 
same holds for the original fraction. 

Example 4* Find the limit 

lim 

T —*o tan x 

Here we may write, using the identities of trigonometry, 

sin x Bin x cos x 

- — -;-- cos x 

tan x sin x 

for all values of x between -x/2 and x/2 except x - 0. Hence 

lim - *= lim cos x - 1 

x -^0 tan x *-*o 


(«) X, - 


2 * ™ 2 

x» - -- ... 

Xt - - 

1 1 

2 2 ‘ " " 3 

1 

** “ “ 2* 

1 

X, - XI - 

1 

21 ”4 

1 

*• " 9 

1 

21 “4 

1 

x, - y *« - 


1 

Xn - “» 

n 


EXERCISES , 

1. Show that each of the following sequences has limit sero. Represent values 
of x by points on the x axis. 

1 1 

(а) xi - 1, 

(б) x, - -1, 

(c) x, - 1, 

(<D x, - 1, 


1 
—» 
4 


• 9 


Ss --- • • • 

n 

x--(-l)- 1 ;' 




1 

16 


*"-2? 


2. Compute six terms ot eacn oi mu ****** -- 

terms what the limit of the sequence is; prove your guess. (Nole: It may be necessary 

to start some of the sequences with n ™ 2 instead of n ■■ 1.) 

n + 1 


(a) 

X* 

• 

” 2n 

n 

-1 

(6) 

Xu 

(c) 

x. 

2n 
“ 2n 

-1 

+1 

(d) 

Xu 

(«) 

Xn 

2n 

+i 

</> 

Xu 



n 



<ff> 

X* 

(2n - 1)* 

4n* 

(h) 

X, 


n — 1 

( 31 )“ 

n* 
l_ 

V~n 

(-i)" 

n* - 1 


M • W 

3 . Discover in each of the following sequences; then proceed as in 

/ \ 9 4 6 8 10 

\ a ) Hi X* H» TT» TT» • • • 


Exercise 2. 


/tv 1 4 0 18 25 

W IT# HT» • • • ^ 

<c> v^’" 71' " 7S’ Vx ''' 

/ JN 1 7 IT SI 49 

W Hi XT# HHi • • • 
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4. Discover x» in each of the following sequences; then if the sequence has a limit, 
find it. 

(o) — £■> TTI» — TT» TTS» • • • 

(6) 1, -2, 3, -4, 5, . . . 

(c) 1, -1, 1, -1, 1, . . • 

(d) 1, -1, i, i, • • • 

6. (a) Given y *■ x ^ x ^ -- *9 . Let x take the sequence of values 2.1, 2.01, 

2.001 2.0001, .... Calculate the corresponding values of y. Guess the limit of y 
and show that your guess is correct. Draw the graph of this function. 

(b) Given y - - ~ X Let x take the sequence of values -1.1, —1.01, 

-1.001 -1.0001, .... Treat this function as you have treated the function of (a). 
6. By letting x take a sequence of values with limit 3, illustrate the fact that 

y _ 21+3 does not approach a limit as x approaches 3. 
x* — 9 

Use the theorems of Art. 8 to evaluate the following limits (Ex. 7 to 17): 


7. lim (x‘ - 3x* + x* + 7x - 11) 

„ T <** + 9)(*’ “ 4) 

9. hm - - - 

»—2 4 

11. lim x cos x tan x 

x—3»/4 

- .. x * — 3x* — 3x — 4 

18. hm--- - 

.4 x* “ 4x 

x‘ -f 5x‘ + 5x» - x + 2 


8. lim (2 1* + 3t* - 41* + 51* - t - 11) 

i— -1 

10. lim sin 2? tan ? 

«*->t/4 

2x* — x + 3 
1J ' *■+»“ 


14. lim 


2x* + 6x* - x - 3 


15. Urn 


17. lira 


_ 2 z« + 4x» + 8z« + 16x + 16 
x* + x* — 16x + 20 


- 3 x 1 + 4x* + 2x - 3 

2x* — x* — 1 

16. hm —-:-— 

z » _ x* — x + 1 


a x‘ + x l - 12 


18. (a) If n is a positive integer, show that lim x n — a*. 

X —*8 

(6) If n is a negative integer and at* 0, show that lim x* ■■ a*. 

19. (a) If P(z) is any polynomial, show that lim P(z) - P(a). 

T—+ O 

(b) If P(z) and Q(z) are any two polynomials and if a is not a root of Q(x), 
show that hm - ^(^j‘ 

20 . Construct examples illustrating the fact that P(x)/Q(x) may or may not have a 
limit as x approaches a when a is a root of both P(x) and Q(x). 

Evaluate the following limits by use of the theorems of Art. 8 (Ex. 21 to 29): 

x - 3 


81. lim 

»-«3‘ 

28. lim 


85. lim 


n 


V x* - 9 

22. lim - 

x — 3 

r—3* 

(X* + 1) H 

24u lim — 

(x + 1)* 

#—r t 

1 — Bin 6 

26. lim 

C06* 9 



y/z* - 9 


tan 9 
cos 20 
cot 26 
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sin 30 
27. lim —:—- 
*-.x /2 sin 0 


29. lim - 
*-»0 

80. Given 


— sec* 0 
sin* 6 

y = sin (1/x). 


28. 


lim 

i r-**H 


sin <p 



Consider the successive values of x, 


21 2 M 1 2 _ 
xx 3 t 2t 5t 3r 7r 


and write down the corresponding values of y. Draw the graph of this function. 
Does y have a limit as x —* 0? Why? 

Hint: Mark the x axis as follows: 

I I I I I 

I I I I I 

0— - — - 

8x 4r 2 t x 


9. Variables Becoming Infinite. Consider the function y = S/x, and 
let x —> 0. Evidently we can make y numerically as large as we like by 
making x close enough to 0. When this happens, it is very convenient to 
make use of the expression u y becomes infinite as x approaches 0, which 
we write in symbols y —» » as x —► 0.* It is of the utmost importance to 
remember that this is merely a short way of saying “y increases numeri¬ 
cally without limit." To be still more precise, it is another way of saying 
“If G is any positive number, no matter how large, then |y| > G for all 
x close enough to 0." We must be very careful not to fall into the error 
of thinking that the symbol » represents some very large, although 
unknown, number. 

It is helpful to emphasize two special cases. If y = 8/x and we make 
x approach 0 through values greater than 0, then y remains positive and 
increases without limit. We say that y becomes positively infinite and 
write y —♦ + °o as x —* 0 + . On the other hand, if x is made to approach 
0 through values less than 0, then y increases numerically but remains 
negative. We may say that y becomes negatively infinite and write 
y _> _ oo as x —> 0 - . It is instructive to look again at the graph of this 
function (Fig. 8).f 

•The symbol y -+ <*> should be read “y becomes infinite,” not ”y approaches 
infinity.” 

t A variable may become infinite without becoming cither positively or negatively 
infinite. For example, y might take values 1, —2, 3, —4, 5, —6, . . . , ( — 1)* +I n, 
.... Here y becomes and remains numerically greater than any assigned number, 
provided that n is large enough, but it remains neither positive nor negative. In 
such cases, y is said to oscillate infinitely. Observe that the notation y —* « still 
includes this case. 
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In general, a variable is said to become infinite if, under the law that 
governs its variation, it becomes and remains numerically greater than 

any assigned constant however large.* 

10. Functions Whose Arguments Become Infinite. We may well ask, 
“What happens to the function y = 8/x if the numerical value of x itself 
is made to increase without limit?” To answer this question, first let x 
take the sequence of values 1, 10, 100, 1000, 10,000, .... Correspond¬ 
ing values of y are 8, 0.8, 0.08, 0.008, 0.0008, .... Apparently y is 
decreasing toward 0. In fact, we can make 8/x as close to 0 as we please 
by taking x sufficiently great in numerical value. If we wish to have 

g 

- < «, it is sufficient to have x such that |x| > -• This is exactly 

what is meant by the statement “The limit of 8/x is zero.” However, 
x is not approaching a definite constant but is increasing indefinitely. 
We therefore shall express this fact by saying “The limit of y is 0 as x 
becomes infinite” and write lim y = 0. 

X—♦ « ^ 

If we let x increase numerically and remain positive, we can make - 

8 

as small as we please. We then write lim - = 0. Similarly, if we let 
x increase numerically but remain negative, we can still make 

g 

small as we please. We then write = 0- 

The graphical interpretation of these remarks is not difficult. The 
fact that y — + « as x —► 0 + and that y -> - « as x 0~ means that 
the line x = 0 is a vertical asymptote to the curve, whereas lim y = 0 

X—• "T ■* 

and lim y = 0 mean that the line y = 0 is a horizontal asymptote 

(Fig.^). * 

Example 1. Evaluate the limit lim Evidently we cannot take the quo¬ 

tient of the limits, for neither numerator nor denominator has a limit. But this 
difficulty can be overcome by first dividing numerator and denominator by x*, thus 



• Varioua notations are in vogue in which the symbol « appears. For instance, 
if y — oo as x — 0, it is customary to write liin y = «. Although this notation may 

seem paradoxical, since y - • means that y does not have a limit for the value of x in 
question, it is, nevertheless, convenient and can be used if properly understood. How¬ 
ever, it is unfortunate that & - «• is written. Tho fraction * simply has no meaning 
at aU. It would be correct to say that 8/x — « as x — 0, for 8/x docs increase 
numerically without limit as x approaches 0. “ Infinity ” is concerned with variables 

and may properly be associated with fractions whose denominators approach zero, 
but not with fractions whose denominators are equal to zero. 
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lim 


x* +4 


• x* -9 


lim 



1 


x* + 4 

The graph (Fig. 10) of the function y ~ ^ — illustrates the fact that y - 1 is a 

horizontal asymptote. Also, since y-* + « as x -> 3 + and y -♦ — » as x -> 3“, the 
line x « 3 is a vertical asymptote. Similar remarks apply to the line x — —3. 




the limits since the numerator oscillates between —1 and 1, while the denominator 
increases without limit. However, since x is eventually positive, we have 


Observe that 


1 sin x 1 

— 1 sin x g 1 and -^ ^ - 

XXX 

is contained between -l/i and 1/x. But as x increases indefi¬ 


nitely, both -1/x and 1/x approach 0. Therefore, must also approach 0. In 
symbols, 


0 _ ton (- i) 


g lim ^ lim - - 0 

— « X x—♦ «o X 


Hence, lim 


sin x 


— 0. The graph (Fig. 11) illustrates the situation. 


x 
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EXERCISES 


Evaluate the following limits (Ex. 1 to 19): 


1. lim 


- x* + 9 

S. lim ? ^=- 5 
A « x 1 + 25 

15x» + x* - 12x + 4 


2. lim 
4. lim 


17x +9 


8 . lim 


7. lim 


. 27x* - 15x + 7 

aox" + aii" -1 + • 


6. lim 


. x* + 8z - 2 
3x4 - 2x« + x» - 5x + 1 

2x‘ + x* - 8x + 10 
5x* + 7x + 9 


+ a„_iX + On 


- y/x* ~ 81 

where ao ^ 0, 6o >•* 0, and n and 


m box m -f- 61X" 1 + • • • + b m -\X + b m 
m are positive integers. Consider three cases: (a) n < m, (b) n = m, (c) n > m. 


8. 

,. (4 - x)« 

lim --—- 

9. 

lim 10*, also 

lim 


»-. « (1 + 3x)» 


*-* - • 

X-* -f • 


2' 


.. 3* 


10. 

lim — 

11. 

l™ — 



»-»+ “ 3* 


*-»+- 2 

1 


12. 

lim 10“-* 

13. 

lim 10* 



X-t + *> 





_1 


COS X 


14. 

lim 10*’ 

15. 

lim - 



®—.0 


X— - * 



10 . lim 


COS X 
— . X 

17. lim sin x; interpret graphically. 


18. lim tan x; interpret graphically. 

X— » 

tan x 

19. lim - 

1 — - x 

20. Discuss the behavior of x sin (v/x) as x —* 0; interpret graphically. 

21. Find horizontal and vertical asymptotes for the curves 

, . x* - 9 ... 5x‘ + 1 

(a) y - —---: (f>) V - 


x* - 3x - 4 


x * _ x* - 7x* + x + 0 


11. Continuity. Because we are to be concerned in this book with 
functions that are continuous, except perhaps for certain values of the 
independent variable, it is important for us to have a clear understanding 
of the meaning of this term. We try to answer the question “When is a 
function continuous in the interval from x = a to x = b?” Perhaps the 
most natural answer would be “When its graph for values of x in this 
interval can be drawn without lifting the pencil from the paper.” This 
can be done, for instance, for the function y = 8/x in the interval from 
x “ 1 to x = 3 (see Fig. 8). But it cannot be done in the interval from 
* “ -1 to x = 1, for something goes wrong at the point where x = 0. 
We might say that “the function is discontinuous at x = 0.” Again, for 
the function giving the postage in terms of the weight of a letter (see 
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Fig. 9), we must make sudden jumps at the points where x = 1, 2, 3, 

. . . , and these we are naturally led to call points of discontinuity. 

What, then, is the difficulty at such points? In the case y = 8/x, we 
note that the function is not defined at all for x = 0. In the case of the 
postage function, if we fix our attention upon the point where x = 1, we 
find that we can draw the graph from the left up to and including the 
point (1,3), but then we must make a sudden jump if we wish to go on 
for values of x greater than 1. If we draw from the right, we approach a 
point (1,6) instead of (1,3). The difficulty evidently lies in the fact that 
the function does not have a limit for x approaching 1. In general, if 
y = fix), the point for which x = a will be a point of discontinuity if 

1. The function is not defined for x = a. 

2. The function is defined for x = a but has no limit as x — * fl. 

3. The function is defined for x = a and has a limit for x —> a, but the 
limit is not equal to the value of the function. 

Now consider again the function y = S/x. We said that we could 
draw its graph without lifting the pencil from the paper in the interval 
from x = 1 to x = 3. This leads us to regard this function as continuous 
at the point where x = 2. In fact, as we draw the curve we find that it 
goes through the point (2,4) without making any jumps. Observe that 

lim - = 4 and that, therefore, the limit of the function as x —> 2 equals 

r—2 £ 

the value of the function for x = 2. We are now ready to give a precise 
and easily applied general definition of continuity. We first define con¬ 
tinuity at a point: A function fix) is said to be continuous at a point x — a 
if and only if the function is defined at the point and the limit of the function 
as x —* a is equal to the value of the function for x = a. 1 his may be 
expressed in symbols: 

fix) is continuous at x = a if and only if lim fix) *= /(a) 

x—* a 

Having defined continuity at a point, we are ready for a definition of 
continuity in an interval: A function fix) is said to be continuous in an 
interval a x ^ b if it is continuous at every point of the interval. 

x* + 4 

Example 1. Show that y = /(x) =* —-- is continuous at x = 2, and find any 

X J 

points of discontinuity. Hero lim /(x) = — §. Also, /(2) = — Hence /(x) is 

continuous at x = 2. Since i* — 9 =» 0 if x = ±3, the function is not defined for 
x = ±3. Therefore, x = ±3 are points of discontinuity. Furthermore, as x 
approaches either 3 or -3, p = /(x) becomes infinite. For this reason, these points 
are called points of infinite discontinuity (see Fig. 10). 

xt _ 2z 

Example 2. Suppose y =■ /(x) = -—• This function is discontinuous for 

x — 2 

T i _ 2r 

=* 2 since it is undefined for this value of x. We see that lira-— D 2; so, if we 

t —*2 % 2 - 


X 
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define/(2) — 2, then the function becomes continuous at x = 2. When a function is 
undefined at a given point, it is usually helpful, if circumstances permit, to frame its 
definition so that it becomes continuous at the point. 

Functions that are continuous throughout an interval a g x g b may be shown to 
have many interesting properties. Two such properties which are of considerable 
importance are 

1. As i varies from a to b, f(x) must assume at least once each value between /(a) 
and f(b). 

2. For x in the interval a £ x £ b, f(x) must assume at least once a largest and a 
smallest value.* 

For example, the function giving postage y as a function of the weight x of a letter 
does not possess property (1), for it assumes values 3 and 6 for x = 1 and z ■= 2, 
respectively, but it does not assume the value 5 for any x in the interval. Neither 
of these properties will be established here, for their proofs are best deferred to a more 
advanced course. 


EXERCISES 


1. Show that y 


x — 3 


is continuous at x = 3 and at x = 5. Find any points 


x* - 1G 

of discontinuity, and sketch the graph. 

2. Show that y = z* — 4x + 5 is continuous at the points where z = 0, —1,3, 6. 
Are there any points of discontinuity? 

3. Find any points of discontinuity in y = tan z, y = cot z, y = sec z, y = esc x. 
Illustrate by drawing graphs. 

Locate any points of discontinuity in the following functions (Ex. 4 to 8): 
z + 2 - x - A 


4. y ~ 

6 . V = 

8 . y - 


z> - 13x + 42 
x» - 5z» + lOz - 8 
z 1 + z — 6 
2z» + 3z - 7 
5z» + 9x - 2 


6. j/ = 


7. V 


z* + 6z + 9 
3z» - z + 1 
z* + lOz + 27 


9. Show that a polynomial y = a<>z" + aiz*' 1 + • • • 4- a, is continuous for all 
values of z. 

aoz" + a,z* -1 + • • • + a K . 

10. Show that the rational fraction y ■= -—-—— is continuous 

b<>x m + b t x m 1 + • • • + 6« 

for all values of z except those for which the denominator is zero. 

11. Consider the behavior of the function y = lCFasx—* 0. Illustrate graphically. 
Is the function continuous at z = 0? 

2 

12. Same as Exercise 11 for y = 10*' 

1 

13. Same as Exercise 11 for y — -j 

1 + 1(F 

14. Is the function y — sin Gr/z) continuous for all values of z? 

* The largest and smallest values might be equal as, for instance, in case /(x) — a 
constant. 
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15. Show that, if /(*) and g(x) are continuous at a point * - a, then their sum, 
product, and quotient are continuous at z = a. Is any modification needed in this 

statement regarding the quotient? . ^ 

16. Given y - /(*) and lim y = lim /(x) - b. Also, given that F(y) is contmuous 

x —i— 

at y - 6, that is, lim F(y) - F(6). Prove that 

^ b lim F[f(x)] = F{lim /(i)J 


Briefly, this says that the limit of a continuous function of a variable equals that function 
of the limit of the variable. Illustrate graphically. 


MISCELLANEOUS EXERCISES 

1 The strength of a beam of rectangular cross section is proportional to the width 
and to the square of the depth. Express the strength as a function of the width if the 

beam is cut from a circular log of diameter 3 ft. 

2. The material in the top and sides of a rectangular box costs 30 cents per 8 9 uar ® 
foot, whereas that in the bottom costs 20 cents per square foot. The width and 
depth are the same, but the length is three times the width. Express the cost of the 
box as a function of its width. 

sin x + cos x 


3. Find /(0), / f /(» “ *) « /<*) 


sin x — cos * 

4. If g(x) = a*, show that g(x + y) = g(.x)g(y). 

5. Find F(sin x) if F(y) ~ arcsin y. 

6. Given two functions /(*) and g(x). Consider each of the following cases: 

(a) both even functions, (6) both odd functions, (r) one even and one odd function. 
Discuss fully whether the sum, difference, product, and quotient of the two functions 

are even, odd, or neither. 

7. Show that, if y - /<x) - theD 1 " '<»>• Gc “ eml “' ! this 

(Hint: Use letters instead of 2, 3, 5.) 

8. Express y as an explicit function of x in each of the following cases: 

(a) x» + 3xy* -1=0 (6) 3x» - 4xy + V* + 2x - 8y + 1 


0 


Evaluate the limits for the following (Ex. 9 to 28): 


9. lim 


x* - x* + 4x - 4 
x* - 1 

X* - 8 

11. lim —-——— : 

x—*2 x* - 5x* + 8x - 4 

tan 20 
13. lim —:—- 
Bin 6 

.. 2z«+3\/i + x» 

16 . lim - , = ~~ 

*—* - Vz‘ - *» + 1 

17. lim cos x 


19. lim 


tan x — s'n x 


10. lim —-- 

x* - 2x* + 5x* - 8x + 4 


12. lim 


14. lim 


x* - x* + 8x - 8 


sin 0 — tan 0 


*_o cos 0 — sec 0 
tan a 


16. lim 


18. lim 


r/2 sec a 

Bin x — coe x 


20. lim 


5x‘ — 4x 4 — 3x* — 2x* — x — 1 


. lOOOx* + 7x* + 6x* + x + 3 
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21. lim 


22. lim 


\Zx* — x* + x* - 1 


** + 1 


(Hint: Rationalize the denominator.) 


UiU - , - 

i—*0 \ — s/\ - x 

/x* + l 2x' + 2x \ ( x -2 2x + l \ 

**■ ilS \ x “ 2 ** “ 4 / * “ 3 / 

„ .. /5x* -x 20x* + x — 1 ^ 

26. lim l —--- - , - - -; j 

»_Ax» —1 x‘ + 4x* - x - 4/ _ 


1 - V3- 


z-2 


27. lim 

2—4 


3 - V5 + 


x — 4 


26. lim 

n. 

*—2 4 - V 20 - z ’ 

29. Find any horizontal and vertical asymptotes for the curves 
(o) y _- x» + 5x + 6 (6 ) y 2X 


(c) y 


x* - 6x* + Hi ~ 6 

~9 
+ 3 


J 


(d) y 


y/x* -9 
x» - 4 
x« + 16 


80. Locate any points of discontinuity in the function y 


2x* - x - 6 


„ "hat 
4-z* — 7x — 2 

is the nature of each discontinuity? Can the definition of the function be changed to 
remove either discontinuity? 

x* + x + 1 

81. Same as Exercise 30 for the function y - _ ■ 


82. Find any points of discontinuity in the following: y - sin ——• 

88. Is the function y = x sin (r/x) continuous at the origin? If not, can its defini¬ 
tion be extended to make it continuous? (See Exercise 20, page 25.) 



CHAPTER 3 


THE DERIVATIVE 


We shall confine our study to functions that are single-valued and, in 
general, continuous. If a function is many-valued, we shall study indi¬ 
vidually one or more of the single-valued branches of which it is com¬ 
posed. If points of discontinuity occur, their effect upon the function 

under consideration will be treated separately. 

12. Tangent Line to a Curve. A natural way to investigate the prop¬ 
erties of any given function is to 
consider its graph. As we look 
at the graph of the function, for 
example that of y = ?x 2 (Fig. 12), 
we may observe that, at some 
particular point, it appears to have 
a definite direction. It is natural 
to think of this direction as being 
the direction of the tangent line to 
the curve at the point in question. 
We are, therefore, concerned with 
the question, under what circum¬ 
stances does a curve have a tan¬ 
gent line at a given point, and 
what is the direction of this line? 
In other words, we seek to solve the problem of tangents mentioned in the 
first chapter. 

Let us start with the function y = \x 2 and consider the point P(l,*), 
the graph being drawn in a rectangular coordinate system with equal 
horizontal and vertical scales. We shall define the tangent line to the 
curve at point P as follows: Let P be a fixed point on the curve and Q any 
other point on the curve. The tangent at P is the limiting position PT 
(Fig. 12) of the secant PQ as Q approaches P along the curve from either 
side of P. Now draw PR parallel to the x axis and RQ parallel to the y 
axis. Our definition is equivalent to saying that the limit of the variable 
angle RPQ is a fixed angle a as Q approaches P along the curve 
from either side; and if a 5 ^ 90 deg., this is equivalent to saying that 
the limit of RQ/PR = tan RPQ is tan a as Q approaches P along the 
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curve. Returning now to the point P(l,£) on the curve y = 3 X*, let 
us designate the distance PR by Ax (read “delta x”)* and the distance 
RQ by Ay (Fig. 12). We note that Q has coordinates 1 4- Ax, 3 4- Ay. 

Then tan RPQ = ~ Note that, if Q is to the right and above P, 

then RQ and PR (being directed line segments) are both positive, whereas 
if Q is to the left and below P, then RQ and PR are both negative, and in 

both cases ^ ~ is positive. If Q approaches P along the curve from 

i it AJ 


either side of P, then Ax approaches 0, and conversely. 

a limit as Ax approaches 0, this limit must be tan a. 

value of ^ as follows: 

Ax 


Hence, if ^ has 
Ax 


We calculate the 


Ordinate of Q — 3(1 4- Ax ) 1 = 3(1 + 2Ax + Ax*) 

= 3 4- Ax 4- 3 Ax 2 

To find Ay, we subtract from this ordinate of Q the ordinate of P (namely, 
3 ), obtaining 

Ay = Ax 4- 3 Ax* 

Hence = 1 + 9 A* 

Ax £ 

and therefore lim ^ = lim ( 1 4- \ Ax ) = 1 

Ax-0 AX Ar-0 \ Z / 

Thus we are sure that the curve has a tangent line at P(l,£). In addi¬ 
tion, we know the direction of this tangent line; for since its slope is 1 , 
it makes an angle a of 45 deg. with the horizontal. If the scale used for 
ordinates is not the same as that used for abscissas, this number 1 cannot 
be called the slope of the tangent line; it should be called, say, the rise of 
the tangent per horizontal unit. Unless expressly stated otherwise, the 
same scale will always be used for ordinates and abscissas. 

We may investigate points other than (1,3) on the curve y = 3 X*. 
Suppose P is the point on the curve whose coordinates are (x,y). If Q is 
some other point on the curve (Fig. 12), its coordinates are x 4- Ax, 
y 4- Ay. As before, to find the ordinate of Q we replace x by x 4- Ax 
in the equation y = 3X 2 , obtaining 

y 4- Ay = s(x 4- Ax)* = |x* 4- x Ax 4- ?Ax* 

To find Ay, we must subtract the ordinate of P (namely, £x*) from the 
ordinate of Q. This gives 

Ay = x Ax 4- 3 Ax* 

• A* U to be regarded as a single symbol; thus Ax* means (Ax)*, etc. 
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Hence 


and therefore 




r Av 
lim — = 

Ax—*0 


lim 

Ax—*0 


(* + 5 te )“ 


V=f(*) 
N 

2+A*. y+Ay) 


In other words, at any point on the curve, tan a is equal to the abscissa of 
that point. For instance, at the point (l,i), tan a = 1 which, of course, 
agrees with our previous result. We therefore see that the graph of 

y = £x 5 has a tangent line at every 

point of the curve. 

We may generalize these remarks. 
Suppose we have a function y = fix) 
that is continuous and single-valued 
throughout an interval, say a ^ x ^ b 
(Fig. 13). Let P be the point (x,y), and 
let Q be any other point on the curve. 
The coordinates of Q are then (x + Ax, 
y -1- Ay). To calculate the ordinate of 
Q, we replace x by x + Ax, obtaining 
Fio. 13. y + Ay = /(x + Ax). To find Ay, we 

subtract the ordinate of P from this ordinate, obtaining 



Hence 

and therefore 


lim 

Ax—*0 


A y = /(x + Ax) - /(x) 

Ay _ f(x + Ax) - fix) 

= li m /(X + ^ ~ M 
Ax ai—* o Ax 


If this limit exists, the secant PQ has a limiting position as Q approaches 
P along the curve, and the value of the limit is the slope of the tangent 
line, or, if different vertical and horizontal scales are used, the rise of the 
tangent per horizontal unit. The point P is called the point of contact of 
the tangent. The slope of a curve at any point on the curve is defined to 
be the slope of the tangent line to the curve at that point. 


EXERCISES 

1. Draw the graph of the function y = tz x< - Let P he the point (2,1). Let Q 
be the point (2 + Ax, 1 + Ay). Calculate the slope of the tangent line at P, first 

making a table showing values of for Ax =» 1, 0.1, 0.01, . . . and then actually 

evaluating lim —• Draw the tangent line, and find its equation. 

Ax—*0 

2. Same a a Exercise 1 for y " 2x* and point (—2,8) 

8. Same as Exercise 1 for y =■ and point (—3, —3) 

4- Same a a Exercise 1 for y — — Jx* and point (2, —2) 
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6. In the figure, the curve is the graph of y ~ ix*. P is any point ( x,y) on the 
curve. PM is perpendicular to OX ; N is the point (0,1). If PQ is drawn perpendicu¬ 
lar to NM, show that it is the tangent at P. 



13. Rate of Change of a Function. Suppose we regard the function 
y = 0 f t h e i^t section from a somewhat different point of view. 
How fast does y increase with increasing x? In other words, by how 
many units does y change with one unit change in x? Even the most 
perfunctory examination of the graph (Fig. 12) tells us that near x = 0 
the curve rises slowly and hence y changes slowly with increasing x, 
whereas for large values of x the curve rises rapidly and y changes rapidly 
with increasing x. Evidently the rate of change of the function y is not a 
constant but varies with x. Let us find the average rate of change of y 
between x = 1 and x = 2. To do this, we evidently must compute the 
number of units change in y and divide by the number of units change in 
x. When x = 1, y - *; and when x = 2, y = 2. The change in y is 
Ay = 2 - | = f. The change in x is Ax = 1. The average rate of 

change of y between the two values of x is, therefore, — = ^ ~ 1 = 2 

Next let us compute the average rate of change of y between x = 1 and 
x = 1 + Ax. The computations are 
identical with those for the slope of the 
secant line to the curve y = i* 2 - 
Thus, the average rate of change of y 
approaches 1 as a limit as Ax is made to 
approach 0. This limit we call the 
instantaneous rate of change of y for x = 1, or simply the rate of change of 

V for x = 1. 

Evidently, in general, the rate of change of y = f(x) for any given value 
of x is lim — > and it is computed in the same way as the slope of the tan- 

Ax—0 Ax 

gent line to the graph of y = f(x). 

The determination of velocity is perhaps the most familiar example of 
finding the rate of change of a function. Suppose a ball is allowed to roll 
down an inclined plane, starting from rest at point A (Fig. 14), and sup¬ 
pose that x sec. later its distance y ft. from A is given by the equation 
y = £x*. The graph of this equation (Fig. 12) now shows the dis- 
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tance y from A as a function of the time x elapsed since the ball was at A . 
Clearly, the fact that (1,$) and (2,2) are points on this graph (Fig. 12) 
means that after 1 sec. the ball has rolled £ ft. down the incline from A 
and after 2 sec. it has reached a point 2 ft. from A. Its average velocity 
during the time elapsed from x = 1 to x = 2 is the distance traversed 

divided by the time elapsed, namely, ^ | -5- 1 = § ft./sec. Evi¬ 


dently this is simply the average rate of change of the function y between 
x = 1 and x = 2. The shorter the interval of time over which we com¬ 
pute the average velocity, the closer the result is to the velocity at the 
instant beginning the interval. Hence the velocity at the instant 
when x = 1 is just the rate of change of y at that instant. This 

we have already seen to be lim = 1. Therefore the velocity of the 

Ai—.0 AX 

ball at the instant x = 1 is 1 ft. per second. If the ball could be fitted 


with an accurate speedometer, this is the velocity which would show 
on the speedometer at an instant exactly 1 sec. after starting down the 
incline. 


EXERCISES 

1. Find the average rate of change of the function y = x* between! = 2andi => 5. 
Find the instantaneous rate of change at x = 2. 

2. Find the average rate of change of the function y = z* between x = 1 and x =■ 3. 
Find the instantaneous rate of change at x => 1. 

3. Find the average rate of change of the function y = 16 — i* between x - 3 and 
i = 4; also find the rate of change at x ~ 4. The result is negative; can you interpret 
the meaning of this fact? 

4. A spherical toy balloon is inflated bo that its volume (cubic inches) is a function 
of time (seconds) given by the formula V =» (x/6)1*. Find the rate of change of V 
at the time t = 4. 

6. The surface area (square inches) of the balloon of Exercise 4 is S =» x* 1 . How 
fast is S changing at the time t = 4? 

6. A ball is dropped from the roof of a building 144 ft. above the ground. Its 
distance (a ft.) from the starting point is a function of the time (l sec.) elapsed since 
its start: a = 16<*. When will it strike the ground? Find its average speed during 
the time of the fall. Find its speed at the instant it strikes the ground. 

14. Derivative of a Function. We have seen that the calculations 
involved in computing the slope of the tangent line to a curve and in cal¬ 
culating the rate of change of a function are exactly the same. The only 
difference is in the terminology and point of view. We can formulate a 
general process and frame a general definition entirely independently of 
these two ideas, but this general process will have the calculation of the 
rate of change of a function and the slope of its graph as two special 
applications. To this end, let y = /(x) be a function that is single-valued 
and continuous in the interval a ^ x ^ b. Let ( x,y ) be any particular 
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pair of numbers satisfying the equation y = fix) and having x in the 
specified interval. Then 

1. Let x receive an increment Ax. Replace x by x 4- Ax, obtaining a 
new value of y (denoted by y + Ay) 

y + Ay = fix + Ax) 

2. Subtract the original value of y from the new value of y to obtain 
the increment in y, Ay 

Ay = fix + Ax) - fix) 

3. Form the quotient 

Ay _ fix + Ax) ~ f{x) 

Ax ~ Ax 

4. Take the limit of this quotient as Ax approaches 0. The result is 

denoted by — and is called the derivative of y with respect to x at the 

dx 


point (x,y), 

* 


$ = lim £ = Urn &L + ~ fM 

dx Ar—0 AX Ax—0 AX 

provided this limit exists. The process of finding the derivative is called 

differentiation. The symbol ^ is to be regarded as a single symbol and 

is not to be thought of as a quotient of two numbers dy and dx. In par¬ 
ticular, dy and dx are not to be thought of as the limits of Ay and Ax since 

each of these limits is 0. * It is very important to note that ^ means the 

derivative at the particular point whose coordinates are x, y. 

It is important to note that the definition of the derivative just set up 
is entirely independent of geometrical considerations. From the exam¬ 
ples already given, it is clear that the derivative is equal to the slope of the 
graph of the function y = fix) at the point (x.y), or to the rate of change 
of the function y for a given value of x, but the derivative is defined and 
can be calculated quite without reference to these two ideas. They were 
presented first merely to indicate two reasons for taking the trouble of 

defining the derivative. 

That fix) must be continuous if it is to possess a derivative is clear from 

the fact that ,, v 

fix -f Ax) - fix) 

Ax 


* Later we ehall provide a definition of the symbols dy and dx bo that they will have 
independent meanings. But this definition will be framed especially bo that their 
quotient will equal the derivative of y with reBpect to z. It cannot be too strongly 
emphasized that the derivative ifl essentially not a quotient, but the limit of a quotient 
whose numerator and denominator both approach 0. 
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cannot have a limit unless lim [fix + Ax) — fix)] 

Ax—*0 

denominator approaches 0. But this is equivalent to 

• lim /(x + Ax) = /(x) 

Ar— 0 

which is true if and only if/(x) is continuous for the value of x in question.* 
Hence, if a function has a derivative for a certain value of the argument, 

it is continuous for that value of the argu¬ 
ment. However, the converse is not nec¬ 
essarily true, as can be shown by any num¬ 
ber of examples. For instance, suppose 
that 

y — fix) = x for x ^ 1 
V = fix) = 2x - 1 for x > 1 (Fig. 15) 

This function is continuous for x = 1, since 
lim /(x) = lim x = 1 

X—1- T—l~ 

lim f(x) = lim ( 2 x — 1 ) = 1 

*—*1* z—i* 

Hence 

lim fix) — 1 

X— 1 

Since /(1) = 1, we have fix) continuous for x = 1. However, if Ax 
approaches 0 through negative values, 

/q . + .M.rJIl) _ »+*»-* has limit 1 

Ax Ax 
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= 0, since the 


But if Ax approaches 0 through positive values, 

/(I + Ax) -/(1) = 2(1 + Ax) - 1 - 1 
Ax Ax 


has limit 2 


Therefore does not have a limit as Ax approaches 0; 

and the function fix) does not have a derivative at x = l.f 

Functions that possess a derivative for all values of the independent 
variable within a certain interval are said to be differentiable in that inter¬ 
val. We shall hereafter be dealing largely with such functions. 


• Suppose x fixed, then x + Ax =■ £ is a variable. If Ax —» 0, then f —► x. Now 
if, and only if, lira /(f) = fix), then /(f) is continuous for f = x. 

t Under such circumstances, fix) is often said, for obvious reasons, to have a left- 
hand derivative equal to 1 and a right-hand derivative equal to 2 at the point where z «■ 1. 
It can have a derivative only if the left- and right-hand derivatives exist and are equal. 
In 1861, Weierstrass gave an example of a function which is continuous at every point 
of an interval but which has a derivative at no point of the interval. 
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16. Notation for Derivatives. The most widely used notation for the 

derivative with respect to x of the function y = f(i) is It is clear 

from the examples of Arts. 12 and 13 that the derivative is itself a function 
of x, obtained by carrying out certain operations upon f(x). It is, in 
fact, “derived” from /(x). For this reason the symbol /'(x) is a sugges¬ 
tive and useful designation for the derivative of y with respect to x. A 
notation employed for similar reasons is y', but this has the disadvantage 
of not indicating the variable with respect to which the differentiation 

is carried out. It is convenient to use the symbol d ~ to mean “the 
operation of finding the derivative with respect to x” of whatever follows 
it. Such a symbol is called an operator. For example, (x* - 3x + 2) 
means “Find the derivative of x 1 - 3x + 2 with respect to x.” The 
symbol D, (or simply D) is often used instead of ~ Hence, all the fol¬ 
lowing are notations for the derivative with respect to x of y -/(*): 

% /'(x), V', r x (v), £/w. D - y - Diy) 

16. Calculation of the Derivative. Several examples of the process 
outlined in Art. 14 will now be given. 

Example 1. y a Positive Integral Power of x. If y “ find ■£■ Also find the 

value of the derivative at the point (2,16). Let x receive an increment Ax. We then 
have the new value of y, 

y + Ay = (X + Ax) 4 

Subtracting the original value of y ( - * 4 ) from this new value, we obtain Ay, 

A y - (z + Ax) 4 - x 4 - 4X* Ax + 6x* Ax’ + 4x Ax’ + Ax 4 

We form the quotient 

— - lx* + Ox* Ax + Lr Ax* + Ax* 

Ax 


Mid take the limit as Ax approaches 0, 


J J . ]:m ^ - 4*. 

dx ax—*o - z 


(jyl 

The value of ^ at the point (2,16) is found by setting x - 2. Thus “ 32 - 

Note the symbol -1 which is a convenient way of designating 

dz Jx-2 


dy 

the value of — at 
dx 


z - 2 . 
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dy 

Example 2. ya Polynomial in x. If y = x* — 5x + 4, find —• Let x receive an 

increment Ax. Then 

y + Ay = (x + Ax)* — 5(x + Ax) + 4 

Ay = (x + Ax)* - 5(x + Ax) + 4 - (x* - 5x + 4) 

= 2x Ax + Ax* — 5Ax 


Therefore 


^ = 2x + Ax - 5 
Ax 


, dy o c 

and — = Iim — = 2x — 5 

<£r Ax—♦O Ax 


dy 


Example 3. y a Negative Integral Power of x. If y = 1/x* =■ x“* find —• Let 
x receive an increment Ax. Then 


y + Ay 


1 


(x + Ax)* 


Ay 


1 _1_ Ay = J_ / 1 _ A 

(x + Ax)* X* Ax Ax \(x + Ax)* x*/ 


It is evident that we cannot evaluate this limit by taking the quotient of the limits, 
since the denominator and numerator both approach 0. We therefore change the 
form of the right-hand member of the equation as follows: 


Ay = _1_ / x* - 

Ax Ax \ x* 


- (x + Ax) 


(x + Ax) 

It is now possible to find the limit 




— 2x Ax — Ax* 


X*(x + Ax) 




2x + Ax 
x*(x + Ax)* 


Hm -5_ -1. -2x- 

dx AX-.0 Ax X* X* 

2x* + 1 . , dy T 

Example 4. y a Rational Function of x. If y = ^ ’ “““ z receive an 


increment Ax. We then have 


y + Ay 


Ay 


Hence 


and 


Ay 

Ax 

dy 

dx 


2(x + Ax)« + 1 
3(x + Ax) - 4 
2(x + Ax)* + 1 _ 2x* + 1 
3(x + Ax) - 4 3x - 4 
(6x* - 16x - 3) Ax 4- (6x - 8) Ax* 
[3(x -H Ax) - 4)(3x - 4) 

6x* — 16x — 3 4- (6x - 8) Ax 
[3(x + Ax) - 4R3x - 4) 

6x* - 16x - 3 


.. Ay 
hm — 
Ax—»0 AX 


(3x - 4)* 


Example 6. 
x receive an increment Ax. We then have 


- . dy 

x — 4, find —• Let 
ax 


y + Ay = V(x + Ax) — 4 
Ay - 


V(x + Ax) — 4 — v x — 4 


Again, as in Example 3, if we divide by Ax and try to evaluate the limit, both numera¬ 
tor and denominator will have the limit 0. So we shall employ an artifice, namely. 
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we shall mutliply numerator and denominator by 
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y/ (x + Ax) — 4 + y/x — 4 


We then obtain 


Ay 


(x + Ax) - 4 - (x - 4) 


Ax 


Hence 


and 


\/(x + Ax) - 4 + y/x — 4 y/(x + Ax) - 4 + V* “ 4 

Ay_1_ 

Ax \/(z + Ax) - 4 + y/x - 4 

$! - lim ^ ‘ - 


dx Az—*0 Ax 2 V 1 - 4 


Example 6. A circular metal plate of radius r in. and area A sq. in. expands as a 
result of heating. Find the rate at which the area changes with the radius. We have 
A = xr*. For any given value of r the required rate of change of A is simply the 
derivative of A with respect to r. (The reader will recall that the derivative can be 
interpreted as the instantaneous rate of change of a function.) Let r receive an 
increment Ar; then 

A + AA = x(r + Ar)* 

A A = r(r + Ar)’ — n* 

= 2rr Ar + t Ar* 

and ■= 2xr +» Ar 

Ar 

« d/1 AA 

Hence — = lim — = 2 rr 

dr &r— 0 Ar 


Thus, the rate at which the area of the plate changes is 2 tt sq. in. (of area) per inch 
(of radius), where r is the radius of the plate at the instant in question. 

17. Sign of the Derivative. A function of x, y = /(x), is called an 
increasing function throughout any interval in which an increase in x 
causes an increase in the function. A function of x is called a decreasing 
function in any interval in which an increase in x causes a decrease in the 
function. The graph of an increasing function rises as x increases; the 
graph of a decreasing function falls as x increases. 

Now it is readily seen from the examples given in the last section that 
the derivative of a given function of x may be positive, negative, or zero 
for different values of x. The sign of the derivative enables us to say 
whether a function is increasing or decreasing in the neighborhood of a 
given value of x. Let us first suppose that the derivative of y = f{x) is 

positive for a certain value of x. Then, since ^ = ^irn^ it is clear that, 

for sufficiently small values of Ax, A xj and Ax must have the same sign. 
The effect is illustrated in Fig. 16, in which xi < x < X 2 | if Ax = xi — x 
ia positive, then A y = y t - y must be positive (for all values of x 2 close 
enough to x) and therefore yi > y • On the other hand, if Ax = xj — x 

negative, then A y = yi - y must be negative (for all values of x, close 
enough to x) and therefore yi < y. Hence yi < y < yt if £i < x < x t, 



z-z 


( x z-y 

^fy-y x 


VfV 
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and y is an increasing function of x. Of course, this result is intuitively 

evident since ^ > 0 expresses the fact that the tangent to the graph of 

ax 

y = /(x) makes a positive acute angle with the x axis, and consequently 
the curve must be rising in the neighborhood of the point of contact of 
the tangent line. 

In a similar manner, if the derivative of y — /(x) is negative for a certain 
value of x, then, for sufficiently small values of Ax, A y and Ax must have 
opposite signs. Thus, if Ax is positive, then Ay must be negative and y 

decreasing. Let the reader illustrate this 
/ case geometrically. 

have now shown that, if the derivar 

VrV tive of a function is positive at a given point, 
^ the function is increasing in the neighbor- 

|*- z i 1 hood of this point; if the derivative is nega¬ 

tive, the function is decreasing in the neigh- 

____ borhood. The situation arising when the 

0 * l z * 2 x derivative is zero will be considered in a 

^ IO ' later chapter. 

Further, if /'(x) is positive for all values of x in a certain interval, then 
/(x) is increasing throughout this interval. A corresponding theorem is 
true for f{x) negative. 

For example, if y = ^ x 2 , then ^ = x; consequently y is increasing for 

x > 0 and decreasing for x < 0 (see Fig. 12). 

It is quite evident from the examples given that it is desirable to 
develop methods which will enable us to calculate more conveniently the 

derivative of a function. The direct evaluation of lim ^ in each special 

ii-oAx 

case would consume a great deal of time and would involve tedious com¬ 
putation which can be avoided. In the next few chapters, we shall, 
therefore, establish several standard formulas of a quite general character 
by means of which all the familiar elementary functions can be differen¬ 
tiated, and at the same time we shall illustrate some of the many ways in 
which the derivative can be used to discover the properties of various 
functions and to solve problems of practical importance. 


Fio. 16. 


EXERCISES 

Find the derivatives of the following with respect to x, t, or u as appropriate by the 
"method of increments” illustrated in Art. 16 (Ex. 1 to 20): 


1. y ■=> x» 

8. y - 8x» 

B. a — 100 — 3f* 


2. y 
4. y 
6. y 

8. y 


x* - 9 

x* - 3x* + 8x 
4u* — 5u -f- 6 
4 


— — X‘ 


7. y - 1/x 
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9. v = 1/x* 

10. 

2x* 

11. y - -—- 

x J — 4 

12. 

18. y = V* 

14. 

16. y = V*’ - 25 

17. s ° t * 

16. 

18. 

19. y - 1/V* 

20. 

21 - V = ^ 

22. 

28. y-7=- 

\/x* - 27 



V 

8 

V 

y 

y 

y 

v 


Ax + 3 
“ 5x - 7 
t* - 8 
t + 1 

= \/\ix + 1 
= y/u* 

= (x + l) w 
1 

\/3u + 5 

3 

" V*’ + 4 


24. A steel tire of radius r ft. expands as a result of heating. Find the rate at which 
the circumference changes with the radius. Docs this rate depend upon the radius? 
(Compare with Example 6, Art. 16.) 

26. A spherical toy balloon has a radius r. Find the rate at which (a) the surface 
area and (6) the volume change with the radius. Find these rates at the instant when 

the radius is 3 in.; 6 in. . ,. 

28. The gravitational attraction between two particles is a function of the distance 

x between them, namely, F = k/x'. Find the rate of change of F with x. If x 

increases, is F increasing or decreasing? . , 

27. Determine whether the function is increasing or decreasing at the points 

specified: . , ... 

(а) Exercise 3, points (2,64), (-1,-8), any other point (except the origin). 

(б) Exercise 4, points (1,-5), (-1,-23), any point. 

(c) Exercise 7, points (2,*), (-3,-$). any point except x = 0. 

(d) Exercise 9, x negative, x positive. 


Find the slope of the curve at the point indicated (Ex. 28 to 33): 


y =» x* — 3x + 2 &t (3,2) 

1 at (-4,-1) 

3 + x 

x 9 — x 9 “f - 3x — 1 &t (1»2) 

** at (0,0) 

x * + 1 

K 1 = x — 1 at (5,2) 

at (5,-2) 

the indicated time if s is measured in feet and l in 


35. « = at < - 4 


28. 

29. 

80. y 

81. 

32. 

88. y* - x - 1 

Find the rate of change of s at 
seconds (Ex. 34 to 40): 


84. * ■ 121 — 161’ 

at / - 2 

88. t - y/t* - 9 

at * “ 5 

88. t - / 

at l - 4 

v<‘ + e 


40. * - / 

at f — 3 

V* + 1 



37. s = 7 = at t - 2 

at< " 2 



CHAPTER 4 


GENERAL RULES FOR DIFFERENTIATION 
OF ALGEBRAIC FUNCTIONS 


We are now ready to develop a number of standard formulas for differen¬ 
tiation by means of which the derivative of any elementary function can 

be found without the necessity of evaluating lim ^ in each separate case. 

Ax—*0 AX 

In the development of most of the formulas of this chapter the functions 
involved are required to be not algebraic but merely differentiable. 
Consequently, these formulas apply to transcendental as well as to alge¬ 
braic functions. We shall, however, defer the study of transcendental 
functions to Chaps. 6 and 7. 

18. The Derivative of x n . We have already seen (page 37) that if 
y = x 4 , then = 4a; 3 . We observe that y = x* is a special case of 


y = x n where n is a positive integer. It is not difficult to find a general 
formula that will give in terms of x and n. We shall then be in a 


position to write the derivative of any positive integral power of x at 
once simply by replacing n by the proper value. Assuming n to be a 
positive integer, wo make use of the binomial theorem, 


y + Ay = (x -f \r) n 

= x n -f nx n ~ l Ax + n ^ n 2\ ^ zn- * Ax’ + • • • 4- As" 


Ay = nx n ~ l Ax + 


n ( n ~ D -».n—S 


2! 


x n ~ 2 Ax 2 -f- 


+ Ax' 


Ay 

Ax 


= nx’ 


- l + 2 ' r ~' zn ■ , **+•••+ A*"" 1 


To evaluate the limit of the right-hand member, we recall that the limit 
of the Bum of a finite number of functions is the sum of their separate 
limits. Since every term after nx n ~ l contains some positive power of 
Ax as a factor, each of these has limit 0 when Ax —» 0. Hence 
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Example 1. If y = x T , then n 



and 

dx 


7x\ 


Example 2. If y = ar, then n 



1. 


In case n is not a positive integer, or zero, the expansion of (x + Ax)" 
will not contain a finite number of terms. For example, 

(x + Ax)" 1 = x- 1 - x- 2 Ax + x- J Ax 2 - x- 4 Ax J + 


Therefore, neither Ay nor — will contain a finite number of terms but will 

Ax 

consist of never-ending series. Consequently, we cannot make use of 
the theorem that the limit of the sum is the sum of the limits, for this 
theorem requires a finite number of functions. However, by use of other 
devices it is possible to show that, even when n is not a positive integer 
but is any rational number, 


If y = 


then d .~ = nx n ~ l 


( 1 ) 


If n is irrational, x" is not an algebraic function, but it is possible to show 
that the formula still holds. The student will be asked to prove the 
formula for n a negative integer in Exercises 59 and 60 (page 49). A 
simple proof making use of the derivative of an exponential function 
takes care of all cases (including n rational), and this will be given in 
Art. 51. In the meantime, in order to avoid restricting unduly the 
functions available for study in this and the next two chapters, formula 
(1) mil be assumed true for all rational values of n. The following examples 

illustrate its use: 

i dy 2 

Example 3. If y = — =“ *“*» Own ^ = = ~ x > 

Example 4. If y = x 9i , then ^ ^ 


19. Derivative of a Constant. If y is a constant, y - c, then, whatever 
values are assigned to x and Ax, y will remain unchanged. Thus 

Ay = c — c = 0 for every value of Ax. Therefore ^ = 0, and 


Thus 

★ 


dy = Hm = 0 

dx 


lim A 

Ax— 0 Ax 




and the derivative of any constant is zero. Geometrically, this expresses 
the fact that the line y = c has everywhere a slope 0; that is, the line is 

parallel to the x axis. 
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20. Derivative of a Sum. Suppose we have two different functions of 
x, say u = u(x) and v = y(x), which possess derivatives with respect to 
x throughout the same interval a S x ^ b. Let us call the sum of these 
functions y, so that y = u + y. To calculate the derivative of y with 
respect to x, we assign an increment Aitoi; then u and v receive incre¬ 
ments Au and Ay. Hence 


V 

Hence 

and therefore 


- Ay = u + At* + v 4~ Ay 

Ay _ Au . Ay 

Ax ~ Ax 

Ay At* 

lim — = lim — 


Ay 


Ax 


■ t» 


A»» 


Therefore 

★ 


d . . x du ,dv 

s (“ + -) = s + s 


At* + Ay 



This formula holds, of course, for all values of x in the interval a ^ x ^ b. 

The extension to the case of more than two functions of x is not diffi¬ 
cult. Suppose we have a finite number of functions of x } say it, v, w, 
. . . , s all of which possess derivatives with respect to x in the same 
interval a ^ x ^ b. If y = u4-y-bto-b then it is clear 

that corresponding to an increment Ax we have 


and finally 


Ay = At* -b Ay + Au> -b 
dy du du . dw 

dx ~ dx dx dx 


+ As 

+ - 
^ dx 


Therefore, we may state the following general theorem: The derivative 
of the sum of any finite number of functions is the sum of the derivatives of 
the separate functions. 

Example. If y = x* + x" M 4 7, then - 5x 4 — ^ x~ 


21. Derivative of a Product. As before, let u and v be two functions of 
x possessing derivatives in the same interval. If y = t*y, we have 

y 4* Ay = (tx + Au)(y + Ay) 

= t*y + t* Ay 4- y At* + Au Ay 

Ay = u Ay + y Au 4- Au Ay 

Au Ay , Au , Au . 

~r~ = U —- by-:-b-r-Ay 

Ax Ax Ax Ax 


Making use of the theorems about the limit of a sum and of a product, 
we have 

lim ^ = t* lim ^ 4- v lim ^ 4- lim ^ • lim Ay 

Ax—*0 Ax Ax—* 0 Ax Ax—*0 AX Ax—*0 AX Ax—*0 

Now, since v possesses a derivative, v must be a continuous function of x. 
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Hence, when Ax —* 0, Av must approach 0. Therefore lim Av = 0. 

Ax—♦ 0 


sequently, lim ^ • lim Civ - 0. 

4 x-. 0 Ar Ax—.0 




This gives at once the result 
dv , du 

= u ,—v j- 

dx dx 
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We may now state the following general theorem: The derivative of the 
product of tuo functions is the first times the derivative of the second plus the 
second times the derive live of the first. 


Example 1. If y = x 4 (x J + x + 1), then 


— = x 4 (3x* + 1) + (x« + x + l)4x* = 7x‘ + 5x* + Ax* 
dx 


The following important special case should be noted. If one of the 
functions, say v, is a constant c, we have y = cu. Hence 


dy 

dx 


du 

c~r + u 
dx 


dc 

dx 


But 



Therefore 

* 





That is, the derivative of a constant limes a function is that constant times 
the derivative of the function. 


Example 2. If y - 4x J - 5x‘ + 2x* + 1 lx 


— ~ 28x‘ - 15x> + Ax + 11 
dx 

The theorem can be extended to the product of any finite number of 
differentiable functions. For example, consider three functions u, t>, w. 


y = uvw = (uv)w 


Thinking of ( uv ) as a single function, we have 

d l = (uv) d Z + wf x (•»> - (“»> 3T + “ (“ % + ” d £) 


dx 


dx 

du , dv , dw 

m ix + "" dx + UV Tx 


In general, if we have a finite number of functions of x, say u, v t w, 
... ,r, s, each of which possesses a derivative in the same interval, and 
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if y = uvw • • • rs then 
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dy 

-r = vw 
dx 


du . 

rs j —I-too 
dx 


dv 

rs n + 


for all values of x within this interval. 
Example 3. If y = x 4 (x* + l)(x* — 1), then 


+ UVW 


— = (x* + l)(x» - l)4x> + x 4 (x* - l)2x + z 4 (x* + l)3x* 
dx 

= 9x* + 7x s - 6x* - 4x* 

Let the student verify this by expanding z 4 (z* + l)(x* — 1) and differentiating the 
result. 

22. Derivative of a Quotient. Again let u and v be functions of x 
possessing derivatives in the same interval. If y — u/v, we have 


y + Ay = 


Ay = 


u + Au 

v + Av 

u + Au _ u 

v + Av v 

Au Av 

v - - u — 

Ax Ax 


uv •+■ v Au — uv — u Av 
v(v + Av) 


Ax v(v + Av) 

To evaluate this limit, we use the theorem that the limit of a quotient is 
the quotient of the limits. The limit of the numerator becomes 

Au .. Av .. Au .. Av du dv 

am v — — lim u — = v lim — — u lim — = v -j- u -j- 

Ar —>0 Ax A r —»0 Ax Ai— A - T Ar^-»n AX (XX (IX 


Ax—»0 


Similarly, in the denominator we have 

lim v(u -f At;) = v lim (v 4- At;) = v* 

Ax—*0 Ax—*0 

since lim At; = 0 as explained in Art. 21. Therefore, 

Ax—»0 

du dv 
d ( u\ V dx U dx 


dx\v) 


This formula holds for all points in the interval in which u and v both have 
derivatives except, of course, those points at which v = 0. In words, the 
derivative of the quotient of two functions is the denominator times the deriva¬ 
tive of the numerator minus the numerator times the derivative of the denomi¬ 
nator, all divided by the square of the denominator. 

The student will find it very helpful to carry in mind the statements 
in words of formulas (2), (3), (4), (5), and (6). 
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Example 1. If y 


DERIVATIVE OF A QUOTIENT 


47 


- ?!_±2, 

” x* + 9’ 

dy (x« + 9)3z* - (z» + l)2x _ z 4 + 27x* - 2x 
dx~ (x* + 9)* “ (** + 9)* 


Example 2. If y 


3(x - 1) 3 x - 1 


dy 4 (x - l)2x - x« • 1 = 4 x* - 2x = 4x(x - 2) 
dx = 3 (x - 1)* 3 (x - 1)* 3(x - 1)* 

The beginner almost always gives himself unnecessary labor by failing to notice the 

4 

simplification involved in expressing y as - times x _ ^ * n general, any constant 

factors multiplying the function to be differentiated should be noted, and the fact that 

— (cu) = c — should be used. 
dx dx 


EXERCISES 

Find the derivatives with respect to x (or l) of the following functions (Ex. 1 to 42): 

1. y = 7x - 11 2 - y = 3z * ~ z ‘ 

3. y = 4x‘ - 3x» + 5x + 21 4. y = 14x« + 3x* - x* + 12 

6 . y - 3x* - 4x 4 + 2x» + 7x* - 5x + 13 

6 . y - fz« - |x» + |x* V = T * 4 - + 6 x* - lOx + 4 


8 . y - 3x-* - 5x-» + 2x 


7. y = |x 4 - Jz* + 6 x« - lOx + 4 
2 

9. s - 6^ - - 


10 . y = x* + — 

■C 

14 9 

11. y - 9x» - 4x* + x - - + - - ~ 

12 . y = 16z* + 12 x* - 25x’^ 

14. s - 4 y/l + 9 


16. y ~ 
18. y - 


JL+*^ + , 

25x‘ 11 


5 \/x 9 y/z* 


13. y « 4x - * + 9 x w 

5 7 

17, V “ 3x* 4x* 

19. y =* — 7 = + 15x w 
V 2 x 


20 . 0 - y/bl + - 4 = 

V» 

In Exercises 21 to 27, differentiate as a product; verify by expanding and 
differentiating. 

21. „ - 4- 2r 4- 3) 22 . y ~ (3x* + l)(x* + 2x - 5) 


21. y - z 4 (x* + 2x + 3) 

23. y - (6z 4 - 3x)(2x - 1) 


24. 0 -««-< + 1) 


G4) 
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25. 8 

26. y 

27. a 

28. y 
80 . y 
82. 8 
84. y 
36 . s 


- (2** - 31 4- 4)(4/* +3/4-2) 

- (2* - l)(z* + 2) (5x* + 1) 

- /«(2/» - 3) (3/* - 2) (4/ - 1) 


x +2 

x - 3 

29. 

2 

SI. 

= x* - 25 

/* + 3/ + 2 

t - 5 

83. 

x* + 5z + 2 

3x - 4 

2/* + 4/ - 1 

/» + 8 

85. 


V 

V 

y 

8 


2z +7 

5z — 9 
3x* 

4x + 1 
x* ~ 16 

x* + 27 
3/ 1 + 1 
2/ - 3 


In Exercises 37 and 38, differentiate as a quotient; verify by differentiating the 
Becond expression. Which is the easier method? 


- 5x ^ 

11 /-* 

2 (x* + 16) 

' V = 3x* + 6x - 9 
_ 2(1- l)(i -2i 

3 (/ + 3)« - 4) 

In Exercises 43 to 46, find the slopes of the curves at the points specified, and make a 
rough sketch of each curve: 

43. y = x* - 3*’ + 5 at (-1,1), (0,5), (1,3), (2,1), (3,5). 

44. y = x** at (-8,4), ( — 1,1), (1,1), (8,4). What can you say about the tangent 
line as x —* 0? 

1 2 

46. y »-at (-1,3), (1,-1), (2,0), (3,-jV). What can you say about the 

x* x 1 

slope of the curve for x < 3? For x > 3? 

46. y « x 4 - 24x* + 25 at (1,2). Find approximately the angle of inclination 
of the tangent at this point. Find the values of x that make the derivative zero. 
What can you say about the tangent line at these points? 

In Exercises 47 and 48, find to the nearest degree the angle of inclination of the 
tangent line to the following curves at the points specified: 

47. (a) y = z* at (1,1) (6) y - x* at (1,1) 

(c) y « X* at (1,1) (d) y - x 8 at (1,1) 

48. y ■= — x* + 7 at (3,7), (l, 1 /), <£,Vr) 

49. The distance (s ft.) a ball rolled in / sec. was s - 8/ — 12/*. Find the velooity 
at the time t = 2. In what units is the velocity expressed? 

60. The velocity (i; ft. per second) of a moving object was the following function of 
the time (t sec.) elapsed since starting: v = Gi 1 — 2 t l . Find the rate of change of v 
(what is this usually called?) at times i “ 1 and t ■» 4. Interpret the physical mean¬ 
ing of the algebraic sign in each case. In what units is this rate of change expressed? 


37. y 

38. a 

39. y 
41. y 


x* — 4x — 5 

v* 

3/» - 5/* - II 
/’ 

3(x* - 27) 

4(x* + 8) 

(x + l)(z + 2) 
(x + 3) 


x”-4x» - 


3/ - 5 - 
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In Exercises 51 to 54, state whether y is an increasing or a decreasing function at 
the point specified: 


51. y - 42* - 62 - 11 

at (4,29) 

2x - 1 

52. y --- 

at (l.y); at ( 2 ,y) 

v 3x + 4 


2 * 

63. y - -— 

at (- 2 ,*) 

y 2 * + 16 


64. y = 2 *(x* + 1)* 

at (-1,4) 


In Exercises 55 to 58, find the values of x for which y is (a) increasing, ( 6 ) decreasing: 

x 

65. y =■ 2 * — 62 + 5 66 . y - 2 x - 2> 

67. y ~ 2x* - 3x* - 12x + 4 68. y - 

d 

69. Prove by the method of increments that — (x n ) = nx 

if „ is a neyatxvt integer. (Hint: Let n - -m; then y - 1/x". Now use the method 
of increments.) 

60. Prove the theorem of Exercise 59 by use of the formula for the derivative of 
a quotient. 

23. Derivative of a Function of a Function. We have a convenient 
means of differentiating a power of x. But if we seek the derivative of 
such a function as y = (x* + 8 )”, we cannot use formula ( 1 ), for we have, 
not a power of x, but a power of a function of x. We may, however, over¬ 
come the difficulty by introducing an auxiliary variable. If we set 
u = x l + %, then y = u * and we have y a function of u (namely, the | 
power) where u is a function of x (namely, x s + 8 ). That is, y is a func¬ 
tion of a function of x. In general, let y = /(u) where u = y(x), and let y 

have a derivative ^ with respect to u, and let u have a derivative ~ 

with respect to x. Now, clearly, if a value of x is given, a value of u is 
determined. This value of u determines a value of y, and therefore y is 
a function of x through u. A change Ax in x produces a change Au in 
u and a change Ay in y. Also, when Ax -» 0, Au must approach zero 
since u is a continuous function of x because we have supposed the 
existence of the derivative of u with respect to x. We may write the 
identity 

Ay _ Ay Au 
Ax Au Ax 

which is true for all values of Au except Au = 0.* Taking limits as 
Ax —» 0, we obtain 

lim ^ = lim ^ • lim ^ 

AX—0 AX Au—*0 Au Ax—*0 Ax 

• The resulting formula (7) can be shown to hold even if Au ■■ 0, although the 
proof will not be given here. 
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dy dy du 
dx ~ dudx 

Returning to the example y = (x* + 8) M = we have 


*1 = ? 
du 3 


and ^ = 3x* 
dx 


from which we obtain 


dy _ dy du 
dx du dx 


3 u» 


3i 2 = 


2x 2 


(x J + 8)* 



It is unnecessary to write down the substitution of u for x* + 8. We may 
think of the differentiation as follows: To differentiate the f power of any 
function, we write f times that same function to the power f — 1 = —i, 
then multiply by the derivative of that same function. The result is at 


once 


| (*» + 8)-» • 3x 2 


2x 2 

(x s + 8)»* 


Example 1. If y 


y/x' + 4 


» then 


Now 


Hence 


(V** + 4) • 1 - x • — (V** + 4) 

ay _ax_ 

dx x* + 4 

V** + 4) = 5 (x* + 4)-# • 2x 
dx i 


y/x* + 4 


Vi*+ 4- . ■= 

dy Vi' +4 x* + 4 - x» 4 

= (x* + 4)’* “ (x* + 4)W 


dx x* + 4 

Example 2. If y = (x* + 5) 4 (x 7 + 13 )\ 


~~ *■ (x* "f* 5) 4 • f (x 7 + 13)* + (x 7 + 13)* • ~ (x* + 5) 4 
dx dx dx 

- (x* + 5) 4 • 5(x T + 13) 4 • 7x* + (x 7 + 13)* • 4(x* + 5)* • 3x* 

= (x» + 5)*(x 7 + 13) 4 [35x*(x* + 5) + 12x‘(x 7 + 13)) 

= x’(z J + 5)*(x 7 + 13) 4 (47x 7 + 175x 4 + 156) 


24. Differentiation of a Power of Any Function. We may now write 
the formula for the derivative of any power of any differentiable function: 
If y = u n , then 

* ^ (“*> “ nu ’~ l s (8) 

In words, the derivative with respect to x of the nth power of a function of x is 
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n times the function to the (n — 1) power times the derivative of the function 
with respect to x. It is to be kept in mind that, although we shall use this 
formula freely, its proof has been given only in case n is a positive integer. 
The proof for all other values of n will be given in Art. 51. 


EXERCISES 

Find derivatives with respect to x, t, or z as appropriate (Ex. 1 to 42): 


l* y 
3. y 

6. y 

7. y 

9 - V 

11 . V 

13. y 

16. y 

17. y 

19. y 

21 . 8 

23. y 

26. y 

27. y 


y/2x +3 
(z* + 9)* 

(a* - x»)* 

(3x + 4)* 

(z* + D* 

(7z - 9)* 

(z* + 4z + 13)"* 
1 


V ax + b 
1 


^ ax* + bx + c 

(2ax - x*) w 

*»(<* + 1)* 

(x* + l)*(z* - 4)« 


(x* - 1)* y/z* ~ 4 
(2x» + 4x* + 5z + 7) 


20. y - - - - 

V2z + 7 

y/x* — a* 

31. y „--- 

x* 

83. y - 21 

y/z* - 9 

4- Q* 


V2z + 


2. y - 

4. i/ = 

6. y = 
8. y = 
10. y = 
12. y = 
14. y = 

16. y = 

18. y = 

20. y - 

22. y ° 
24. y = 
26. y = 

28. y = 
SO. y = 


\/3x* + 1 

(3x« - 6z + 11) * 

y/aTx 

(z« + n* 

(z* - 8)* 

(6z + I)"* 

(az + 6)* 

1 


V + 6)* 

1 

■y^ ( az + 6)« 
z y/ x* — a* 


z« Vz*+9 

(z* - 16)‘(3z + 1)» 

(4z* - z + l)*(z* + 2z + 3)« 
2z + 1 


y/x + 2 


y/x* - 9 


86 . « 


2* + 3 


32. y = 

34. y = 

36. s - 

38. y = 

40. y = 
42. y *» 

the points specified 


2z 


a*x* 


(a* - x»)* 
a -y/az + 6 
fcz 

(% - !)»«» + 4)» 
3 1 + 1 

y/ (z - a)* + a* 


V 1 - \/l + z 
(1 - \/z* + 1 ) M 

(Ex. 43 to 45): 


z 1 

37. y --- 

(z + 2)*(4z - 5 ) 

39. y =. y/(z - 1)» - 1 

41 * v “ Va + \/^ 

Find the slope of the curves at 

48 . y — y/ 25 - x* at (3,4), (-4,3) 

44 . y - x*(2z - 3)* at (2,4), (-1,25), (f,£r) 

46 3z . a t (5, V'). The point (0,0) is a point of the graph. 

y/x* - 9 

What can be said about the derivative at this point? 
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46. The radius of a circular plate increases at the rate of 0.001 in. per second when 
the plate is heated. How fast is the area changing when r - 10 in.? {Hint: A is a 

function of r where r is a function of t; — « 0.001, and we can calculate ——. Now find 

at 

dA\ 

dt'J 

47. A solid metal sphere expands when heated. If the radius changes at 0.05 in. 
per second, find how fast the volume is changing when the radius is 6 in. 

25. Inverse Functions and Their Derivatives. If y is a function of x 
given by the equation y = /(x), then in general x is a function of y. We 
may find the inverse function x = g(y) of the given direct function y = f(x) 
by solving the equation y = f(x) for x* Thus, if y = x *, then x = y** 

and the cube root is the inverse of the cube. Or again, if s = - _ then 

s 4- 1 

t = —-— is the inverse function. 
s 

If y = /(x), the existence of an inverse function, x = g(y), requires 
proof. For example, if y is a continuous, single-valued, and steadily 
increasing function of x in the interval a ^ x ^ b, then it is possible to 
show that x is a single-valued, continuous, and steadily increasing func¬ 
tion of y in the corresponding interval /(a) ^ y ^ f(b). An analogous 
statement holds if y is a decreasing rather than an increasing function of 
x. If, further, y = /(x) has a finite derivative /'(x) ^ 0 at every point 
of the interval a ^ x ^ 6, then we can show that if y receives an incre¬ 
ment Ay, then x receives an increment Ax 0. Further, if Ay —* 0, 
then Ax —* 0. Proofs of these statements will not be given here, but 
the student can satisfy himself of their plausibility by drawing the graph 
of the kind of function described. 

We may now write the identity 

Ax _ 1 

Ay Ay 
Ax 

Taking limits as Ay and Ax approach 0, we have 

„ x Ax 1 1 

iv) = is as - - m 

a*—o Ax 

This relation may be written 

dx _ l _ 

dy ~ dy 
dx 


• This can usually be done for functions considered in this book. An example of a 
function for which it cannot be done is y =■ 5. Here, for any given value of x, a value 
of y (namely, 6) is determined. But for a given value of y no value of x is determined. 
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or, we may prefer to solve for /'(x), thus 
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dy _ 1 

dx dx 

dy 

For an example, consider the direct function 

y = i* 1 = /(*) 



(Fig. 17). In the interval x > 0, x = 2 Vy is the inverse of /(x). Note 
that in this interval the ordinate of y = |x* continually increases as x 
increases, that at no point is the tangent 
horizontal or vertical, that for each value 
of x there corresponds one and only one 
value of y, and that for each value of y there 
corresponds one and only one value of x. 

Hence 


dy 

dx 


1 


dx 

dy 



Fi a. 17. 


for all x > 0. Since ^ we have = \/y. It is interesting to 

dy vy ,lr 


observe that, if we calculate from the direct function y = jx*, 

ax 

obtain 


we 


dy = I 

dx 2 


Since x = 2 Vy, the results are the same. 

In the interval x < 0, x = -2 Vy is the inverse of y = jx*. The 
graph of this function is the left-hand half of the parabola (Fig. 17). 
Here the ordinate decreases as x increases, and again 


dy 

dx 



(Note that we omit always x = 0 where ^ does not exist.) We find 

that ~ -L, therefore — = — Vy- Calculating from the 

dy * /7, dx ax 


Vy 

direct function, we obtain ^ = \ x - But since » for * < x 
we have — Vv, and the results are the same. 


-2 Vy, 
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Note that both branches have in common the point (0,0) but that we 

dy 


cannot find at (0,0) by the formula 

ax 


dy _ 1 

dx dx 
dy 


dec • 

since does not exist at that point. 
dy 


EXERCISES 

dy . dx 

Find the inverse of each of the following functions. Find — in terms of — > and 
verify that the result agrees with that obtained by differentiating the direct function. 


1. y 

= X 5 

2. y 

= X 4 

3. y 

= X* + 4x + 4 

4. y 

- x» + 2x + 2 

6. y 

= (x* - I)* 

6. y 

= y/x* — 4 

7. y 

2x 


X* 

x - 3 

y 

x* + 4 

9. y 

4 

10. y 

32 

x» + 8 

x‘ + 16 

26. 

Derivatives of Higher Order. 

Let 

us recall the function y = 


We find that its derivative is ^ = 4z s , and we notice that this derivative 

dx 

itself is a function of x which can be differentiated. In general, the 
derivative of a function of x is another function of i that may be differen¬ 
tiable. The derivative with respect to x of ~ is called the second deriva¬ 
tive of y with respect to x, or the derivative of second order. The deriva¬ 
tive of the second derivative is called the third derivative of y with respect 
to x, or the derivative of third order. Similarly, we may speak of the 

fourth, fifth, sixth, . . . , nth derivative of y with respect to x; ^ is 

called the first derivative. The notation most widely used for the succes¬ 
sive derivatives is as follows: 


± (u) _ ik 

dx Ky) dx 


d*y 


A(*y) 

dx \dx) 


dx 3 

d_ (dfy^j _ dfy 


dx \dx y dx 3 


(first derivative) 
(second derivative) 


(third derivative) 


d ( d n ~h A = 

dx \dx n ~ 1 / 


dfy 

dx" 


(nth derivative) 
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Other notations for the successive derivatives of y = f(x) are also quite 
common, namely, 


/'(*), /"(*), 
v\ y", 

D,y, DSy, 




Sometimes Roman numerals are used for the indices of derivatives of 
order higher than the third, for example, / lv (x) for/ (4, (z) and y lv for y (4) . 


Example 1. If y = x\ then 


dy 

dx 



in fact 


d*y 
dx 1 


= 12i* 


d n y 

dx" 



d*y 

dx* 


0 if n > 4 


24 


Example 2. If y 



= x -1 , 


dy 

, ■■■ r* 

_ 1 = 

dx 


d'y _ 

1 = 2x- 

dx' " 

X» 

d'y 

_2_3 = _ 2 .3x- 

dx 1 

X* 

d A y 

2 3 4 =2.3.4x- 

dx 4 

X* 

d n y ^ 

n\ 

dx n 


d*y 

dx* 


0 


The value of the nth derivative was inferred from the form of the first few deriva¬ 
tives. The validity of the formula can easily be established by mathematical 
induction. 

The value of is equal to the rate of change of y; evidently, ^ is the 


rate of change of the rate of change of ^ and 


so on. 


EXERCISES 

Find the second derivative with respect to x or t as appropriate (Ex. 1 to 10): 


d*y 

L y — x 1 — 2x 4 + \x l \ also find — 

ax % 


2. y « 3x> + Ax - 11 
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6. 

y = 

(4x + 7)* 


6. 

V - 

(ax + 6)** 

7. 

y - 

x*(7x + 1)* 


a 

V “ 

(3x - l) 4 (s* + 1)* 

9. 


21 


in 

• sat 

V& +4 

a ™ 

3 V<’ + 9 


XV/. 

o ™ 

t 

11. 

if y 

/ — d*y 

«■ Vi* + 16, find —• 

dx 1 

12. 

If y 

— (ox + &)**, find 

18. 

If V 

- (x* + 8)*, find 

d*y 

dx 3 

14. 

If a 

1 d*a 

- find 54- 


d*y 

dx* 


16. Find an expression for if y — x" (n a positive integer) 

dx n 

d * 1 / 1 + x 

16. Find an expression for — if y 

dx n 

d n y 

17. Find an expression for — if y 

d 1 d * 

18. Find formulas for — (up) and — (up) where u and p are functions of x having 

/itI dx‘ 


I - X 
X 1 

x - 1 


dx« 

derivatives of required orders. 


d* 


19. Generalize the results of Exercise 18 to find Leibnitz's formula for —— (up). 

dx" 

20. Use Leibnitz’s formula (Exercise 19) to find — if y “ x*(2x — l) 4 . Verify the 

dx* 

result by expanding y and then differentiating four times. 

d* /u\ 

21. Find a formula for — I - I where u and v are functions of x. 

dx 3 \v / 


22. Using the fact that 


dy 

dx 


1 


show that 


d*y 
dx 1 


dx 

dy 

d*x 

dy* 

(?.)' 


Note particularly that the second derivative of a function is not the reciprocal of the 
second derivative of the inverse function. 


27. Differentiation of Implicit Functions. As already mentioned in 
Art. 5, we may have y given as an implicit function of x, say by the equa¬ 
tion F(x,y) = 0. In order to find the derivative of y with respect to x, 
we might, if convenient, solve the equation F(x,y) = 0 for y and then find 
the derivative. But it is frequently inconvenient (and may be impossi¬ 
ble) first to find y as an explicit function of x. The derivative may be 
found by differentiating both members of F(x,y) = 0 with respect to x, 
keeping always in mind the fact that y is a function of x. The derivative 
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of the left-hand member will be equal to the derivative of the right- 
hand member (namely, 0) for all values of x,y that satisfy the equation 

F(x,y ) = 0. We may then solve the resulting equation for In gen¬ 
eral, the expression found for ^ will contain both x and y. This method 

is valid if and only if F(x,y) = 0 actually defines y as a differentiable func¬ 
tion of x (see Art. 148). 

dy 

Example 1. If x* + y* — 25 * 0, find -— Since y is a function of x, the deriva- 

tive of y* is 2y — (Art. 24); therefore 

dx 


2 * + 2,%-0 t 

dx dx 


x 

V 


which holds for every pair of values (z,y) satisfying the equation ** + y* - 25 = 0 
(except x = ±5, y D 0). Geometrically, this means that at any point (x,y) of the 
circle z* + y* — 25 ■= 0, the tangent line has a slope equal to -x/y. Whenz-* ±5, 

— becomes infinite and the tangent becomes vertical. Note that y is a function of x 
dx 

consisting of two branches, namely, y = \/25 — z* and y = — y/25 — x* (upper 
and lower semicircle); therefore, it is necessary to specify which branch is under 
discussion in calculating the numerical value of the derivative. 

It is instructive to note that the derivative may be found as follows: Since 

y - \/25 - x» 

if we take the upper branch, 

dy _ x _ x 

dx " \/25 - x * V 

If we take the lower branch, y =■ — \/25 — z 1 and 


dy ^ x 
dx y /25 - x l 



X 


V 


Example 2. If x 4 — zy* + 2y — z + 11 



We have 


dy dy 

4x 9 — 3xy* - - y l + 2 -- 1 = 

dx dx 

(2 - 3zy‘) ^ - y* - 4z* + 1 
dx 


dy y* — 4z» -f 1 
dx 2 — 3zy* 


We may employ a similar method to find higher ordered derivatives of 
implicit functions. To find the second derivative, first find the first 
derivative, then differentiate with respect to x, remembering that y is 
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a function of x. To find the third derivative, first find the second 
derivative, then differentiate, remembering that y is a function of x. 
Derivatives of higher order may be found in a similar manner. 

fity dly 

Example 3. If x' + y* - 25 = 0, find ^ and We have already found that 
From this, we have at once 

dx y 

dy 

V — x — 
d*y __ dx 

dx * y* 


dy 

Now substitute the value of —— This gives 

dx 


d*y 
dx 1 

d l y 
dx 1 



+ x ! 
I/* 

_ 

V' 



We shall return later to the question of finding derivatives of implicit 
functions (Chap. 17). 


EXERCISES 


Find -p (Ex. 1 to 18) if 
dx 


1. 

V' 

— jX = 

0 


2. 

X* 

+ y* - 16 = 

3. 

4x» + 

= 36 


4. 

4x» - 9y* = 36 

6. 

xy 

= 32 



6. 

V' 

= 4 ax 

7. 

X 1 

+ = 

1 


a 

x* 

-tf.i 


a 1 

b 1 




a* 


9. 

x 1 

+ y* + 

2 ay =* 

0 

10. 

xy 

“ 2a s 

11. 

x« 

+ y* 

» a> 4 


12. 

X* 

+ 

13. 

x s 

+ V s - 

a* 


14. 

X* 

+ 3xy + x — 

16. 

X* 

+ 2x*y 


+ y* - 0 

16. 

ax* + 2bxy + ry 

17. 

x*y* = 1 



18. 

x* 

- 3x ! y* + xy 


0 


d*y 

19. Find for ExerciscB 1 to 18. 

ax* 

d's 

20. If as* = <*, find — • 

al J 

dhj 

22. If x* + y* = a*, find -y 

dx* 


(4ta 

21. If s 1 - a/* - 0, find — 

dl* 


Find the slope of each of the following curves at the point specified (Ex. 23 to 30): 

23. x 1 + y l + 2x* - xy - 3x + Ay = 0 at (0,0) 

24. xV ~ *V % + V ~ 14-0 at (3.2) 
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at (6,1) 

at (4, -|) 

at (-3,2) 

(at 2,1) 

17 = 0 at (-1,3) 

(at 0,2) 

28. Parametric Representation. It is often very convenient to express 
the fact that y is a function of x by use of a third variable known as a 
parameter. Suppose that x and y are given as functions of a parameter 
t by the equations 

a; = M y = m (10) 

In all the cases with which we shall be concerned, it follows that y is a 
function of x. We shall not prove this, but it can be seen roughly as 
follows: If, when a value is assigned to x, the relationship x = <p(t) deter¬ 
mines a corresponding value of l found from the inverse function, then 
this value of t serves to determine a value of y because y = Conse¬ 

quently, y is determined when x is given; therefore, y is a function of x, 
say y = f(x), or F(x,y) =0. 

If we eliminate t from equations (10), we find the relationship between 
y and x. Equations (10) are called the parametric equations of the curve 
whose cartesian equation is y = f(x) or F(x,y) - 0. We may locate a 
point on this curve by assigning a value to l; the corresponding values of 
x and y are then the cartesian coordinates of the point in question. In 
case the coordinates of a moving point are given in terms of time t, equa¬ 
tions (10) are the parametric equations of the path of motion. Or the 
parameter may (or may not) have some other physical or geometrical 
significance. 

As an example, consider equations 

x = 21+ l y = t 1 - 4 

as the parametric equations of a curve. The cartesian equation is found 
by eliminating t, t = X ^ therefore 

V - - 4 - ] (** - 2 * + 1 ) - 4 

and — 2x — Ay — 15 — 0 

Hence the curve is a parabola with vertex at (1,-4) and axis parallel to 
the y axis (Fig. 18). 


25. y* 

26. y 1 


x + 4 
3x - 8 


i* + 9 
36 

27. v* -- 

V x’(x * - 8 ) 

28. x* + 16?/* = 32 

29. x 9 — xy 9 — 3 xy — 

_ Sx + 64 

30. t/ 4 = - 

y x 9 + 4 
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Now suppose that equations (10) imply a relationship y = f(x). Also 
suppose, as in the above example, that x = <p(t) has an inverse function 

whose derivative -r- exists, and that ^ exists. Then y is a function of t 

ax at 

where t is a function of x, so that (Art. 23) 


Therefore 

* 


dy _ dy . dt 
dx dt dx 

dy 

dy = dt = f'(t) 
dx dx ip\t) 
~dt 



Example 1. Find -p where x «= 21 4- 1 and y =• t* — 4. We have 

dx 

dx dy , , , dy 21 

— = 2 — = 2 1 and therefore — — — — t 

dt dt dx 2 


The value of — at the point where t » 3 is 3. Hence the slope of the parabola at the 
dx 

dy 

point (7,5) is 3. It is instructive to notice that if wo eliminate l and then calculate — 

dx 

by the ubusI method we have 

V - i(* - D* - 4 
dy 1 


(see above) 


Since t = -y(x — 1), we see that the results obtained by the two methods agree. 



Example 2. Find if x -■ and 

dx 



dy At* 

— 2 1 1 . To find the cartesian equation of the curve, we eliminate l, obtaining 


y *- x*. However, the parametric equations give points on only the right-hand half 
of this parabola (Fig. 19) if only real values of t are admitted, since x must always be 



61 


Art. 28] 


PARAMETRIC REPRESENTATION 


positive or rero. It is also clear that and therefore the slope of the curve, is 
positive or zero for all real values of l. 

It is clear from the above examples that ^ = y' will be expressed 

in terms of t. Hence, y' is a function of t where t is a function of z. 
Consequently 

d*y _ dy' _ dy' dt _ dt 

dx* dx dt dx dx 

dt 

Similarly, since ~ = y" is a function of t where t is a function of z, we 
have 

djT 

d*y _ dy" dy" dt _ dt 


dx* dx 


dt dx 


dx 

dt 


Derivatives of higher order can be found in succession in a similar fashion: 

d n y _ dt 
dx n 


dx 

~dt 


d*v 


We can obtain a formula f° r ^ in te rm8 of the derivatives of z and y 
with respect to t as follows: 

dx d*y _ d*x dy 
~dl It* ~dt* ~dl 



(dx V 

\dt) 


Dividing this by ^ gives the final result 


d*y 

dx* 


dx d}y 
dt dt* 


d*x dy 
dt*~dt 


(dx Y 
\dt) 


(12) 


d*y 


Example 8. If z - t *, and y - t*, find —. We have (from Example 2) 

dy 




Ait 
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dy' dx 

Therefore — ^ At — — 2t 

dt dl 


d'y 


A d * V 

atld dT* 


d£ 

dl 

dx 

It 


^ “ 2 
21 


Here we have found — by use of the method by which formula (12) was obtained 

dx * 

rather than by substituting in the formula itself. The formula gives 
dx _ dy ... d 1 x _ d*y 


dy d*x 

21 — = 4Z* — - 2 

d/ dt dl * 


dt* 


12t* 


d*y 2/ • 12/* — 2 • 4t* 24-8 


dx * 


8 /* 


8 


. d*y 

Example 4. If x = l* — 16 and y = l 1 + 1, find —. We have 

dx * 


dx 

— = 4/* 
dt 

d*y 

To find —> we have 
dx* 

dy' 

dl 


dy 

dl 


— - 7/ # 


, <fy 

and — 

dx 


21 „ ,, <**? 

— i 1 and — 

4 dx 1 


3 1 


7/ 


_ /« 
4/* 


4/* 4 


21 

16/ 


d 3 y dy" 

To find —i we see that —— 
dx 1 dt 


21 

16/* 


Consequently 


d*y 

dx* 


diT 

dl 

dx 

~dt 


21 

16/* 


4/* 


21 

64/* 


It is clear from Example 4 how the derivatives of higher than third 
order can be obtained. It is not particularly convenient to write general 
formulas for derivatives of higher than second order, although this could 
be done. It is simpler to carry out the method indicated in Example 4. 
It is hardly necessary to remark that we have been using letters x, y, t 
merely for convenience and that other letters would serve as well. 


EXERCISES 


dy d'y 

Find — and — for the following functions (Ex. 1 to 7). In each case, find the 
dx dx* 


cartesian equation and sketch the curve. Find the slope at the points specified, and 

draw the tangent line. Check your calculations by finding — from the cartesian 

dx 


equation. 



t - 2 
/* 

21 

16 // 


at point where curve crosses y axis 
at / = 4 



PARAMETRIC REPRESENTATION 


63 


Art. 28] 



x = 4 a/l 3 
y = Aa/t 
x = t 1 — 3 

V = 21 + 1 
x = t* 

V = f 


6 . 




10 * 

l 2 + 1 

5ft 1 - 1) 

t' + 1 

1 /<* 

<» 


at * = 2 
at < - 2 
at * = 1 

at * = 3 

at < = -j 


d'y 

8 . Find — for the functions in Exercises 1 to 5. 
dx J 


d 4 y 

9. Find — if x 
dx 4 


- 3, y = 2t‘ + 8 . 


10. Ifx 


v >(0 and y 


then t 


dy 

y(x) and — ~ 
ox 


dy d* 
d< dx 


Derive formula (12) 


by differentiating — ^ 7 - with respect to x. 

d< dx 


11. Ifx 


v>( 0 . y 


d’y 

d-ft), find a general formula for — in terms of the derivatives 

dx' 


of x and y with respect to /. Test your result by applying it to Exercise 3. 


Summary of Formulas. We have established several standard formulas 
for finding the derivatives of functions. They are 


( 1 ) 

( 2 ) 

(3) 

(4) 


— (x n ) = nx n ~ l 
dx 


£ (c > = ° 


(constant) 


d , . du dv 

d , . dv du 

= u _ + „_ 


(sum) 

(product) 


( 5 ) 

( 6 ) 

(7) 

(8) 


— (cu) = (constant times a function) 

dx dx 


dx \vj 


du _ dv 
dx U dx 


v 


(quotient) 


dy _ dy du (function of a function) 
dx du dx 

d , . . du 

3 - (u B ) = nu" 1 j- 
dx v ' dx 


(power of a function) 
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(inverse functions) 


(parametric representation) 


When using these formulas, we must not forget the nature of the 
derivative. It is important to keep fixed in mind the fact that the deriva¬ 
tive is the limit of the quotient of the increment in y divided by the incre¬ 
ment in x, namely, lim The formulas are direct consequences of the 

Ax—o Az 

definition of the derivative and provide us with convenient means for 
evaluating this limit. 


MISCELLANEOUS EXERCISES 


Find the derivatives of the following functions (Ex. 1 to 26): 


1- V 

3. * 

6. y 

7. y 

9. y 
11. y 
13. y 


8 

2x* - 4x* + 5x + 3 - - 

x 

3 y/l - 14 y/t + I 
(x* + 16)(3x* - 7) 

I7x + 9 
14x - 3 
y/a* - x* 

(x* + 3x + 11)-* 

(ox + k)~* 


16. y - (a* — x*) \/ a* + x* 


17. a - f*(f* + 4)* 


19. w 

21 . i 


23. y 


26. y 


- (r* + l)*(2r - 1)« 
_ 31 — 4 
y/t + l 
i y/21 + 3 
4t - 1 

_ 4 y/x* + 9 
3x 


2. * 

4 . a 

6. y 

8. y 

10. y 
12. y 
14. y 

16. y 

18. a 
20. u 

22. x 
24. y 


4u>* + 5u>-1-- 

w U>* 

2 /* + ( 5 /)* 

(2x 4 + 3)(10x* - 5x + 1) 
12z - 1 
3z* + 9 
(ox* + 6)* 

(ox * +bx + c)~* 
y/ ax* + b 
a* — x* 

y/a * + x* 

/* 

(<* + 9)* 

(2i» - l) 4 (3t> + 2)* 

V< + 1 

t* 

(x* + 1) V2x - 1 
3x + 5 


dy 

In Exercises 26 to 37, find —■ and 

ax 


d*y 

dT*' 


26. x* - y* - a* 
28. x« + y* a 4 


27. y* - x* - y* - 0 
29. x*y* - o» 
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30. xy — 2x — 1 — 0 


32. x 

V 

84. x 

V 

86. x 

V 


1 + 1 * 
1 - 1 * 
u* 

J_ 

2 u 

1 ~ u» 
1 + u* 
2u 

I + u* 


In Exercises 38 to 41, find 


d'y 

dx* 


31. z ~ 21* 

y “ 5/* 

83. z - a* 

V - (a - 1)» 

85. z - 1/0 

•‘ih 

37. x ~ \A 
1 

y - --7 - 

V<* + i 


38. x* - y» - a* 
40. z - t* + 1 

y - <• 


89. xy ~ 2a' 
41. z - 1* 
y - l/< 


Find the slope of the curve at the points indicated (Ex. 42 to 49). 


42 . 2z* + 2y* - 9zy - 0 

at (2,1) 

43 . 

y' - 2xy - 27 - 0 

at (-3,3) 

44 . 


at (a,b) 

46 . x'y - y‘ + 6 - 0 

at (1.2) 

46 . 

1 

B 1 

at 1 - 2 

47 . 

fx - 21' - 1 - 1 
ly - 51 + 6 

at 1 - -1 


/ 31- 


48 . 

r i+/* 

) 3l' 

at 1 - 2 


V 1 + i» 


49 . 

/ z - 41 
ly - 31 — 1* 

at 1 - 0 


50. How fast is the slope changing at the given point in each of Exercises 42 to 497 
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We have seen that the derivative of a function y = /(x) can be inter¬ 
preted as the slope of the tangent line-to the graph of the function and as 
the rate of change of the function. In this chapter we shall illustrate 
more fully these two interpretations. 

29. Tangent and Normal to a Plane Curve. Suppose we have a curve 
whose equation is known, for example, y = £x 2 (Fig. 20). Let us find 
the equation of the tangent line to this curve at some particular point of 
the curve, for instance, P(5,^-). The slope mi of this tangent line is 

simply the value of ^ for x = 5. We have at once ^ ^ x, and hence 

m i = £• Now, we need only find the 
equation of a line with slope £ passing 
through (5,™). This gives 

y - ¥ = f (x - 5) 
that is lOx — 8y — 25 = 0 

p IO 20 . The line perpendicular to the tangent at 

the point of contact is called the normal 
to the curve at that point. In our example the slope of the normal to 
the given curve at (5,- 3 /) is, therefore, — £, and its equation is 

y - ¥ = - 5 (* - 5) 
that is 32x + 40 y - 285 = 0 



In general (Figs. 21,22), if f(x,y) = 0 is the equation of a curve and 
C*n2/i) is a point upon this curve, then the equation of the tangent at 
(*i,yi) is 


where 


y - V 1 = mi(x - Xi) (1) 

rfj/1 

= mi is computed from f(z>y) = 0. Similarly, the equa¬ 


tion of the normal is 



- - (X - X.) 



Thus analytic geometry and the idea of the derivative have provided us 
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with a very convenient solution of the problem of tangents mentioned in 
Chap. 1. 

30. Subtangent and Subnormal. Consider the curves in Figs. 21 and 
22. The tangent at Pi cuts the x axis at T x , and the normal cuts the x 
axis at N x . Draw P x Qi perpendicular to the x axis. Then T X P X is called 
the length of the tangent , and its projection T X Q X on the x axis the length 
of the subtangent, or simply the subtangent. Similarly, P X N X is called 
the length of the normal, and its projection Q X N X on the x axis the length 
of the subnormal, or simply the subnormal. It is customary to regard 
the subtangent as positive if T X Q X extends to the right of T x as in Fig. 21, 
negative if to the left of T x as in Fig. 22. Similarly, the subnormal is 




regarded as positive if Q X N X extends to the right of Qi as in Fig. 21, neg&- 
tive if to the left of Q x as in Fig. 22. We may now calculate the length of 
the subtangent as follows: 

From equation (1) the x intercept of the tangent is x x — ( y x /m x ) and 


therefore 



The length of the subnormal can be found in the same way: 

From equation (2) the x intercept of the normal is x x + m x y x and 

therefore Q\N\ = m i2/i 


In the example of the last paragraph (Fig. 20), we have 

T X Q\ = y • */ = J (length of subtangent) 

Q,Ar, = £ • ^ = W* (length of subnormal) 

It is easy to find the length of the tangent and of the normal. We have, 
in the right triangle T X Q X P X , 


T X P X = VTfi? Hi?? = + Vi* 

Similarly, in the right triangle P X Q X N i, 


y± 

m x 


\/l + m,* 

(length of tangent) 


P\N X = Vq x N x + Q X P' = VWj/i 2 + V? 

= \y x \ y/mi 2 -b 1 (length of normal) 
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TiPi = tt ‘ r vHTl = f \/4l (length of tangent) 

PiNi = *£- Vri + 1 = fi v / 4l (length of normal) 

The student will have observed that in developing the formulas of this 
and the preceding paragraphs the fundamental requirement was the 
value of the slope of the curve at the given point. This is simply the 
value of the derivative at that point. When this has been found, ele¬ 
mentary analytic geometry is sufficient to enable us to find the equations 
of the tangent and normal, and from these the lengths of tangent, normal, 
subtangent, and subnormal are easily obtained. 

31. Angle between Two Curves. The angle between two curves that 

intersect in a point P is defined to be either of 
the supplementary angles between their tan¬ 
gents at this point of intersection. The slopes 
of these tangents are given by the values of the 
derivatives at the point P. The angle between 
the tangents is then readily found. For ex¬ 
ample, let us find the angle of intersection of 
the two curves. 

x 2 + y* = 25 and 4y 2 = 9x (Fig. 23) 

By solving the equations simultaneously, the 
points of intersection are seen to be P(4,3) and Q(4,-3). To find the 
slope of the circle, we differentiate 



+ y 2 - 25 = 0 


2x+2y^- = 0 


dy _ _ x 
dx y 


obtaining 

Hence <£r] 4 = ~ I = m, > ^e slope of the circle at P. 

To find the slope of the parabola, we differentiate 

4 y* - 9z = 0 

* 

obtaining 
tt dyl 9 3 

nence dzj 1 _4 “ 24 = 8 ~ slope °f the parabola at P. The angles 

measured in the counterclockwise (positive) direction from the circle’s 
tangent line to the parabola’s tangent line is given by 


*>£-*-• i-r. 


tan <p = 


m 2 — m l 


3 


+ 


3 . 4 

v s 


Therefore 


1 + m l m 2 - 1 • 

= 3.4167 approximately 

<P = 73°41.2' approximately 


9 + 32 41 
24 - 12 12 
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Considerations of symmetry show that the angle at Q is the same. Let 
the student verify this by calculation. 


EXERCISES 


Find the equations of the tangent and normal to each of the curves at the points 
indicated; find the lengths of tangent, normal, subtangent, and subnormal. Make a 
sketch in each case (Ex. 1 to 14). 


1. y - x* + 4 

2. y* - 8x — 3 

8. x* + v* — 4x — 21 - 0 

4. x* + y* - 25 

5. 4x* + 9y* - 40 
8. x* — 4y* — 6 

7. y = x* 

8. v* — x* 


at (1.5) 
at (i, -1) 
at (6,4) 
at (3,4) 
at (-1,2) 
at (-3,-1) 
at (-2,-8) 
at (4.8) 
at (2,3) 
at (-1,4) 


9. xy» - 18 

10. x*y - 4 

11. y* — 4x where y — 6 

12. y “ x* — 6x at points where y “ —4 

dy 

18. x* + y* — 8 at points where — *=* — 1 


14. y - x 4 at (1,1) 

Find the equations of tangents to curves as indicated (Ex. 15 to 23). 


IB. To xy — 8 parallel to 2x + y + 9 = 0 

16. To x 4 — 16y ■» 0 perpendicular to x + 6y “ 10 

17. To 9y* - 4x* - 36 parallel to 5z - 2y - 1 - 0 

18. To x* - 20y making an angle of 45 deg. with the x axis 

19. To x* + 2y ■■ 8 perpendicular to 2x — 4y + 1 “ 0 

20. To x* + y* + 6x — 8y + 20 ~ 0 parallel tox-2y-7-0 

21. To z* - 2xy + 2y* - 7x + 6y + 6 - 0 perpendicular to 6x + 6y - 1 - 0 

22. To x 4 - 4x* - 20z* + 104x - 4y - 85 ■= 0 with slope 2 
28. To x* — x> - 2x + y - 4 - 0 with slope 1 

Find the angle between the curves as indicated (Ex. 24 to 32). 


24. 

x - 

- 6y + 6 - 0 

and 

X* 

+ 

y* - 2x + 3y - 7 

- 0 

26. 

x + y - 2 - 

0 

and 

X* 

+ 

y* — 4x + 6y — 4 

- 0 

26. 

X* 

+ y* - 6 


and 

v‘ 

- 

4x + 8 


27. 

V* 

- ax 


and 

X* 

— 

ay 


28. 

xy 

- 2a* 


and 

y* 

- 

4ax 


29. 

X* 

+ y* + 2x 

- 4y + 4 = 0 

and 

X* 

+ 

y>_x — y — 8- 

0 

80. 

X* 

+ y* - 3x 

+ 2y - 1 - 0 

and 

X* 

+ 

yi — 4 j: — y + 4— 0 

A.t 

81. 

X* 

— 4ay 


and 

V 

t 

r* + 4a* 


82. 

X* 

+ y* — 8x 

- 0 

and 

y’ 


z * 

--at all points 

2 - x 

of intersection 


Find the equation of the tangent to the given curve as indicated (Ex. 33 to 36). 
83. To x* + y* - 40 and passing through the point (11,3) 
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84. To y* = 16x and passing through (2,6) 

86 . To x* — y* = 16 and passing through ( — 1.7) 

86 . To x* — y l = 16 and passing through (2,2). (Why is there only one such 
tangent?) 

Determine the coefficients so that the curves fulfill the given conditions (Ex. 37 to 
39). 

37. y = ax* -f- bx + c to be tangent to 5x — y — 3 = Oat (2,7) and to pass through 
(-U0) 

38. y = ax* + 6 x* + cx + d to be tangent to 8 x — y + 8 = 0 at ( — 1 , 0 ) and to 
7x - y - 26 = Oat (2,-12) 

39. y = ax* + bx* + cx* + dx + e to be tangent to 25x — y — 36 = 0 at (2,14) 
and to 2x — y + 1 = 0at (1,3) and to pass through ( — 1,11) 

In Exercises 40 to 45. prove that the tangent to the given curve at the point (x t ,y t ) 
on the curve is the indicated line. 

40. Circle x' + y' = a*; tangent Xiz 4- yiy = a* 

41. Ellipse - + £ ~ 1; tangent — + ^ = 1 

a 1 6 * a 1 b * 

42. Hyperbola — — 7 - = 1; tangent — — — — 1 

o‘ 0 * a* 6 * 

43. (a) Parabola y' = 4ax; tangent y x y = 2a(x + x t ) 

( 6 ) Parabola x* = 4ay; tangent x x x = 2a(y + y,) 

44. Hyperbola xy = a*/2; tangent Xi y + j/ii =■ a* 

46. Any conic ax' + 2hxy + by' -f 2 fx + 2gy + c = 0; tangent 

ox!Z + Myix + ny) + by x y + f(x + x x ) + g(y + y x ) + c » 0 

In exercises 46 to 49, prove that the tangent with slope m to the given curve is the 
indicated line. 

46. Circle x 1 + y 1 = a*; tangents y =* mx ± a VTT m* 

X* w* 

47. Ellipse — + — ■» 1; tangents y = mx ± 

x* y ^ 

48. Hyperbola — - — = 1 ; tangents y = mx 

49. (a) Parabola y* = 4ox; tangent y = mx + 

m 

( 6 ) Parabola x* =» 4ay; tangent y = mx - am* 

60. Prove that the triangle formed by the coordinate axes and the tangent to tho 
hyperbola xy = a '/2 has a constant area ( = a*). 

61. Prove that the triangle formed by a tangent to a hyperbola and the asymptotes 
has a constant area. Note that Exercise 50 states a special case of this theorem. 

52. Prove that the angle between the axis of a parabola and any tangent equals the 
angle between the tangent and a line drawn from the focus to the point of contact of 
the tangent. 

63. Prove that the projection of any tangent upon the axis of a parabola is bisected 
by the vertex. 

64. Prove that the tangents at the ends of the latus rectum of a parabola meet on 
the directrix 
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66 . Prove that the tangents at the ends of a latus rectum of an ellipse meet on a 
directrix. Prove the analogous theorem for a hyperbola. 

66 . Prove that the foot of the perpendicular drawn from the focus of a parabola to 
any tangent lies on the line drawn tangent to the parabola at its vertex. 

67. Prove that the distance between the focus of a parabola and the point at which 
a tangent intersects the axis is equal to the distance from the focus to the point of 
contact. (Compare Exercise 52.) 

v* 

58. Prove that the tangent at point (xi,t/i), on the eUipse-b — = 1, and the 

a* 6* 

tangent at point x = X\, on the major auxiliary circle x* + y* = a*, meet on the 
x axis. Devise a ruler and compass construction for a tangent to the ellipse. Gener¬ 
alize for any ellipse. 

69. Prove that the sum of the intercepts of the tangent to the arc x w + y^ = aY* is 
constant (= a). 

60. Find the equation of the tangent at point (xi.yi) on the hypocycloid 

*» + y M = a* 


32. Maximum and Minimum Values of a Function. Let us suppose 
that y = /(x) is a function of x such as the one whose graph is shown in 
Fig. 24. As indicated, this function is continuous for all values of x in 



the interval a ^ x ^ b and has a continuous derivative except at certain 
points P t , P 7 , P 8 , P 9 , P„, P„. 

Consider first the points P u P«, Pi, Pt- Each of these points is 
“higher” than any other points of the curve in its immediate neighbor¬ 
hood. Another way of saying the same thing is that/(x) < /(x,) for all 
x sufficiently near to x x . Similarly, /(x) < f(x,) for all x sufficiently near 
to x <; and so on for the other two points. Such points are called maxi¬ 
mum points of the curve, and the corresponding ordinates /(x,), /(x 4 ), 
f( x i),f(x 9 ) are called maximum values of the function/(x). Note that the 
fact that Pi is not the highest of all points on the curve is irrelevant. It 
is the highest point within some interval of the curve. The same remark 
applies to P 4 , P 7 , P 9 . 

Now consider the points P 2 , Pt, Pt, P\\- Each of these points is 
“lower” than any other point of the curve in its immediate neighborhood, 
that is to say, /(x) > /(x») for all x sufficiently near to x t , and so on for the 
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other points in question. Such points are called minimum points , and 
the ordinates /(x 2 ), /(x 6 ), f(x 8 ), /(x n ) are called minimum values of the 
function. Again, note the fact that P 2 is not the lowest point on 
the curve but that it is nevertheless called a minimum point. 

To find a test by which such points can be discovered, we recall that if 
f'(x) is positive throughout an interval, then/(a:) is an increasing function 
throughout that interval. Similarly, if /'(x) is negative throughout an 
interval, then/(x) is decreasing throughout that interval. Consequently 
if/'(x) is positive for all x sufficiently near to, but less than, x h then /(x) 
is an increasing function in such an interval and /(x) < f(x x ). If, next, 
/'(x) is negative for all x sufficiently near to, but greater than, Xi, then 
f(x ) is a decreasing function in such an interval and again /(x) < /(xi). 
We shall describe such a situation by saying that, as x goes from left to 
right through Xj,/'(x) changes sign from plus to minus,/(x) changes from 
increasing to decreasing, and Pi(xj,yi) is a maximum point of the curve. 

If, similarly, as x goes from left to right through x 2 , /'(x) changes sign 
from minus to plus, /(x) changes from decreasing to increasing, and 
Pj(xj,y 2 ) is a minimum point of the curve. 

In general, we may say that the change of sign of /'(x) determines the 
existence of the maximum or minimum point. Such a change of sign 
can occur only if f'(x) passes through the value zero (Pi, P 2 , P 4 , P«), 
becomes infinite (P 7 , P 8 ), or is otherwise discontinuous (P», P n ) at the 
point in question. 

On the other hand, /'(x) may be zero (Pj, Pio), become infinite (P 5 ), or 
be otherwise discontinuous (Pit) at a particular point, but retain the 
same sign (except, of course, at this point) as x goes from left to right 
through the abscissa of the point in question. Such a point is, there¬ 
fore, neither a maximum nor a minimum point. 

In Fig. 24 we observe the geometrical interpretation of the foregoing 
remarks. If f'(x) = 0, the tangent line to the graph is horizontal as at 
points Pi, Pj, P 3 , P 4 , Pe, Pi o- If /'(x) becomes infinite, the tangent line is 
vertical as at points P 5 , P 7) P 8 . Point P 6 illustrates the case where the 
left- and right-hand derivatives (see page 3G) both become negatively 
infinite at x = x 6 . Point P 7 illustrates the case where the left-hand 
derivative becomes positively infinite while the right-hand derivative 
becomes negatively infinite at x = x 7 . Point P 8 illustrates the case 
where the left- and right-hand derivatives become respectively negatively 
and positively infinite. Points P 9 , P„, and P 12 each illustrate the case 
where left- and right-hand derivatives have different finite values so that 
/'(x) has, in each case, a finite discontinuity. 

We may now formulate a general procedure for finding maximum and 
minimum values of a function /(x) that is continuous in an interval 
a ^ x ^ 6. First locate all the points in the interval for which/'(x) = 0, 
for which f'(x) has an infinite discontinuity, and for which /'(x) is other- 
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wise discontinuous. Now consider each point in turn. If the derivative 
f(x) changes sign as we pass from left to right through the point, it is a 
maximum point if the change of sign is from plus to minus, a minimum 
point if the change of sign is from minus to plus. If the derivative does 
not change sign, the point is neither a maximum nor a minimum. 

We have 6een that if /'(x) changes sign as x goes from left to right 
through the abscissa of a point, then that point is a maximum or a mini¬ 
mum point. The converse is not necessarily true; that is, a continuous 
function /(x) may have a maximum or a minimum point, but /'(x) may 
not possess a constant sign in any interval on either side of the point, so 
that/'(x) could not “change sign.” An example will be given as Exer¬ 
cises 61 and 62, page 137. 

Points at which the derivative is zero or has an infinite discontinuity 
are frequently called critical points of the function. Corresponding values 
of the function are called critical values of the function. 

It should be remarked that, in case it is desired to find the greatest and 
smallest values of /(x) in the interval a ^ x ^ 6, we must find all the 
maximum and minimum points within the interval, then calculate /(a) 
and/(6). Of all these various values, pick out the greatest and the least. 
These are often called the absolute maximum and absolute minimum in the 
interval, the other values being called relative maxima and minima. In 
Fig. 24, /(a) is the absolute minimum, and /(x«) the absolute maximum 
in the interval a ^ x ^ 6. 

The student should realize that the rules for finding maximum and mini¬ 
mum points have been justified largely through reliance upon geometrical 
arguments and “geometrical intuition.” Proofs of this nature should be 
regarded not as rigorous demonstrations, but rather as indications of the 
lines along which strict analytical proofs can be constructed. Such 
proofs involve considerable detail and are, as a general rule, better 
deferred to a more advanced course. 

Example 1. Locate any maximum and minimum points of the curve 


We have at once 


y - z* + 3z» - 9x - 22 


^ - 3x* + 6x - 9 - 3(x + 3)(x - 1) 
dx 


8 ince the derivative is a polynomial, it is continuous for all values of z (see Exercise 9, 

• dy. 

page 27). We therefore need only find values of z for which — is zero and investigate 


each. We have 3(z + 3)(z - 1) - 0 if x - -3 and if z - 1. 

1. Consider the point where z - -3. The corresponding y is 5. Take a value oi 
x close to but less than —3. Evidently for such an z (and, in fact, for all z < -3) 

* + 3 < 0 and x — 1 < 0; hence — is positive. For z close to but greater than -3 

dx 
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dy 

(and, in fact, for all —3 < x < 1), x + 3 > 0 and x — 1 < 0; hence — is negative. 

dx 


Therefore, the derivative changes sign from plus to minus, and Pi ( — 3,5) is a maximum 
point. 

2. Next consider the point where x = 1. The corresponding y is —27. For x close 

dy 

to but less than 1, — < 0; for x close to but greater than 1 (in fact, for all z > 1), 


— > 0. Since the derivative changes sign from minus to plus, Pi(l, — 27) is a mini - 
dx 

mum point. The graph of this function is shown in Fig. 25. 



Example 2. Locate any maximum and minimum points of the curve 

V 1 - (* - 1)*(* + 4) 

y - (x - l) w (z 4- 4)* 


Solving for y, we have 
Differentiating, 


% “ l <* - «*(* + 4)“» + | (z - !)-»<* + 4)» 


x - 1 + 2(x + 4) 


3x + 7 


3(z - l)*(x + 4)* 3(x - l)*(x + 4)» 

We observe that the derivative equals zero for z = — £ and that it becomes infinite for 
z =• 1 and z =* — 4. Now consider the point for which x = — g- with corresponding 

V “ -ff(500) w = 2.65 approximately. The tangent 
is horizontal at this point. If x is any value other 
than —4, we note that (x + 4)** is positive. If z is 

slightly less than then ^ > 0. If z is slightly 

dx 



dy 


dy 


greater than — Z, then — < 0. Since — changes 

dx dx 

sign from plus to minus, the point z =* — is a maximum. 

We next investigate the two points at which the tangent is vertical. If z < -4, 
dy dy 

— > 0. If x is slightly greater than — 4, — remains positive. Since the derivative 

does not change sign, the point (— 4,0) is neither a maximum nor a minimum. Finally, 

we note that, for x slightly less than 1, ^ is negative. For x > 1, — is positive. 

dx dx 
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Consequently, the derivative changes sign from minus to plus, and the point (1,0) is a 
minimum. The graph of the function is shown in Fig. 26. 

Example 8 . Find any maximum and minimum points of the curve y =» (x — 1)*. 

To locate the critical points, we have ^ = 3(x — 1)* which is zero for x =■ 1. Hence 

dz 

the point (1,0) is the only point at which the tangent is horizontal. Since the deriva¬ 
tive is three times the square of (z — 1 ), it is positive for all 
values of z other than z = 1 and therefore does not change 
sign at z = 1. Consequently, this point is neither a maxi¬ 
mum nor a minimum. The graph is shown in Fig. 27. 




Example 4. Consider the function y = 2 + y/x* where we agree always to take 
the positive square root of x*. We have ^ = — y= which is equal to -1 for all nega¬ 
tive z and to +1 for all positive z but is undefined (and hence discontinuous) at x = 0 . 
The point (0,2) is a minimum point, since the derivative changes sign from minus to 
plus and has a simple discontinuity at this point. The graph is shown in Fig. 28. 


EXERCISES 

Find any maximum and minimum points, and make a rough sketch of the curvo 
(Ex. 1 to 28): 


1 . 

V 


2 x - z* 

2 . 

y 

- 

z* + 4x + 1 

8 . 

V 


(x + 0 * 

4. 

y 

- 

3x* - z* 

6. 

V 


2x* + 3z* + 4 

6 . 

y 


(4x - 1)* 

7. 

V 

a 

z* - 3x» 

8 . 

y 


a* — x* 

9. 

V 


(a* - z*)* 

10 . 

y 

- 

x* - 8 z* 

11 . 

V 

— 

z» - 6 z* + 9z - 3 

12 . 

y 

= 

9 + 2z* - x» 

18. 

V 


1 -f 2 x + |z* - }x> 

14. 

y 

- 

z*(3 - x)* 

15. 

V 

- 

£z‘ - |z* + 4x + 1 

16. 

y 


|z* - z* + z* 

17. 

V 

- 

W + + 4** - to + i 

18. 

y 


2 - (z - 1 )* 

A A 

19. 

y 

-a 

xH 

20 . 

y 

— 

z* 

21 . 

V 

- 

4 - (z + 3)* 

22 . 

y 


(2z - 3)*(x - 3)* 

23. 

V 

Q 

z« - z* 

24. 

y 

- 

z M (z - U* 

26. 

V 


(z - 2 )*(x + 2 )* 

26. 

y 

- 

z(z - 2 )*(z + 2 )* 

27. 

V 

• 

z* - 4z + 6 

z - 2 

28. 

v 

E3 

1 + 1 
z 2 - z 


Determine any maximum and minimum values of the following functions (Ex. 29 to 
36): 


29. z* - 6 z* + 9z + 3 
81. 41* - 3 / 4 


80. z* - 81 

82. /«* - 26)* 
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83. 2 * - 3z* + 3z + 6 
85. u>(2 w - 1)* 


[Chap. 6 
84. 3z« - 4z* + 62 * - 12z + 10 
36. 

u>* + 9 


Find the absolute maximum and minimum of the given function in the interval 
specified (Ex. 37 to 40): 


87. /(x) - 2x* + 3x* - 12x + 4 
38. /(u) =* 9 + 16u - 4u* 


39. m - 


t * 

t 1 + 16 


40. /(r) - 4 + (r + 3)* 


-3 g x S 3 
0guS3 

- CO < / < to 

-4 £ r £ 0 


33. Concavity; Points of Inflection. We now have a clear picture of 
the geometrical significance of the sign of the first derivative of a function. 
What can we say about the meaning of the sign of the second derivative? 



Fia. 29. Fio. 30. 


d 2 y 


Si nce ^ = f"(x) is simply the derivative of ^ = /'(x), we may say at 


d*y : 


once that, if ^ is positive, f'(x) is increasing; if ^ is negative , f'(x) is 


decreasing. Now, to say that/'(x) is an increasing function (as x increases) 
is to say that as a point P (Fig. 29) moves from left to right along some 
curve y = f{x) the slope of the curve increases. That is to say, tan a 
increases, and therefore a increases. In other words, the tangent turns 
in a counterclockwise direction as P moves along the curve. Under such 
circumstances, we say that the curve is concave upward.. 

Similarly, to say that f'(x) is a decreasing function is to say that as 
point Q (Fig. 30) moves from left to right along the curve y = f(x) the 
slope of the curve decreases. That is to say, tan 0 decreases, and there¬ 
fore 0 decreases. In other words, the tangent turns in a clockwise direc¬ 
tion as Q moves along the curve. Under such circumstances, that is, if 

< 0, we say that the curve is concave downward. 


Now consider the portion of the curve y = f(x) of Fig. 24 which has 
been redrawn in Fig. 31. Evidently, in the vicinity of the point Pi, the 
curve is concave downward, whereas in the vicinity of the point P, it is 
concave upward. Therefore, at some point Ch between Pi and Pj the 
curve changes from concave downward to concave upward. This will 
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happen if the second derivative /"(x) changes sign from minus to plus. 
Such a point is called a point of inflection. Such a change of sign can 
occur only if /"(x) passes through the value zero (Qi, Q it P 3 , Qz, Qi, Qi), 
becomes infinite (Pi), or is otherwise discontinuous at the point in 
question. 

On the other hand, /"(x) may be zero (Example 4, below), become 
infinite (P 7 , Fig. 31), or be otherwise discontinuous at a particular point 
but retain the same sign (except, of course, at this point) as x goes from 
left to right through the abscissa of the point in question. Such a point 
is, therefore, not a point of inflection. 



34. Second Test for Maximum and Minimum Points. If the first 
derivative/'(x) of a function/(x) is zero and the second derivative/"(x) 
is negative at a point x = X\, then that point is a maximum point. For if 
/"(x,) < 0, then /'(x) is decreasing in the neighborhood of x = x,; and 
since/'(x0 = 0, it must change sign from plus to minus. Geometrically, 
this means that at the point Pi(xi,y0 the curve has a horizontal tangent 
and is concave downward (Fig. 31). Similarly, if/'(x) is zero and/"(x) 
positive at a point x = xt, then that point is a minimum point. If both 
J'{x) and /"(x) are zero at a point, further investigation is required to 
determine whether the point is a maximum, a minimum, or neither (see 
Example 4 below). 

Attention should again be called to the fact that we are relying largely 
upon geometrical intuition in reaching the conclusions of the last two 
sections. However, rigorous analytical proofs can be supplied but are 
best omitted here (see Chap. 11). 

Example 1. Find any points of inflection in the graph of 

y - x* + 3x* — 9z — 22 


(Fig. 26). We have 


2? - 3z> + Gx - 9 - 3(z + 3)(x - 1) 
dx 
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Here ^ is zero if x = — 1; furthermore, if x < — 1, ^ < 0; and if x > — 1, — > 0. 
ax* dx* dx 1 

Hence, the curve changes from concave downward to concave upward at x = —1, 

and therefore Q( — 1, —11) is a point of inflection. Furthermore, it is the only point 

of inflection; everywhere to the left the curve is concave downward, and everywhere to 

the right it is concave upward. 

Let us also apply our new test for maximum and minimum points. We have 
dy d l y 

— zero fora: = — 3andx = 1. If x = —3, then —- assumes the value —12. Hence, 
dx dx * 

d*y 

Pi( —3,5) is a maximum. If x = 1, then — assumes the value 12, and P.(l, —27) is a 

dx * 

minimum (compare with page 74). 

Example 2. Find any points of inflection if y* = (x — l)*(z -f- 4) (Fig. 26). We 
already have 

dy = 3z + 7 

dx “ 3(x - l)*(x + 4)« 

Therefore 

Vy = 3(x - l)H(i + 4)?i - (3x 4- 7)[f (x - l)*(x + 4)-« + £(z - l)-**(x + 4)«] 
dx* " 3(x - l)*(x + 4)>* 

_50_ 

9(x - l)«(x + 4)** 

d*y 

We see at once that — is never zero. However, it has infinite discontinuities for 

z = — 4 and x ® 1. Now the factor (x — 1)** is always positive (or zero at x = 1). 

But for all x < —4 the factor (x -+- 4)** is negative, and therefore > 0. Conse- 

dx- 

qucntly, the curve is concave upward for all x < -4. For all x > -4, the factor 

( x + 4)** is positive, and therefore < 0. Consequently, the curve is concave 

downward for all x > -4. Hence, the point (-4.0) is a point of inflection (with 

vertical tangent) and is, in fact, the only point of inflection. Although — is infinite 

<ix* 

at the point (1,0), this is not a point of inflection since does not change sign. 

Example 3. Find any points of inflection on the curve (Fig. 27) y <= (x — 1)*. 
We have — = 3(x — 1)* and = G(z — 1). Both the first and second derivatives 


vanish at x - 1. Furthermore, if x < 1, ^ < 0 and the curve is concave downward; 
•f d*y 

“ x > l ’ > 0 and the curvc is concave upward. Hence, the point (1,0) is a point 

(and the only point) of inflection. Note that the tangent is horizontal at this point. 
Example 4. Find any maximum, minimum, and inflection points on the curve 
dy d^y J 2 

y = x*. Here — = 4x* and — = 12x* are both zero for x = 0. Since ^ remains 

always positive (except when x = 0), the point (0,0) is not a point of inflection. Since 
d*y 

— is zero at this point, our second test for a maximum or minimum fails. But if 
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Hence, the first derivative changes sign from 


* < 0, j- < 0; if i > 0, y > 0. 

dx ax 

minus to plus, and therefore (0.0) is a minimum point. 

Thus it is clear that the vanishing of the second deriva¬ 
tive does not assure us of the presence of a point of 
inflection. Also, although our second test for a mini¬ 
mum fails, we arc able to test definitely by investigat¬ 
ing the sign of the first derivative. The graph of y = x 4 

• d}y 

is shown in Fig. 32. Now —- is the rate of change of 

ax’ 

dy _ dy 

and since it is positive except at x =■ 0, — is an in- 

dx 

creasing function for all x. But in the immediate neigh¬ 
borhood of x ■= 0 the rate of increase is small. Hence, 
the tangent turns slowly as we pass from left to right through (0.0), and therefore 
the curve is "flatter” at this point than is, for example, the curve y = x *. 



36. Simple Curve Tracing. It is often of considerable interest and 
importance to draw the graph of a given function. In his study of 
analytic geometry the student has seen how to make a sketch of the curve 
representing a given equation. It was usually possible to secure very 
easily such data as the coordinates of the points at which the curve cut 
the axes ( intercepts ), its possession or lack of symmetry with respect to 
axes or origin, the sign of y corresponding to various values of x, values 
of x for which y is real (and hence which correspond to points on the 
curve), and horizontal and vertical asymptotes. This information was 
sufficient to indicate the general appearance of the curve. We are now 
in a position to obtain with comparative ease a more detailed idea of the 
graph of a given equation; for we may locate maximum, minimum, and 
inflection points. The general procedure is illustrated in the following 
example: 


Example. Trace the curve y = yx 1 — x* (Fig. 33). Upon writing this equation in 

the form y = x*(sx - 1), it is clear that the x intercepts 
are 0 and 6, the y intercept 0. Evidently, y is real for 
all x, negative for x < C (except at x = 0, where 
y = 0), and positive for all x > 6. When x —► — oo,we 
have y —* — «>;forx—» -f- y~* + °° lienee, there 

are no horizontal asymptotes. Since y is a polynomial 
in x, it is continuous for all x, and there are no vertical 
asymptotes. Next we note that 



dy 

dx 


^ = - x* - 2x 




and 

dx* 


x — 2 


Since, for x ■» 0, ^ is zero and — is negative ( =* — 2), the point (0,0) is a maximum. 

dx dx 1 

Since, for x -» 4, — is zero and positive (® 2), the point (4, — -t£) is a minimum 

dx dx 1 
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point. If x - 2, then ^ is zero and changes sign from minus to plus; hence, the 
r dx* 

point (2, -£) is a point of inflection. Evidently, there are no other maximum, mini¬ 
mum, or inflection points. It will be helpful in drawing the curve to sketch the 

tangent at the point of inflection. Its slope is ^J x _ 2 “ — 2, and it is easily drawn. 


Since the curve changes from concave downward to concave upward at the inflection 
point, it crosses the tangent line and is quite "close” to it in the neighborhood of the 
point of inflection. We are thus able to draw the graph with a considerable degree of 
accuracy by plotting only four points and sketching one line. 


EXERCISES 


Find any maximum, minimum, and inflection points, and sketch the curve (Ex. 
1 to 24). 


1 - V “ 
3. y — 
5. y = 
7- V - 

9. y - 

11. 6*x* 


x* - 3x* - 9x + 5 
2x l - 3x* - 12x + 12 
W + 7** “ 2** - 4x + 1 
3 — 15x -+- 9x* — x* 
a*x 


a* + x ! 


+ x*y* “ oV 


13. y => x H- 


IB. y - 
17. y - 
19. y - 
21. y - 
23. y - 


b + (x - a)* 
b + (x - a)** 

(x - 2)(x + 1)* 
(x - «)* + b 
(x - a)** + b 


2. y - 

4. V “ 

6. y = 
8. y *= 

10. y = 

12. 6*x* 

14. y - 

16. y - 
18. y = 
20. y - 
22. y = 
24. y - 


2x» - 9x* + 12x - 3 
£x« - 2x* 

12x - x* 

£x» - ix* + 2x* 

8a 3 

x* + 4a* 

- x*y* - a*y* 
a 1 a* 

x* + x 
6 + (x — a)** 

6 + (x — a)** 

(x - l)*(x + 3)W 
(x — a) 7i + 6 
(x - a)’* + b 


26. Investigate the curves y «*■ x" for n = 2, 3, 4, 5, 6 for possible maximum, mini¬ 
mum, and inflection points. Compare these curves for “flatness" at x = 0. 

26. Same as Exercise 25 for « — 

27. Investigate for maximum, minimum, and inflection points and horizontal and 


vertical asymptotes, and sketch the curve y 


x* + 1 
x* - 9 


28. Same as Exercise 27 for y 


x* - 1 
x* + 9 


29. Given y - /(x). Suppose /"(x) continuous at x - x 0 , f'(x 0 ) ■» 0, whereas 
/"'(x 0 ) - k 0. Prove that x - x 0 is a point of inflection. What can you say 
about concavity of the curve in the neighborhood of x = x 0 if k > 0? If k < 0? 

30. Does the parabola y =» ax* ■+■ bx + c have a point of inflection? 

31. Can any conic have a point of inflection? 

In Exercises 32 to 40, determine the coefficients so that the given conditions will be 
satisfied. 

82. y “ ax* + 6x* + cx + d is to have a maximum at ( — 1,10) and an inflection at 
( 1 ,- 6 ). 

33. y «■ ax* + bx* + cx + d is to have a critical point at (2, — 18) and an inflection 
at x =■ £ and is to pass through ( — 1,9). 
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84. y = ax* -f bx* -f cx + d is to be tangent to9x — p + 5“0at (-1,-4) and 
is to have a critical point at x 2 and an inflection ati»l, 

86. y = ax 4 -f- bz* + ex’ + dx + e is to pass through (1,7) and is to have critical 
points at (-2,16), x = 2, and x - 0. 

36. y ax 4 + bx* + ex’ + dx + t is to pass through ( — 2,28) and is to have a 
critical point at (2,-4) and inflections at x ■= 0 and x ■= 1. 

87. y « ax' -f- bz* + cx + d is to have a critical point at x = 2 and an inflection 
with slope --Tf at (7, — £)• 

38. y ” ax * + bz* + cx + d is to have a critical point at x = 3 and an inflection 
at (■§, — Ap) at which the tangent is 6x + Ay + 35 = 0. 

39. y =■ ax* + bx* + cx’ + dx + e is to have critical points at (1,3) and ( — 1,3) 
and is to pass through (2,12). 

40. y = ox 4 + 6x* + cx 1 + dx + c is to have slope — 24 at x -> 3 and inflections at 
(2,4) and (-2,-44). 

36. Derived Curves. If y — f(x) is a function of x, the successive 
derivatives f'(x), f"(x), ... are also functions of x, and we may 

draw their graphs. These graphs are called 
the first, second, third, . . . derived curves. 

A particularly instructive scheme for exhibit¬ 
ing these curves is to draw them using the 
same set of coordinate axes. Since confusion 
would result from having so many curves so 
close together, it is more convenient to draw 
as many separate x axes as needed, one below 
the other, all marked with the same scale. 

The y, y\ y" t y"\ . . . axes, with the same 
or different scales, are then laid off succes¬ 
sively along the same vertical line. The proc¬ 
ess is best made clear by an illustration. 

Consider the function y = £ x 1 — x 2 of Art. 

35 (Fig. 34). Observe that facts previously 
noted are clearly shown in Fig. 34. Thus, 
to measure the slope of y, we need only meas¬ 
ure the ordinate of y whenever the y curve 
is rising ( y an increasing function), the y' 
curve has a positive ordinate; whenever the 
y curve is falling, the y' curve has a negative 
ordinate. When the y curve has a horizontal tangent, the y' curve 
crosses the x axis—from above to below if y has a maximum, from below 




to above if y has a minimum. Now the slope of the y' curve is y". 
Hence, when y is concave downward, the y' curve is falling and thus has 
negative slope, and the y" curve has a negative ordinate; when y is con¬ 
cave upward, the y' curve is rising, and the y" curve has a positive 
ordinate; when y has a point of inflection at which y" = 0, the y' curve 
has a minimum if y changes from concave downward to concave upward 
and the y n curve crosses the x axis from below to above. Since y"' is the 
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slope of the y" curve, if y" is represented by a straight line (as in this 
example), the third derived curve is a horizontal straight line. Since 
y w is the slope of y"', the fourth derived curve in our example is the line 
yio = o (the x axis). Each succeeding derived curve is then repre¬ 
sented by the x axis. 

It sometimes happens in making various applications of mathematics 
to physics, engineering, economics, or other subjects that a function is 
defined by means of a graph whose equation is not easily obtained. It is 
still possible to construct with a fair degree of accuracy the first derived 
curve. From this the second derived curve can be constructed, and so 
on. The method is best indicated by an example. Suppose the function 
is the one shown in Fig. 35. To draw the first derived curve, first locate 
critical points A, B, C, D where the tangent is horizontal. The y’ curve 
will cross or touch the x axis at the corresponding points. Estimate the 

location of points of inflection E, F, C, G. At 
each one, sketch a tangent line, and measure 
its slope. This slope will provide the value 
of the ordinate of the y' curve at the corre¬ 
sponding point. In case other points are 
needed to locate the y' curve more accurately, 
choose any point on y (such as H), sketch the 
tangent, measure the slope, and plot H 
Now draw a smooth curve through the plotted 
points. The second derived curve can now 
be obtained, for it is merely the first derived 
curve of y\ Further derived curves can be attempted if required. 
Evidently, since the first derived curve found in this way is at best only an 
approximation to the true curve, the second, third, and other derived 
curves may become very seriously inaccurate. 



Fig. 35. 


EXERCISES 


Find y\ y", y"\ and draw the original and first three derived 
functions (Ex. 1 to 12): 


curves for the following 


1. 

y = 

X x * 


2. 

y 

=* £x* 

3. 

(a) 

y = x* 

+ 6x 

4. 

y 

= £x - x* 


<fr) 

v - x* 

+ Ox + 9 





(c) 

y = ** 

+ 6x + 13 




5. 

V = 

- 

x* - 3x + 2 

6. 

y 

= 2x> - 3x* - 12x 

7. 

V “ 

2x* - 

A 

9x 5 + 12x — 3 (see Exercise S 

1 

page 80) 

a 

V = 

4x 

4 +x* 

(see Exercise 9, page 80) 




9. 

y = 

8 

x* + 4 

(see Exercise 10, page 80) 




10. 

v = 

12x - 

x 1 (see Exercise 6, page 80) 



11. 

y - 

x* — 4x* 

12. 

V 

= 4x* — x* 
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Plot the following curves (Ex. 13 to 18). and construct the first and second derived 
curves by the method indicated in Art. 36. Compare with the curves plotted for 
y' and y". 

13. y - (Exercise 1) 14. y = (Exercise 2) 

15. y = x* + 6x + 9 (Exercise 36) 16. y = 8z — z* (Exercise 4) 

17. y — 12z — x* (Exercise 10) 18. y = x* — Ax * (Exercise 11) 

Given the following curves, in each case construct the first and second derived 
curves. Maximum, minimum, and inflection points are marked in each figure. 


23. 


21. Plot the curve y = sin x. Using the method of Art. 36, construct the first and 
second derived curves. Can you guess what functions these curves represent? 

22. Draw a smooth curve through the points as given in the table; then construct 
the first derived curve. 




X 

-4 

D 

0 

2 

D 

6 

8 

10 

12 

14 

16 

18 

20 

V 

0 

2 

fi 

7 

0 

B 

B 

B 

1 

e 

V 

D 

0 

1 

3 

0 


23. Same as Exercise 22 for 


X 

B 

B 

-l 

0 

1 

2 

3 

D 

5 

6 

7 

8 

9 

10 

ii 

12 

V 

6 

B 

a 

-1 

0 

1 

D 

i 

0 

8 

~T 

-1 

E 

-1 

m 

B 

2 


24. Same as Exercise 22 for 


z 

B 

B 

-3 

-2 

-1 

0 

1 

2 

3 

4 

5 

10 

V 

i 

3 

4 


10 


4 

3 

0 

3 

4j 

9 


25. Same as Exercise 22 for 


X 

-5 

-4 

-3 

-2 

-l 

0 

I 

2 

3 

D 

5 

6 

D 

8 

9 

10 

11 

12 

V 

5 

2.5 

1 

D 

i 

2.5 

D 


5 

4 8 

m 

2.3 

0 

-1.4 

E 

-1.4 

0 

2 


37. Applications of Maxima and Minima. We may use our methods 
for locating maximum and minimum points to solve many problems of 
theoretical interest and practical importance. We frequently have to 
deal with quantities one of which is a function of another, and we may 
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exhibit their relationship by a graph. When the equation of the graph is 
available, the properties—such as maximum and minimum values—may 
be conveniently studied through use of the methods we have developed. 
Consider, for instance, the following question: 

Example 1. A farmer can afford to buy 400 ft. of wire fencing. He wishes to 
enclose a rectangular field of the largest possible area. What should the dimensions of 

the field be? Let x and y be the length and breadth of the field 
(Fig. 36). The area is then A *= xy. But x and y are not 
independent of one another; in fact, we are to have 
2x + 2y =* 400, and consequently y =■ 200 — x. Hence the 
area 

A - x(200 - x) - 200x - x* 

is a function of the single variable x. We can construct the graph of this function and 

find the value of x that makes A a maximum (Fig. 37). We have — — 200 — 2x. 

dx 

d*A 

Therefore, 200 - 2i » 0 or x => 100 gives a critical point. Since - «* — 2 is 

dx* 

negative, this point is a maximum. Hence x - 100 and y =■ 200 — 100 - 100 are 
the dimensions of the field. Note that it is a square. 

Example 2. A manufacturer wishes to make an alumi¬ 
num cup of fixed volume V of (right circular) cylindrical 
shape open at the top. What proportions will require the 
least material of uniform thickness? The problem 
amounts to finding the proportions of a cup of fixed volume 
and minimum surface area. Let the radius of the cylinder 
be r and the altitude h (Fig. 38). The surface area is then 

S - 2 Trh + vr* Fio. 37. 


Area of a 
certain field 
aa a function 
of its length 



100 

Length of side in feet 



Fio. 36. 


But r and h are connected by the fact that the volume is fixed, 



Fio. 38. 


V - irr'h 

whence h — V/rr*, and we can express the surface area S as a func¬ 
tion of the single variable r, 


S 



2V 

+ jrr* --b xr* 

r 


A graph of this function could be drawn a3 in Example 1, but this is really unnecessary. 
We need only find the value of r that makes 5 a minimum, 


dS 

dr 


- ?? + 

r* r* 


This derivative will be zero if 2 rr* - 2 V - 0, that is, if 



d*S 
dr * 


4V 

— +2r 


The second derivative is 
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which assumes the value 6r > 0 when r* - V/ r . This value of r 
minimum value of the function S. 

If r ~ ( V/r )**, then 



therefore gives a 


h 


V 



Consequently the proportions for the cup are r ~ A, radius equala altitude Or we 
might use the fact that since V = rr'h, we must have 


TT' 


TT'h 


or 


Example 8. A rectangular box of fixed volume V is to be twice as long as it is wide 
The material in the top and four sides costs three times as much per square foot 
as that in the bottom. What are the most economical 
proportions? Our problem is to find the proportions 
that will make the cost a minimum. We shall, there¬ 
fore, express the cost as a function of a single variable 
and then find the value of that variable which makes 
the cost a minimum. First, sketch the box (Fig. 39). 

Call the width x ; the length is then 2 z. Call the 
depth y. Now, suppose that the cost per square foot 



Fio. 39. 


of the bottom is c. Then the coat per square foot of the sides and top is 3c. The total 
coat is, therefore 


C - c(2x*) + 3c(2x* + 2xy + 4 xy) - 2c(4j‘ + 9 xy) 

This is the function which is to be a minimum. We wish to express C as a function of 
a single variable. Since 2x*y - V, 



V “ 2x‘ 

f 

HeQce 

C - 2c( 

QV 

4z> + — 


\ 

, 2* 

We have 


8x- 


dx V 


Thia will 

be rero if 16x* - 9K or, 




To be sure that 


this gives a minimum, we note that 



which is positive'for all z > 0. 

We may calculate the corresponding value of y and compare it with x or we mav 
note that, since 2 x*y - V, 2 x*y - V x ', bo that y - £z. ’ y 


In the above examples, we might safely have relied upon “common- 
aense” considerations to determine whether a maximum or minimum 
value had been obtained, instead of calculating the second derivative 
(or observing the behavior of the sign of the first derivative). In the 
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first example, if we start with a small width and allow it to increase and 
the length to decrease, it is clear that the area increases for a while, then 
decreases. Furthermore, there can be no minimum area, for we can 
make the area as close to zero as we please by making the field narrow 
enough. Hence, the critical value must give the maximum area. Simi¬ 
larly, in Example 2, if the radius is very small, the altitude must be very 
great to preserve the constant volume. Hence, the area of the curved 
surface is large. As the radius is allowed to increase and the altitude to 
decrease, the area decreases for a while. It must then get larger; for if 
the altitude is very small, the radius must be very large and the area of 
the bottom is enormous. Hence there is no maximum area, and the 
critical value must give a minimum. Similar considerations apply to 
Example 3. It is hardly necessary to add that caution must be used in 
applying this rough sort of reasoning. If there is any doubt what¬ 
ever about a certain critical value, either the sign of the second deriva¬ 
tive should be found, or the behavior of the sign of the first derivative 
investigated. 


Example 4. A steamboat whose capacity is 150 passengers is to be chartered for an 
excursion. The price of a ticket is to be $10 if 100 people buy tickets, but the operat¬ 
ing company agrees to reduce the price of every ticket 6 cents for each ticket sold in 


j_L 

_ 


Jj , 

i 

t j 

r 

D 

\ 


80 31 32 33 34 36 3G 37 

33 

34 


_ . 


A C 

Fio. 40. Fio. 41. 


excess of 100. What number of passengers will produce the greatest gross income? 
Let x represent the number of passengers in excess of 100. The price per ticket is 
then 10 — O.CGx = 10 — ggx dollars. The gross income is 


7 



1000 + 4x - — 

50 



Hence 7 is a function of a single variable x. But since x must be an integer, it is not a 
continuous variable, and we cannot differentiate 7 with respect to x. However, we 
can plot points and draw ordinates for all integral values of x for 0 ^ x ^ 50 (Fig. 40). 
We can then pick out the highest ordinate, and this will represent the maximum 7. 
But suppose we look at equation (3) from a different point of view, namely, let us 
regard it simply as an algebraic function whose graph (Fig. 41) can be drawn. The 
ordinates in Fig. 40 are then among the ordinates of this curve. We find its maximum 
as usual, 

d7 3x 

dx = 25 

which gives 3x = 100 x = 3C| 


as abscissa of the maximum point. W T e can now interpret this result in the light of our 
given conditions. Since — > 0 for all x < 33^, the ordinate AB at x = 33 is greater 
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than the ordinates for all integral values of x less than 33. Similarly, since — < 0 

dx 

for all x > 33^, the ordinate CD at x = 34 is greater than the ordinates for all integral 
values of x greater than 34. We need only find which of AD and CD is the larger. 
If x = 33, / = 1066.66; if x = 34, I = 1058.68. Therefore, the greatest gross income 
is obtained if 133 passengers are carried. 

Example 6. In Example 4, suppose that the boat can carry only 125 passengers. 
What number yields maximum gross income? Here x must not be greater than 25. 

But since we found ^ positive for all x < 33^, the income for x = 25 is greater than 

that for any smaller value of x. Hence 125 passengers produce maximum gross 
income. In other words, the maximum is attained at the end point of the interval in 
which x lies. This illustrates the important fact that the student must not blindly 
assume that in any problem involving maxima and minima it is sufficient to pay 
attention only to zero values of the derivative. 

Examples 4 and 5 illustrate a point of fundamental importance, namely, 
that a mathematical formula may represent much more than the data of 
some given problem; hence, results must be interpreted carefully. No 
amount of mathematical discussion of equation (3) would justify us in 
stating that 133j passengers will produce the greatest gross income. It 
is exceedingly useful to regard x temporarily as a continuous variable, 
for we quickly see that only two values of / need be computed and com¬ 
pared to ascertain the maximum. Thus, in general, in making applica¬ 
tions of mathematics we must, evidently, have a clear idea of just what 
our methods can and cannot tell us. Otherwise we may obtain erroneous 
results, not because our calculations are faulty, but because we read into 
our results a meaning that the original data do not justify. 

We may now formulate a general plan of attack on maximum and 
minimum problems: 

1. Make a sketch illustrating the conditions of the problem. Label 
carefully the various parts of the figure. 

2. Express the function which is to be a maximum or minimum in terms 
of the variables used in the figure. Use the conditions of the problem to 
reduce this expression to terms of a single variable. 

3. Differentiate the function with respect to this variable, and use the 
methods of Arts. 32 and 34 to locate the maximum or minimum. 

The student should now reread Examples 1 to 5 and observe that the 
above plan has been followed in each case. 

38. Alternative Method of Solution. In each of Examples 1 to 3 of the 
last section the function that was to be a maximum or a minimum was 
expressed in terms of two variables. The conditions of the problem were 
then used to reduce this expression to terms of one variable. In many 
problems, especially those which, like Examples 2 and 3, do not require 
the actual numerical value of the variable rendering a function a maxi¬ 
mum or minimum, it is very convenient to vary slightly our method of 
attack. We proceed to solve Examples 1 to 3 of Art. 37 as follows: 
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Example 1. The function to be made a maximum is A =* xy. We also have 
2x + 2y = 400 or x + y = 200. Hence, in reality, A is a function of a single variable, 
say x. We differentiate A with respect to i, remembering that y is itself a function 
of 


dA dy 

d^ =x z + v 


(4) 


For A to be a maximum, we should find x and y so that this derivative will be zero. 

But first we must find ~ in terms of x and y. We note that the relation 

dx 

x + y = 200 (5) 


dy dy 

gives y as a function of x; hence 1 + — = 0, or — 

dx dx 

we have 


— 1. Using this in equation (4), 


dA , 

— ~ x(-l) + y - y 
ax 


— x 


dA 


Therefore — will be zero if y — x = 0, that is, if 
dX 

V ° X 

To test whether this is a maxim - m or minimum, we have 

-2 


( 6 ) 


dx 1 


dy 

~ - l-l — l 

dx 


( dy \ 

l since — => — 1 for all values of i I; hence 

V dx ) 


x makes A a maximum. In other 


words, the field must be a square. We can find the dimensions by solving simultane¬ 
ously equations (5) and (6); thus x = 100, y « 100. 

Example 2. Here the function that was to be a minimum was S, the surface of the 
cup, 

S = 2rrh + xr* 

Since the volume V is given. S is in reality a function of the single variable r. Con¬ 
sequently, to find the minimum we equate to zero the derivative of <S with respect to r, 


„ / dh \ 


+ h ) + 2 xt *= 2w 


( dh 

V * 


+ h + r 


) 


(7) 


dh 


To find — > we note that rr*h = V gives Aosa function of r. Differentiating, we have 


('' tr + 2rh ) - ° 


( 8 ) 


since the derivative of the given constant V is zero. It is very important to realize 

that —■ is zero because V is a given constant, whereas — is set equal to zero so that 
dr dr 

we may find values of r and h which make the variable surface area S a minimum. 

In this problem, V plays a role similar to that played by the value 400 (length of 

available fence wire) in Example 1. From equation (8), we hav<j 
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xr 




whence 


dh 

dr 


2h 
r 


The possibiJity that r = 0 is discarded, for this would require V to be zero, which it 

is not. Substituting this value of — into (7), we have 

dr 

dS 

— - 2x(-2 h + h + r) - 2x(r - h) 


whence r 


* . dS 

h makes — zero. 
dr 


To test for a minimum, we have 


d*S 

dr* 



which is positive because both h and r are positive. Hence, r - h gives a minimum 5. 
Example 3. Here C =■ 2c(4x* + 9xy) is to be a minimum. Therefore 


dC 

dx 


(■ 


2c 8x 



must be zero. But we have 2 x*y « V, a given constant. 

»(**+2n-)-° -d £ 

(since x cannot be zero). Consequently 


Hence 

_ 2y 

x 


dC 

dx 


2c(8x - 18y + 9y) - 2c(8r - 9y) 


which is zero if 9y - 8x, or y - fx. The reader may test for a minimum by finding 
the second derivative. 


EXERCISES 

1. A rectangle has a given perimeter. What shape gives maximum area? 

2. A rectangle has a fixed area. What shape gives minimum perimeter? 

8 . Find two numbers whose sum is a and whose product is a maximum. 

4. Find two positive numbers whose product is o* and whose sum is a minimum. 

6. Find two numbers whose sum is a > 0 if the product of one by the square of 
the other is a maximum. 

6. Find two numbers whose sum is a > 0 if the product of one by the cube of the 
other is a maximum. 

7. What positive number when added to its reciprocal gives the minimum sum? 

8 . Find the shape of the rectangle of maximum area inscribed in a circle. 

9. Find the shape of the rectangle of maximum perimeter inscribed in a circle. 

10. A long strip of sheet iron 28 in. wide is to be made into a gutter by turning up 

equal widths vertically along the two edges. How many inches should be turned up 
At each side to give maximum carrying capacity? 
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11 . A rectangular yard is fenced off, an existing stone wall being used as one aide. 
If the area of the yard is to be 7200 sq. ft., what dimensions will require the least 
amount of new fencing? 

12. A rectangular field of area 28,800 sq. yd. is to be fenced off along a straight road. 
The front fencing costs 75 cents per yard; that for the sides and back costs 25 cents 
per yard. Find the dimensions giving minimum cost, and find the cost. 

13. A rectangular piece of tin is 8 by 5 in. An open box is to be made by cutting 
equal squares out of the corners and turning up the sides. Find the volume of the 
largest box that can be so made. 

14. A rectangular field of 25,000 sq. yd. is to be enclosed and divided into four lots 
by parallels to one of the sides. What dimensions of the field will make the amount 
of fencing a minimum? 

16. A rectangular box whose base is twice as long as it is wide has a volume of 
256 cu. in. Material for the top costs 10 cents per square inch; that in the sides and 
bottom costs 5 cents per square inch. Find the dimensions that will make the cost 
a minimum, and find the cost. 

16. The base of an open rectangular box is three times as long as it is wide. The 
volume is 144 cu. in. Find the dimensions giving a minimum surface area. 

17. A sheet of paper is to contain 18 sq. in. of printed matter. The margins at 
top and bottom are 2 in. each and at the sides 1 in. each. Find the dimensions of 
the sheet of smallest area. 

18. Find the most economical proportions for a circular cylindrical can (with top) 
to hold 1 gal. 

19. An open circular cylindrical tank of given volume stands with vertical axis. 
The material in the bottom costs twice as much per unit area as that in the sides. 
Find the most economical proportions. 

20. Solve Exercise 19 if the tank has a cover made of the same material as the sides. 

21. A closed water tank of given volume consists of a hemisphere surmounted by a 
cylinder. Find the most economical proportions. 

22. Solve Exercise 21 if the steel in the hemisphere costs twice as much per unit 
area as that in the cylinder. 

23. A gutter is to be made of a strip of sheet iron 3a in. wide, the cross section being 
an isosceles trapezoid as shown. Find the width across the top giving maximum 
carrying capacity. 



a 


24. The load that can be supported by a beam of rectangular cross section is propor¬ 
tional to the breadth and square of the depth. Find the shape of the strongest beam 
that can be cut from a given circular log. 

26. The stiffness of a beam of rectangular cross section is proportional to the breadth 
and cube of the depth. What is the shape of the stiffest beam that can be cut from a 
given circular log? 

26. Formerly a parcel-post package could have the sum of its girth and length not 
greater than 100 in. What are the dimensions of the rectangular package with 
square ends of greatest volume that could be sent? 

27. A Norman window is in the shape of a rectangle surmounted by a semicircle. 
What proportions give minimum perimeter for a given area? 

28. Find the proportions of the right circular cone of maximum volume and fixed 
slant height. 
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29. Find the altitude h of the right circular cylinder of maximum volume that can 
be inscribed in a given right circular cone of altitude H. 

SO. Find the radius r of the right circular cylinder of maximum convex surface area 
inscribed in a given right circular cone of radius of base R. 

31. Find the altitude h of the right circular cone of maximum volume inscribed in 
a given sphere of radius a. 

32. Find the altitude h of the right circular cone of minimum volume circumscribed 
about a given sphere of radius a. 

33. Show that the isosceles triangle of maximum area inscribed in a given circle is 
equilateral. 

34. A line is drawn tangent to the circle x* + y* = a’. The distance between its 
x and y intercepts is l. Find the minimum value of l. (Hint: l is a minimum if Z* is a 
minimum.) 

36. Same as Exercise 31 if the line is tangent to the ellipse 


36. Find the point of the parabola y* = 6x nearest to (6,0). 

37. A cruiser is anchored 9 miles from the nearest point of a straight beach. It is 
necessary to send a messenger to a military camp 15 miles along the beach from this 
point. If he can ride 40 m.p.h. in the ship’s motorboat and can be driven at 50 m.p.h. 
in an automobile on a road along the shore, where should he land to reach the camp 
in the shortest possible time? 

38. Solve Exercise 37 if the camp is 20 miles along the beach. 

39. It is found that the total cost of producing x manufactured articles is T dollars 
where T = 50 + 14x + 0.02x’. How many articles will give the lowest cost per 
article? 

40. Solve Exercise 39 if T = 50 + 15x + 0.02 x*. 

41. A manufacturing concern finds that it makes a profit of $20 on each article if 
800 or fewer are made per week. The profit decreases 2 cents per article over 800. 
How many articles should be made per week to give maximum profit? 

42. Busses arc to be chartered for an excursion. The price of a ticket is to be $15 
if not more than 150 people buy tickets, but the operating company agrees to reduce 
the price of every ticket 5 cents for each passenger in excess of 150. What number of 
passengers will produce the maximum gross income? 

43. In Exercise 42, what number of passengers will produce the maximum profit if 
expenses arc $800 for 150 or fewer passengers and if expenses increase $2 per passenger 
over 150? 

44. Solve Exercise 42 if the reduction per ticket is 7 cents. 

46. A gardener has a ft. of wire fencing. He wishes to fence off a grass plot in the 
form of a sector of a circle. What radius should he use to yield the greatest area, and 
what is this area? 

46. The feet of two vertical poles are 20 ft. apart. The poles are, respectively, 
10 and 15 ft. high. They are to be stayed by guy wires fastened to a single stake on 
the ground and running to the tops of the poles. Where should this stake be placed 
to use the least amount of wire? Solve this problem using plane geometry only. 

47. A right circular cone of altitude h is inscribed in a fixed right circular cone of 
altitude II, the vertex of the inside cone being at the center of the base of the outside 
cone. Find h so that the volume of the inscribed cone shull be a maximum. 

48. The fuel consumed per hour by a certain steamship is proportional to the cube 
of the velocity that would be imparted to the ship in still water. It is required to run 
the Bhip k miles against a current flowing r m.p.h. What is the most economical rate? 
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49. A silo of fixed volume consists of a right circular cylinder surmounted by a 
hemisphere. The hemispherical roof costs twice as much per unit area as the floor 
and walls. Find the most economical proportions. 

60. The intensity of light varies inversely as the square of the distance from ite 
source. If two searchlights are 600 yd. apart and one light is eight times as strong 
as the other, where should a man cross the line between them in order to be illuminated 
as little as possible? 

61. One ship, A, was 60 mile9 directly north of another, B, at noon. B was sailing 
east at 10 m.p.h., and A was sailing south at 20 m.p.h. When were they nearest 
together? How near? 

62. In the corner of a field bounded by two perpendicular roads a spring is situated 
a yd. from one road and b yd. from the other. A straight road is to be run across the 
corner and by the spring. Where should it intersect the bounding roads to cut off the 
least area from the field? 

63. It is known that a wire bent in the form of a circle of radius r units exerts upon a 
particle h units directly above the center of the circle a force of attraction proportional 

to ^ t ^ ** r “ 6 xc d. find A so that the attraction shall be a maximum. 

64. A lot has the form of a right triangle with perpendicular sides 90 and 120 ft. 
Find the dimensions of the rectangular building of largest floor space that can be 
built fronting on the hypotenuse of the triangle. 

66. In statistical work, if m, a s , aj, . . . , a„ are n constants, then 


4 


- (ai* -f aj* + 

n 


• • + a-*) 

is called their root mean square. If x is some number, then 

/(*) 




x)* + (a, - x) 1 + 


+ (a. - x)*J 


is called their roct-mcan-square deviation from x. Show that /(x) is a minimum if 

x a - (ai + Oj + ■ • ■ + a»), the arithmetic mean (denoted by £). The expression 
n 

/(£) is called the standard dei-iation of the n constants (denoted by <r). 

66. A conical wineglass is a in. deep, and the angle at the vertex is 2a. If a spherical 
ball of radius r is carefully lowered into a full glass, show that the greatest overflow 

results if r = -— —;-. I Hint: The volume of a segment of one base and of 

cos 2 a + sin a 

height h cut from a sphere of radius r is girfc 3 (3r — A).] 

39. Rate Problems. We have several times referred to the fact that 
the derivative is the rate of change of a function. A case of great prac¬ 
tical importance occurs when the independent variable represents time. 
We may, for instance, have y = /(/) and wish to find the rate of change 
of y with respect to t where t represents time. It is sufficient to calculate 

^ = /'(() directly. Again, we may have y a function of x where x is 

itself a function of t. If, as is often the case in physical problems, we 

have given the “time rate of change of x,” we can calculate ^ from 

at at 
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the formula 

dy _ dydx 
dt dx dt 

(see Art. 23). 

The method of solving problems of this type is illustrated in the fol¬ 
lowing examples: 

Example 1. Water is flowing into a conical vessel 18 in. deep and 10 in. across the 
top at the rate of 4 cu. in. per minuie. Find the rate at which the surface is rising 
when the water is 12 in. deep. Let h be the depth and r the radius of 
the surface of the water at time t (Fig. 42). The volume of the water 
at time t is then 

V - frr*A 

We have h t r, and therefore V all functions of l. We know that, for 

all*, 

dV „• ,, • 
dt 


dh 



and we wish to 6nd — at the instant when h ~ 12 in. 

dl 

Now r and h arc connected by the relation (from similar triangles) r/h = Since 
we wish to discover something about the depth h, it will be convenient to find r in 
terms of h and then express V as a function of h. Thus 

r H and V “ T*" • 

It is most important to observe that this relation is true at any time. Since V is a 
function of h and h is a function of l, 


dV 25 dh 

dt 324 h dt 


(9) 


Since we have given that — *° 4 in.'/min. and wish to find — at the instant when 

dt dt 

h - 12 in., we may substitute these values for ^ and h in (9), obtaining 


Hence 




— “0.11 in./rain, approximately 


Example 2. One of two intersecting railroad tracks runs east and west, the other 
north and south. At noon a train is 20 miles west of the crossing and traveling east 
at 40 m.p.h. on the first track. At the same time a train is 60 miles south of the 
crossing and traveling north at 60 m.p.h. on the second track. How fast are the 
trains separating at 1:00 p.m.? When will they be nearest together, and what is their 
minimum distance apart? Assuming the tracks to be straight and of indefinite 
length, how fast are the trains separating after a very long time? Wc may represent 
this situation as in Fig. 43. Let the coordinate axes represent the tracks, let A with 
abscissa z represent the first train, let B with ordinate y represent the second train, 
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and let 2 represent the distance between the trains. Suppose we let l represent time in 
hours elapsed since noon. Then — = 40 m.p.h., = 00 m.p.h.; and when t =■ 0, 


— 20 and y 



dt 

50. Evidently 

x = -20 -f- 401 


and 


-50 + 60f (10) 


We may now write down a relation that is true at any 
time, x 1 + y* = 2 *, whence 


V* 5 + V 5 = V(-20 + 40Z) 5 + (-50 + 600’ 
10 -\/52t*~—~7Gi~+~29 


S 

Fig. 43. 
dz 


(miles) 

From this we find that, at any time, 
dz 20(2G t - 19) 


(ID 


dl \/52 1* - 76 1 + 29 


(miles per hour) (12) 


To find — at time / = 1, we need only substitute f = 1 in (12), obtaining 
dt 


[S 


20(26 - 19) 140 

y/52 - 76 + 29 \/l 


G2.6 m.p.h. approximately 


To find when z is a minimum, we first observe that z is never zero, for the sum of 
squares ( — 2 -f 40* + ( — 5 + G t) z could be zero only if both terms were simultane¬ 
ously zero (that is for the same value of t), which they are not. The minimum of : 

dz 

will occur for the value of t that makes — = 0, namely, for 2G/ — 19 *= 0, that is, for 


dt 


t = hr. = • GO min. = 43.8 min. approximately 

Hence z will be a minimum at 12:43.8 p.m. 

To calculate the minimum distance apart, we set t = ^ in equation (11), obtaining 


i f> 


z = 10 + 4 • (-5 + 6 • Vl2’ + 8* 

= \/208 = y /13 = 11.1 miles approximately 


dz 


To find how fast the trains are separating after a very long time, we find lim — • To 

r— * dt 

do tins, in the right-hand member of equation (12) we divide numerator and denomina¬ 
tor by t. obtaining 


,, 


If / is allowed to increase indefinitely, the limiting value of this expression is 

20(20) 260 


\/ 52 -v/13 


72.0 m.p.h. approximately 


Hence, after a long time, the trains will be separating at about 72 m.p.h. 

This problem might have beep solved by differentiating x 7 + y 2 = z 7 with respect 
to /: 
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dx dy 

x -d, +y 7< 



This relation between x, y, z, and their time derivatives could then have been used 
together with equations (10) to obtain the results sought. A method similar to this 
will be used to solve Example 3. 

Example 3. A man is walking at the rate of *1 ft. per second across a bridge 30 ft. 
above a river. A boat traveling 12 ft. per second at right angles to the roadway of 
the bridge passes directly beneath him. How fast is the distance between the man 
and the boat increasing 5 sec. later? Let A represent the position of the man directly 
above the boat C, and let M and B be their positions t sec. later (Fig. 44). We then 
have 


— = 4 ft./sec. 
dt 


— = 12 ft./sec. 
at 


and wc wish to find — at t = 5. We have 

dt 

y l = :r* + 900 

w* = z* -f 2/ 1 = + 900 

w = \Zz* + x* + 900 

for all values of l. Hence 


dz dx 
z — + x — 
dw dt dt 

dt y/z' + X 1 + 900 


M x A 



At the time t ■= 5 sec., x = 20 ft., z = GO ft. Therefore 

C O • 12 + 20 • 4 _ G • 12 + 2 ■ 4 

a/gO 1 + 20* + 900 VO’ + 2 5 + 9 

= ^ = 117 ft./sec. 

7 



An alternative method of solution would be to use the fact that x = At and z ® 12 1 

dw 

inequation (13) to express w in terms of l\ — would then be obtained by differentiation 
(compare Example 2). 

The general plan of attack on problems involving time rates may be 
summarized as follows: 

1. Make a sketch illustrating the conditions of the problem. Let x, 
y, z, w, . . . represent the quantities that vary with time. 

2. List the given and required quantities. 

3. Express by means of an equation a relationship among the variables 
that is true at any lime. 

4. Differentiate with respect to time. 

5. Now, and not before, substitute values of the variables for the par¬ 
ticular instant in question, and solve the resulting equation for the 
required quantity. 
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It is most important not to substitute values of the variables that hold 
only at a given instant before differentiating. For instance, in Example 
3, it would obviously be wrong to substitute x = 20 in equation (13). 
For x is equal to 20 only at a particular instant, and at this instant z is 
GO; hence w is 70, and the derivative of w is simply zero. The student 
should reread Examples 1, 2, and 3 and observe that the above plan has 
been followed in each case. 

EXERCISES 

1. Water is flowing into a conical vessel 24 in. deep and 12 in. across the top at the 
rate of 100 cu. in. per minute. How fast is the surface rising when the water is 10 in. 
deep? 

2. A rectangular trough is 3 ft. wide and 15 ft. long. Water flows in at the rate of 
2 cu. ft. per minute. IIow fast is the surface rising? 

3. A trough has for cross section an isosceles right triangle as shown. It is 2 ft. 
across the top and 10 ft. long. Water flows in at the rate of 3 cu. ft. per minute. How 
fast is the surface rising when the water is 6 in. deep? 


2 



4. A trough has for cross section an isosceles triangle as shown. It is 3 ft. across 
the top, 2 ft. deep, and 12 ft. long. Water flows in at the rate of 5 cu. ft. per minute 
and is being pumped out at the rate of 2 cu. ft. per minute. How fast is the surface 
rising when the water is G in. deep? 



6 . A man G ft. tall walks directly away from a lamppost 15 ft. high at the rate of 
3 m.p.h. (a) How fast does his shadow lengthen? (6) How fast does the tip of his 
shadow move? 

6 . A spherical toy balloon is being filled with gas at the rate of 2eu. in. per second. 
IIow fast is the radius increasing when the balloon is 1 ft. in diameter? 

7. Cl as is expelled from a spherical toy balloon by decreasing the radius at the 
rate of \ in. per second. At what rate is the gas escaping when the radius is 4 in.? 

8 . A launch whose deck is G ft. below the level of a wharf is pulled toward the 
wharf by a rope attached to a ring in the deck. If a windlass on the wharf hauls in 
the rope at 1 ft. per minute, how fast does the launch move through the water when 
there arc 10 ft. of rope out? Does tlie speed of the launch increase or decrease as it 
approaches the wharf? Can the windlass maintain this constant rate? 

9. A balloon leaves the ground 50 ft. from an observer. If it rises at the rate of 
6 ft. per second, how fust is it receding from the point of observation when it is 120 ft. 
above the ground? 

10. A kite flies horizontally directly away from the man who is flying it at the rate 
of 5 m.p.h. If it is 1G0 ft. high when there are 200 ft. of string out, how fast is the 
string being payed out at this instant? (Assume, for simplicity, that the string is in a 
straight lino.) 



RATE PROBLEMS 


97 


Art. 39] 

11. Sand is poured onto the ground at the rate of 3 cu. ft. per minute. It forms a 
pile whose shape is a right circular cone whose altitude is half the radius of the base. 
How fast is the altitude increasing when the radius of the base is 4 ft.? 

12. A man hoists a bucket of cement to a scaffold 40 ft. above the level of his hahd 
by means of a rope passed through a pulley on the scaffold. If he pulls in the rope 
at the rate of 10 ft. per minute at the same time that he walks away from a point 
directly below the pulley at the rate of 50 ft. per minute, how fast is the bucket rising 
at the end of 36 sec.? 

13. A light is placed on the ground 30 ft. from a building. A man 6 ft. tall walks 
from the light toward the building at the rate of 5 ft. per second. Find the rate at 
which his shadow on the wall is shortening when he is 15 ft. from the wall. 

14. A ladder 20 ft. long leans against a vertical wall. If the top slides downward at 
the rate of 2 ft. per second, find the rate at which the lower end moves on a horizontal 
floor when it is 12 ft. from the wall. 

16. In Exercise 14, find the rate at which the slope of the ladder changes. 

16. A light is placed on the ground 40 ft. from a house and 15 ft. from the pathway 
leading from the house to the street. A man walks along the path at 5 ft. per second. 
How fast is his shadow moving on the wall of the house when he is 15 ft. from it? 

17. As an automobile runs across a bridge at 40 ft. per second, a train passes directly 
beneath it, traveling 80 ft. per second on a track at right angles to the bridge roadway 
and 30 ft. below it. How fast are the automobile and train separating after 2 see.? 

18. A man walking at 5 ft. per second on a bridge 40 ft. above the water crosses the 
course (perpendicular to the direction of the bridge) of a motorboat approaching at 
20 ft. per second at the moment when the boat is 50 ft. from a point in the water 
directly below the center of the bridge. How fast are the man and boat separating 
4 sec. later? 

19. In Exercise 18, find when the man and boat are closest together, and find the 
shortest distance. 

20. A ship sails at a constant speed of 12 knots. If it travels from its starting point 
directly north for 2 hr. and then turns north 60° east, how fast is it leaving the starting 
point after 3 hr.? Note: A knot is one nautical mile per hour; assume the ocean 
surface to be a plane. 

21. A ship sails with a constant speed of 10 knots. If it travels from its starting 
point directly north for 1 hr., then turns east 30° south, (a) how fast is it leaving its 
starting point after 3 hr.? (b) When is it nearest its starting point? 

22. A trough whose cross section is an isosceles trapezoid is 2 ft. across the top, 

1 ft. wide at the bottom, 18 in. deep, and 8 ft. long. Water flows in at the rate of 
3 cu. ft. per minute and is pumped out at 1 cu. ft. per minute. How fast is the surface 
rising when the water is 8 in. deep? 

23. A boat is anchored with its deck 45 ft. above the point where the anchor is 
fast on the bottom. It drifts at the rate of 3 m.p.h. How fast does the anchor chain 
Blip over the edge of the deck when there are 75 ft. of chain out? (Assume that the 
chain forms a straight line from deck to anchor.) 

24. Two roads, AD and DC, intersect at D, the angle ADC is 60 deg., and the 
distance AD is 28 yd. A man starts to ride a bicycle at 4 yd. per second from A 
toward D at the instant another man passes Bona bicycle going 8 yd. per second 
along DC. How fast is the distance between them changing after 3 sec.? 
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MISCELLANEOUS EXERCISES 

Find the equation of the tangent and of the normal at the point indicated (Ex. 
1 to 4). 

1. x* + y* = 9 at (1,2) 

2. xV ~ y* = 32 at (3,-2) 

3. y = x* + 4x 5 — x 4- 1 at (1,5) 

4. y* = x* - 2x* + 3x + 3 at (2,3) 

Find the equation of the tangent to the given curve as indicated (Ex. 5 to 8 ). 

6 . To the circle x J + y* = 13 and passing through (5, — 1) 

6 . To the curve y = x* + 3z* + 1 and parallel to the line 9x — y + 3 = 0 

7. To the parabola y = 3x* — 4z + 5 and having slope 2 

8 . To the curve y* = z* — 7 and perpendicular to the line x — Gy — 1 = 0 

Find the angle between the curves (Ex. 9 to 12). 

9. y s = x 5 , y 5 = —:— 

o x 

11. y 2 = 4ax + Aa 7 , y 7 = 
same focus. 

12. xy = 9, y 2 - —- 

J y 18—i 

In Exercises 13 to 1G, determine the coefficients so that the curves fulfill the given 
conditions. 

13. y 2 + ay + hx + c = 0 to be tangent to 3x + 2y + 1 = 0 at ( — 1,1) and to 
pass through {7, —2) 

14. y = ax 7 + bx -f c to he tangent to x + y — 2 = 0 at (2,0) and to pass through 

(0,4) 

16. y = ax 7 + bx 2 + a + (l to be tangent to Gj — y — 2 *= 0 at (1,4), and to pass 
through ( — 1 , 0 ) and (2,15) 

16. y = ax 1 + bx 3 + cx 7 + dx + c to be tangent to 25x — y — 41 = 0 at (2,9) 
and to pass through (1,-2), ( — 1,6), and ( — 2,37) 


10. y 2 = 4x + 4, y 2 = -8x + 16 
— 46x + 46*. Also show that these parabolas have the 


17. Show that the tangent to the parabolic are x^ + y** = at the point (xi,t/i) is 




18. Prove that the segment of the tangent to the hypocycloid x** + tj** =» a** cut off 
by the coordinate axes is constant in length ( = a). 

19. Show that in the parabola y 2 = lax the subnormal is constant in length. 
Generalize this statement for any parabola. 

20. Let any two lines parallel to the axis of a parabola cut the parabola in points 
A and B. Let a third parallel midway between these two cut the parabola at M. 
Prove that the tangent at M is parallel to the chord AB. 

21. Prove that the product of the distances from the foci of a hyperbola to any 
tangent line is constant. Prove the analogous theorem for an ellipse. 

22. Prove that the equilateral hyperbolas x 2 — y 2 = h and xy = k(hk j* 0) inter¬ 
sect at right angles. Sketch several members of each family. 

23. Show that the normal at any point of an ellipse bisects the internal angle formed 
by the focal radii to the point. State and prove an analogous theorem for a hyperbola. 
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Find any maximum and miuimum points and points of inflection (Ex. 24 to 33). 

24. y = x 3 — 9x* + 24x — 16 (Sketch the curve.) 

26. y = 12x — x 1 (Sketch the curve.) 

26. y = x J (8 — x 1 ) (Sketch the curve.) 

27. (y — 3) 1 = x — 4 (Sketch the curve.) 

28. x + 1 = (y + 2)* 29. y = x* - 2x J 

30. y = x J — 3x’ - x + 3 31. y = 1 + 6x - 3x l - 2x l 

32. y = (x - 1)* 33. y = (x - «* 

In Exercises 34 to 37, determine the coefficients so that the given conditions will be 
satisfied. 

34. y = ax 7 -f- bx 7 + cx + d is to have a minimum at (3. — 20) and an inflection at 

a,-4). 

36. y = ax’ + bx 7 + cx + d is to have a point of inflection with horizontal tangent 
at (1,0) and is to pass through (2,1). 

36. y = ax* + bx 7 + cx 7 + dx + e is to have critical points at (2,-£), (-2, ~V) 
and an inflection at x = —1. 

37 . y = ax 8 + bx* + cx 1 + dx 7 + cx + / is to have points of inflection with 
horizontal tangents at (1,1) and (-1,-15). 

38. Draw a smooth curve through the points indicated in the table, and construct 
the first derived curve. 


X 

E 


-3 

B 


0 

1 

2 


D 

□ 


El 

8 

9 

10 

y 

E 

E 

-If 

i -0 7 

' -0 2 

0 

0.2 

0 . G 

1.7 

2.9 

9 

a 

B 

2.2 

0.6 

-1.5 

39. Sa 

me a 

5 Exercise 38 for 


X 

-3 

-2 

- 1 

0 

1 

2 

3 

4 

8 

5 

c 

7 

8 

V 

2 5 

0 8 

0.3 

0 

0 3 

1 

2.7 

3.0 

2 

0 

-5 


40. Suppose the y' curve is tangent to the x axis at a minimum point, x = x 0 . 
Describe the behavior of the y curve in the neighborhood of x = x 0 . The same if the 
y' curve is tangent to the x axis at a maximum point. Suppose the y curve has a 
vertical tangent at x = Xi; discuss the behavior of the y' curve in the neighborhood of 
X = X|. 

41. What number exceeds its square by the greatest amount? 

42. The sum of two numbers is 12. The sum of twice one number and the square 
of the other is a minimum. Find the numbers. 

43. A rectangular bin 100 cu. ft. in volume has a square base. The material in the 
bottom and back costs 10 cents per square foot; that in the top, front, and sides costs 
30 cents per square foot. Find the most economical dimensions. 

44. An open box is to be made from a rectangular piece of cardboard 8 by 3 in. by 
cutting equal squares out of the corners and folding up the sides. Find the dimen¬ 
sions of the box of maximum volume that can be made in this way. 

46. A cylindrical glass jar of given volume has a metal top. The metal costs two- 
thirds as much per square inch as the glass. Find the most economical proportions. 

46. Find the proportions of the right circular cone of given volume and minimum 
convex surface area. 
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47. A gutter is to be made from a strip of 6heet iron 16 in. wide by bending up the 
sides at an angle of 45 deg. Find the width of the base for the maximum carrying 
capacity. 

48. Find the altitude of the cone of maximum convex surface that can bo inscribed 
in a given sphere of radius R. 

49. A powerhouse stands on one side of a (straight) river a miles wide, and a factory 
stands on the opposite side b miles downstream. Find the most economical route for 
the connecting cable if it costs l dollars per mile on land and tv dollars per mile under 
water. Docs it matter how far down the river the factory is? Discuss fully. 

60. A tent with given wall surface area is to be constructed in the form of a regular 
quadrangular pyramid. Find the ratio of its altitude to the side of the base if the air 
space inside the tent is to be a maximum. 

61. The lower corner of a page whose width is a is folded over so as just to reach the 
inner edge of the page. Find the width of the part folded over (a) when the length 
of the crease is a minimum; (6) when the area folded over is a minimum. 

62. It is known that the bending moment at a point in a beam of length l at a distance 
x units from the end of the beam, uniformly loaded, Ls given by the formula 

M = Iju'lx — -yi rx x 

where w is the load per unit length. Show that the maximum bending moment is at 
the center of the beam. 

63. A rectangular strip of sheet iron a ft. wide is to he bent to form a gutter whose 
cross section is a semicircle surmounted by a rectangle (U-shaped). What dimen¬ 
sions yield maximum cross-scctional area if the drain is (a) open on the top? (6) 
Closed on the top? 

1 1 1 

64. If a lens has a focal length /<>, there will be a correct focus when —h - “ r 

x y Jo 

where x is the distance from object to lens and y is the distance from lens to image. 
Find the least possible distance between object and image for a correct focus. 

66. One end of a ladder 15 ft. long leans against a vertical wall; the other end is on a 

horizontal pavement. If the foot of the ladder is pulled away from the wall at the 

rate of 4 ft. per second, how fast is the top descending when it is 12 ft. above the 
pavement? 

66. One ship was sailing north at G knots, another west at S knots. At 3:00 p.m. 

the second crossed the course of the first at the point where the first was at 1:00 p.m. 
At what rate was the distance between the ships changing at (a) 2:00 p.m.? (6) 

4.00 p.m.? Note: A knot is one nautical mile per hour. Assume the ocean surface 
to be a plane. 

67. A ship is anchored in 20 ft. of water. The anchor chain passes through an 
opening in the bow 10 ft. above the surface of the water. If the chain is pulled in at 
the rate of G in. per second, how fast is the 6hip moving when there are 50 ft. of chain 
out? 

68. A solution is poured into a conical filter 12 cm. across the top and 24 cm. deep 
at the rate of 2 cc. per second. It filters out at the rate of 1 cc. per second. How fast 
is the level of the solution rising when it is 8 cm. deep? 

59. A light is 30 ft. above the center of a street 72 ft. wide. A man 6 ft. tall walks 
along the sidewalk at 4 ft. per second. How fast is his shadow lengthening when he 
is 48 ft. up the street? How fast is the tip of his shadow moving? 

60. A spherical balloon is being filled with gas at the rate of 100 cu. ft. per minute, 
(u) How fast is the surface area increasing when the radius is 6 ft.? (b) How fast is 
the radius increasing at this instant? 



CHAPTER 6 


DIFFERENTIATION OF TRIGONOMETRIC AND 
INVERSE TRIGONOMETRIC FUNCTIONS 


Of the elementary transcendental functions the trigonometric, or circu¬ 
lar, functions are perhaps the most familiar to the student. A brief 
review of the definitions of these functions and the construction of their 
graphs will indicate to him that sin x and cos x are continuous for all 
values of x, while tan x and sec x are continuous for all values of x except 
odd multiples of ir/2, for which values of x these functions have infinite 
discontinuities. Similarly, cot x and esc x are continuous for all x except 
multiples of 7 r, for which values of x these functions have infinite discon¬ 
tinuities. The trigonometric functions are periodic, sin x, cos x and their 
reciprocals esc x, sec x with period 2n, and tan x and its reciprocal cotx 
with period r. 

40. Evaluation of an Important Limit. Before we can find the deriva¬ 
tive of sin x, it is necessary to evaluate 

.. sin 0 
hrn -t- 

where 0 is measured in circular, that is to say 
radian, measure. To this end, consider a cir¬ 
cular arc AB of radius r (I'ig. 45) which sub¬ 
tends a positive acute angle 0 (measured in 
radians) at the center C. Draw the chord AB) Fig. -15. 

draw the tangent at A, and extend it until it 

meets CB at D. Then AD is perpendicular to C.l. We have at once 

Area of A CAB = jCM • CB sin 0 = ir 2 sin 0 

Area of sector CAB = \r 2 0 

Area of A CAD = \CA AD = \CA ■ CA tan 0 = Jr* tan 0 

We have area of ACM/? < area of sector CAB < area of ACMZ), that is, 
ir* sin 6 < \r 7 0 < \r 2 tan 0. If each member of an inequality is 
divided by a positive number, the sense of the inequality remains un¬ 
changed. Therefore, dividing by ir 2 sin 0 (sin 0 is positive since 0 is a 
positive acute angle), 
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that is 


1 < » < -I-, 

sin 9 cos 9 
l > s 4~ 9 > cos e 


So far we have required 9 to be positive. However, if 9' is a negative 
acute angle, say 9' = —9, we have 

sin 9' = sin ( — 9) = — sin 9 
, sin 9' — sin 9 sin 9 

heAce 1— = ~=e~ ~ — 

Furthermore cos 9' = cos ( — 9) = cos 9 

... . . sin 9' . 


and therefore 


Wli 1 V __ . » 

1 > —ry— > cos 0 
u 


That is, (1) holds also for negative acute angles, that is to say for all 

— Z < 9 <?:> except 9 = 0 for which sn * ^ is not defined. Consequently, 
i 1 9 

no matter how 9 is made to approach zero, is always contained 

V 

between 1 and cos 9. Since cos 9 is continuous, lim cos 9 = cos 0 = 1 

o—o 

(see Exercise lf>, page 28), and therefore lim - 1 * -- must also be 1.* 

s—o 9 

Thus 

* lim S 4- 9 = 1 (2) 

o—o 9 

If the angle 9 is measured in degrees instead of radians, a slight modi¬ 
fication is necessary. Let the circular (radian) measure of the angle be 9, 
and let its measure in degrees be a. Since 1 radian equals 180 /jt deg., we 
180 

have a = - 0. Note that sin a = sin 9. Therefore 

7T 

sin a sin 0 ir sin 0 


180 


7 r sin 0 

iso ~ir 


* To apply directly the definition of a limit, wc have, subtracting 1 from each 
member of the inequality (1), 

~ sin 0 

0 > - — 1 > cos 0—1 

0 


and therefore 


~ sin 0 

0 < —-- \ < jcos 0 — 11 


Now |cos 0 — 1| can be made arbitrarily small by taking 0 close enough to zero, 
sin 0 

Hence —--1 can be made arbitrarily small by taking 0 close enough to zero. 

Therefore lim -- = 1. 

o—o 0 
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sin a t sin 0 

lim- = lim 


a 


0-0 


180 Q 


180 


41. Derivative of the Sine. I? y = sin x, where x is in circular meas¬ 
ure, we may calculate the derivative by the method of Art. 14. We have 


y 

V + Ay 
Ay 
A y 
Ax 


sin x 

sin (x + Ax) 
sin (x -f Ax) 
sin (x -f- A.r) 


sin x 
sin x 


Ax 


(3) 


We must now evaluate lim but the quotient ^ is in a form that 

ax —*0 Ax Ax 

requires further reduction before the limit can be conveniently found. 
As a means of making such a reduction, recall the trigonometric identity 

sin a — sin 0 = 2 cos ?(a + 0) sin ?(a — 0) 

In (3).. let a = x + Ax, and let 0 = x. This gives 


Ay _ 2 cos ?(2x + Ax) sin ? Ax 
Ax Ax 

2 Ax 
Ac 


= cos 


( . Ax\ sin 2 

I + Tj-Fl 


whence 


dy 


Ay 


-f- = lim —d = lim cos 

dX Ax—0 AX Ax—o 


( Ax\ sin i Ax 

{ X + -2j l m oTA7 


= cos lirn^ ^x -f • 1 


(4) 


= cos X 


In case y = sin u where a is a function of x having a derivative we 
have 

dy _ dy du 
dx du dx 


whence 

* 


d . . x du 

n (s,n u) = cosu di 


Note that, if x were measured in degrees, then in (4), 


lim 


sin ? Ax _ 
A Ax 


n 

180 


and g (sin x) = ^ 


COS X 


In order to avoid the cumbersome factor 7 r/ 180 , we shall understand that 
x is always expressed in circular measure whenever trigonometric functions 
of x are in question. 
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42. Derivatives of the Other Trigonometric Functions. Since 


cos x 


*= sin - x'j 


and sin x = cos 


G-) 


for all values of x, we have 


Tx (cos x) - i [ sin (j -o - - sin 1 

Or if u is a function of x with derivative ~i 

d , x du 

★ -T- (cos uj = — sin u 

dx dx 

Since tan a = ---» we may apply the formula for the derivative of the 

cos x 

quotient of two functions, thus: 

d . cos x (cos x) — sin x (— sin .r) 

_ (tan x) = -—r-- 


cos- x 
cos 2 x 4- sin 2 x 1 


cos- .r 


cos- x 


r,— — sec- x 


Or, in general 

★ 


d . x du 

-r- (tan u) = sec- u -r 
(tx dx 


Since cot x = 7 - = (tan x)“ l , we mav applv the formula for the 

tan x 1 1 % 

derivative of a power of a function of x, 


« / . x /. x., . sec- x 

(cot x) = —(tan x) - sec* x = —-— — — 

dx tan- .r 

or, in general 


CSC- X 


Since see .r = 


1 


cos X 


d ( x 

- 7 * (cot in — — esc * n - 
r/.r //.r 

= (cos x)" 1 . wo have 


u / ^ v % sin x 

- 7 - (sec x) = — (cos x ) -(— si:i .r) = - r - = 

ax cos- x 


sec x tan x 


or 

★ 


(If X ( 7 ?/ 

-7- (sec in = scr t> tan /( 

«x c/x 


1 


Since esc x = -- = (sin x) -1 . we have 

sm x 

(esc x) = — (sin x) '• cos x = — C °^ ,r 
dx sin- x 


— esc x cot x 
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or 

★ 


~4 (esc u) = — esc u cot u ^ 
ax dx 


3 x du 3 

“ x + - so that — = 

5 4 dx b 


Example 1. Find — if y = sin f - x + -V Here u 

ax \5 4/ 

- dy 3 /3 *\ 

therefore — = - cos ( - x + - )• 
dx b \5 4/ * 

dy 

Example 2. Find — if y — cos 1 x. Here y = r 3 where = cos x. The derivative 

dx 

of the cube of a function is three times the square of the function times the derivative 
of the function, or, in symbols. 

dy dv d 

— = 3t ,J — =3 cos 2 x — (cos x) 
dx dx dx 


Thus 


dy 

— =3 cos 2 x (— sin x) = —3 cos 2 x sin x 
dx 


Example 3. Find — if y = - sin ax-sin 3 ax where a is a constant. We have 

dx a 3a 

dy 1 d 

— = - — (sin ax) - — — (sin 3 ax) 
dx a dx 3a dx 

This yields at once — sin ax = (cos ax)a = a cos ax; 

dx 

4 (sin 3 ax) = (3 sin 2 ax) • 4 (sin ax) 


dx 


dx 

3 sin 2 ax • (cos ax) • a 
3a sin 2 ax • cos ax 


Hence — = cos ax — sin 2 ax • cos ax 

dx 

«= cos ax (1 - sin 3 ax) 

= cos 3 ax 

Example 4. If y = x 3 tan 3 -» find This is the product of two functions of x t 

A dx 

namely, x 1 and tan 3 (x/4). Therefore 

tan 3 


x d 

+ tan 3 - — (x 3 ) 
4 dx 


tan' 

dx dx \ 4/ 

- *■ ( 2 5 ) (“' i) ■ ( 0 + i) • 

1 x l X X\ 

- - z* tan - I X B~C* - + 0 tan - I 

2 2\ 4 4/ 


EXERCISES 

Find the derivative of each of the following functions with respect to the variable 
indicated (Ex. I to 36): 
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i* v 

8. y 

6. y 

7. y 

9. y 
11. to 

13. 2 
16. y 


Bin 4x 

tan (ax*) 


TRIGONOMETRIC FUNCTIONS 

2. v — sin ( 2x + 


cos 


(m) 


=» esc (x + A*) 

= x cos x 
= v cot ( v/2 ) 

= cos 3 Ay 
= tan* x + cot 1 x 


17. y = tan 4 30 


19. r 
21. r 


e + cot o 
sin 0 tan 0 


23. s = sec 


0 ") 


26. y = - cot 1 x 
x 


27. y = 
29. y = 
31. y = 
33. y - 
36. 7/ = 
36. */ = 


sin 1 x 
x 2 

x(l + cot x) 3 

(1 — cos 4z)** 

cos 2 x 
1 + sin 2 x 

I 




/sec 

X 

4- 

tan 

s 1 

f 1 "" 
see 

X 

— 

tan 

X 

|esc 

X 

4- 

cot 

X 

CSC 

X 

— 

cot 

X 


»-dn(2r+|) 


4. y — sec (x/2) 

6. y = cot 6x 

8. t/ = esc x 3 
10. z = u 2 sin 3tz 
12. h = sin 2 r 
14. w = x 2 tan 2 x 
16. z = cos 2 5x 


18. 5 = cot 1 


Q + “) 


20. r = tan 30 - 30 
22. s = cos 3i cot 3 1 


24. r 


26. y 


0* sin* 40 

cos 3z 
•lx 


28. t/ = y /1 + sin z 
1 — tan* 2z 


SO. y = 
32. y = 
34. 2 = 


tan 2x 
sin 3z 
1 + sin 3z 

sin s to 1 


(Hint: Rationalize the denominator.) 


dy d 2 u 

Find -f and —- (Ex. 37 to 46). 
ax ax- 


37. x = a cos 0 

y ™ b sin 6 

39. x = a cos 1 0 

?/ = a sin 1 0 

41. x = a(0 — sin 0j 
y = a(l — cos 0) 
43. x = a see v* 
y = b tan v? 

46. x = a cos (A - / — a) 
7 / = 6 sin (/;* — a) 


38. 

X 

= 

a sin (2t + 3) 


y 

= 

a cos (2* + 3) 

40. 

X 

= 

3 sin t 


y 


2 sin t + cos l 

42. 

X 

— 

a cos 2 <p 


y 


a sin 2 *p 

44. 

X 

= 

a esc v" 


y 

= 

b cot <p 


46. x = a (cos 0 + 0 6in 0) 
t/ = a(sin 0 — 0 cos 0) 


Find any maximum or minimum values of the functions (Ex. 47 to 51). 
47. y = sin 2 x; also sketch the curve, and find points of inflection. 


[Chap. 6 
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48. y = 3 sin x + 4 cos x 

49. y = a sin x + 6 cos x. Verify the result by expressing y in the form 


y = A cos (x — a) 

(Hint: Multiply and divide a sin x + b cos x by \f a 1 + 6 1 .) 


60. y = x sin x + cos x in the interval 0 ^ x < 2r 

sin (x + or) 

61. y = —- 

sin (x + 0) 

Find the angle of intersection of the following pairs of curves (Ex. 52 to 55): 


62. 


64. 


y 

v 


= sin 2x, y = cos 2x 



63. y = sin x, y = sin 3x 
66. y = tan x, y = cot x 


66. Discuss the increasing and decreasing character and concavity of the curves 
y = tan x, y = cot x, y = sec x. y = esc x. 

67. From the formula for sin (x + A), find the formula for cos (x + k) by differen¬ 
tiation. 

68. From the formula for tan 2x. find the formula for cos 2x by differentiation. 

69. From the formula for cot 2x, find the formula for sin 2x by differentiation. 

60. From the formula for cos (x + A), find the formula for sin (x -f A) by differen¬ 
tiation. 

61. Derive the formula for — (cos x) by the use of increments as was done for 

dx 

d 

— (sin x) in Art. 41. 
ax 

62. Derive the formula for ^ (tan x) by the use of increments. 

dx 

63. Derive the formula for (sec x) by the use of increments. 

dx 

64. In addition to the six trigonometric functions whose derivatives have been 
found, there are four functions less frequently encountered but of some practical 
importance. They arc the external secant, the versed sine, the coversed sine, and tho 
haversine and arc defined, respectively, by 


ex6cc x *=* sec x — 1 
vers x “ 1 — cos x 
covers x = 1 — sin x 

hav x = j vers x “ y(l — cos x) 

Obtain formulas for the derivatives of these functions. 

65. (a) Show that the function defined by/(x) ~ xsin (1/x) for x ^ 0and/(0) - 0 
is continuous at x = 0, but that /'(0) does not exist. [Hint: Use the “increment 
method" to find/'(0).J 

(6) Show that, on the other hand, if g(x) = x* sin (1/x) for x ^0 and ?(0) = 0, 
then g'( 0) - 0. 

43. Applications to Maximum and Minimum Problems. Many prob¬ 
lems involving maxima and minima can be solved very conveniently by 
expressing the function whose critical value is required in terms of 
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trigonometric functions of a variable angle, 
indicate the method of attack. 


[Chap. 6 
The following example will 


Example. A wall 7 ft. high is 5 ft. from a building. Find the length of the shortest 
ladder that will rest with one end on the ground and the other on the building (Fig. 46). 
Evidently the ladder should touch the top of the wall at B; let A be the point of rest 
on the ground, C the point of rest on the building, and 0 the angle that the ladder 
makes with the horizontal. If l is the length of the ladder, it may be expressed in 

terms of 0. For 

l = AB + BC = BD esc 0 + BF sec 0 
= 7 esc 0 + 5 sec 9 (ft.) (5) 



We must find 0 so that l will be a minimum. We have 

— 7 esc 0 cot 0 + 5 sec 0 tan 9 


dO 


This will be zero if 

— 7 esc 0 cot 0 + 5 sec 0 tan 0 = 0 

- 7 £211 +5 ^± = o 

sin* 0 cos’ 0 

— 7 cos* 0 + 5 sin* 0 = 0 

that is, if 

tan* 0 = y or tan 0 = (y) M 


Evidently. I has no maximum, and the angle 0 whose tangent is (J)* 4 gives a minimum. 
The second derivative can be evaluated to test this conclusion if desired. It is now 
necessary to find the value of l corresponding to this value of 0. If tan 0 = (£) w , 


sec 0 
cot 0 


V 1 * w 


i + 

(f)“ 


V5’ 4 + 7” 


CSC 0 = -V / 1 + 
Substituting these values into (5) gives 

l 


+ * ( 0 “ 


6* 


Vl" + 5 « 


, V " ?i + 5 ?i , „ VS* 4 + 7” 
/ --—- + 5 • — 


7» 


5» 


V?* 4 + 5* 4 (7» + 5* 4 ) = (7* 4 + 5* 4 )* 4 


( 6 ) 


This is the exact minimum value of l. It is easily approximated by use of an ordinary 
table of squares, square roots, cubes, and cube roots. From such a table, we find that 

7 » = 49 » = 3.66 
5 * = 25> 4 = 2.92 
7» 4 + 5* 4 = 6.58 
( G . 58)* 4 = ( 2 . 57 )* = 17.0 

The shortest ladder is, therefore, approximately 17 ft. long. If only an approximation 
to the length of the shortest ladder is required, the angle 0 could be found, first by 
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getting (-y)** => (1.400)** = 1.119, then using a table of tangents, secants, and cose¬ 
cants to calculate l from (5). However, we cannot, in general, obtain the exact value 
of l in this way. For this reason the method resulting in expression (6) is to be 
preferred. 


EXERCISES 

1. A rectangular strip of sheet iron is bent in the middle to form a gutter. What 
angle between the sides gives maximum carrying capacity? 

2. Find the altitude and radius of the right circular cone of maximum volume with 
given slant height s. 

3. Solve Exercise 23, page 90. 

4. Solve Exercise 24, page 90. 

5. Solve Exercise 25. page 90. 

6. Find the altitude h of the right circular cone of maximum convex surface 
inscribed in a given sphere of radius a. 

7. Find the altitude A of the right circular cone of maximum volume inscribed in a 
given sphere of radius a (Exercise 31. page 91). 

8. Find the altitude of the right circular cylinder of maximum volume that can 

be inscribed in a sphere of radius a. 

9. Find the altitude of the right circular cylinder of maximum convex surface 
that can be inscribed in a given sphere of radius a. 

10. One side of a triangle is 20 ft. and the opposite angle is 50 deg. Find the other 

angles so that the area will be a maximum. 

11. A wall a ft. high is b ft. from a building Find the length of the shortest ladder 
that will clear the wall and rest with one end on the ground and the other on the 
building. 

12. A steel girder 30 ft. long is moved horizontally along a passageway 10 ft. wide 
and around the corner into a hall at right angles to the passageway. Neglecting the 
width of the girder, find how wide the hall must be to permit this. 

13. Two hallways arc at right angles to one another, one being 10 ft. and the other 
15 ft. wide. Find the length of the longest steel girder that can be moved horizontally 
around the corner (neglect width of girder). 

14. Solve Exercise 13 if the hallways are. respectively, a and 6 ft. wide. 

16. Show that the isosceles triangle with fixed perimeter and maximum area is 
equilateral. 

16. The lower edge of a picture 7 ft. high is 9 ft. above the level of an observer’s eye. 
How far should the observer stand from the wall in order to see the picture to the best 
advantage? (Note: He should stand so that the angle between the lines from his 
eye to the top and bottom of the picture is a maximum.) (Hint: An acute angle is a 
maximum if its tangent is a maximum.) 

17. An isosceles trapezoid has its equal sides 10 in. long, and the shorter of the two 
parallel sides 17 in. long. Find the base angles and the longer of the two parallel sides 
when the area is a maximum. 

18. An arc light hangs above the center of a circular enclosure of radius a. How 
high should the light be hung if a narrow path around the edge of the enclosure is to 
be most brightly lighted? It is known that the illumination varies inversely as the 
square of the distance from the source of light and directly as the cosine of the angle 
of incidence. 

19. A rectangular strip of sheet iron a in. wide is to be bent to form a gutter whose 
cross section is an arc of u circle. What radius will give maximum carrying capacity? 

20. Two sides and the included angle of a triangle are. respectively, z, y, and 4. 
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If i is increasing at the rate of 2 ft. per minute, y is increasing at 3 ft. per minute, 
and 0 is increasing at 1 deg. per minute, find how fast the area is changing when 
i = 40 ft., y = 75 ft., 0 = 30 deg. 

21. Solve Exercise 20 if x is increasing at 2 ft. per minute, y decreasing at 3 ft. per 
minute, and 0 decreasing at 1 deg. per minute. 

22. The slant height of a right circular cone is 4 in., and the angle at the vertex is 20. 
If 0 is increasing at the rate of 2 deg. per second, how fast is the volume changing 
when 0 = 30 deg.? 

23. The hypotenuse of a right triangle is 20 in. If one of the acute angles decreases 
at the rate of 5 deg. per second, how fast is the area decreasing when this angle is 
30 deg. ? 

24. In the figure, 0 is decreasing at the rate of 2 deg. per second. How fast is /’ 
moving down AB when 0 = 30 deg.? 

B 



44. The Inverse Trigonometric Functions. Suppose we have y a func¬ 
tion of x defined by the equation 

sin y = x (7) 

This is a brief way of stating that y is the measure of an angle whose sine 
is x. If we wish to find the inverse function (Art. 25), we must solve this 
equation for y. This gives 


y = aresin x 



which is simply another way of saying that y is the measure of an angle 
whose sine is x.* The notation sin -1 x is frequently used for aresin x, but 
we shall avoid it because of possible confusion with (sin x) -1 and to pre¬ 
serve consistency in exponential notation. Since equation (8) is merely 
another way of writing equation (7), both equations have the same 
graph, which is shown in Fig. -1/. Note that the graph can be obtained 
by reflecting the curve y — sin x in the line y = x, for by interchang¬ 
ing x and y we obtain the given equation x = sin y. Now it is obvious 
that lor uny given x, between — 1 and 1 inclusive, y may have infinitely 


many values. For example, if x = \ a/2, y = tt/4, 3n-/4, 9 tt/ 4, llir/4, 
. . . , —5ir/4, — 4, .... Since we prefer to deal with single-valued 

functions, we shall classify the values ot aresin .r as follows: For a given 
x the value of aresin x between -tt/2 and tt/2 inclusive shall be desig- 


* If we draw a circle with center at the vertex of the angle whose measure is y, the 
arc subtended by this angle also has measure y. Therefore y is the arc whose sine is x. 
Hence the notation. 
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nated as the principal value and as belonging to the principal branch of 
the function; the values of arcsin x between ir/2 and 3*-/2, 3 tt/ 2 and 
5 jt/ 2, etc., between -ir/2 and -3 tt/2, -3jt/ 2 and -5rr/2, etc., shall be 
designated as belonging to other branches of the function (see Art. 3). 

Thus, if x = j \/2, then y = t/ 4 is the principal value. Our function 



may now be thought of as consisting of infinitely many branches, each 
one of which (and in particular the principal branch) is, by itself, a single¬ 
valued function of x. The principal branch of arcsin x is shown by the 
heavy line in Fig. 47. 

In the same way, y = arccos x, y - arctan x, y = arccot x, y = arcsec x, 
y = arccsc x consist of infinitely many branches. Their graphs are 


X 


7r 




-’ *5 


0 

- 


X 

. 2L 

~ , —— 

2 



' y— arc tan X 

- M r 



Fio. 49. 


I 


--- ^Z7T 


ilt 

2 

7r 


T 

L_ 


X 

T' 


2 

^— — 


^^I/=arccot x 


Fia. 50. 


shown in Figs. 48 to 52, the principal branch being indicated in each case 
by a heavy line. 

For future work, it is most important for the student to keep clearly 
in mind the fact that we shall, in general, restrict our attention to the 
principal values of the inverse trigonometric functions. For convenience, 
these are listed below. 
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—tt/ 2 ^ arcsin x ^ ir/2 that is, the measure of the angle of 
smallest numerical value whose sine is x 
0 ^ arccos x ^ tt that is, the measure of the smallest positive 
angle whose cosine is x 

—tt/2 < arctan x < tt/2 that is, the measure of the angle of 
smallest numerical value whose tangent is x 
0 < arccot x < tt that is, the measure of the smallest positive 
angle whose cotangent is x 
—t ^ arcsec x < —v/2 for x S — 1 
0 ^ arcsec x < t/2 for x ^ 1 
—r < arccsc x ^ —tt/2 for x ^ —1 
0 < arccsc x ^ tt/2 for x ^ 1 

Thus, arcsin £ = *■/6, not 5x/6, etc.; arccos ( — 1) = not Sr, etc.; 
arctan 1 = ir/4, not 5ir/4, etc.; arccot y/3 = n/Q, not 7ir/G, etc.: 




arcsec ( — \/2) = —Ztr/A, not 3ir/4, etc.; arccsc (—\/2) = — 3w/4, not 
— t/ 4, etc. The student should compare these statements very carefully 
with the graphs of the functions involved. 

We shall designate as principal values of the inverse trigonometric func¬ 
tions those shown in the above list. However, it is not unusual to find a 
somewhat different classification, as follows: The principal value of 
arcsin x is defined to be the measure of the numerically smallest angle 
which has the same sign as x, whose sine is x. Similar definitions are 
given for the principal values of arctan x, arccot x, arccsc x. These 
values then all lie between -ir/2 and tt/2. The principal value of 
arccos x is defined to be the measure of the smallest positive angle whose 
cosine is x; a similar definition is given for the principal value of arcsec x. 
These values, therefore, all lie between 0 and ir* These definitions agree 

* See, for example, E. W. Hobson, A Treatise on Plane Trigonometry, 4th ed., 
Cambridge University Press, New York, 1918, pp. 32-33. 
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with ours for arcsin z, arccos x, arctan x. For our purpose, they would 
have the following disadvantages in the case of the other three inverse 
trigonometric functions: arccot x would be discontinuous at x = 0; the 
graphs of arcsec x and arccsc x would have, respectively, a positive slope 
and a negative slope. The reader should check these statements with 
Figs. 47 to 52. Since the choice of the principal branch of any one of these 
functions is quite arbitrary, we make the choice that proves to be most 
convenient for our use. 

If the student is not already well acquainted with the elementary 
properties of these functions, he should refer to any standard trigonome¬ 
try text for review. 

46. Differentiation of the Inverse Trigonometric Functions. To find 
the derivative of arcsin x, we use the fact that, if y = arcsin x, the inverse 
function is sin y = x. Since 

dy _ 1 

dx dx 


(Art. 25), we have 



Now 


dx 

~r - cos y 

dy 


and 


dy _ 1 

dx cos y 


cos y = Vl “ sin 2 y “ \/l - z 2 


where the plus sign is taken for the square root since we shall use the 
principal value of y, namely, — jt/2 ^ y ^ ir/2, and therefore cos disposi¬ 
tive. Hence, 

dy = 1 

dx Vl - 


If u is a function of z with derivative 


du 

dx' 


we have 


* 


(arcsin u) 
ax 



y/\ - u 2 


The derivatives of the other inverse trigonometric functions are found in 
a similar manner using principal values, as follows: 

If y = arccos z, then cos y = z. Hence 


dx 

dy 


— sin y 



dy 

dx 


1 

sin y 


1 

y/l — z* 


Here, since 0 ^ y ^ ir, sin y = ~ x3 must be positive; therefore, 

we take the plus sign for the square root. In general 


* 


~ (arccos u) = 
ax 
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If y = arctan x, then tan y = x, 


dx 

-T- = sec- y 

dy 


and 


1 


1 


In general 


Tx (ar ° tan U) ” 1 + a’ 


dx sec 2 y 1 + x- 

du 
dx 


II y = arccot x, then cot y = x, 
dx 


dy 

In general 


= — esc 2 y 


and ^ - 


dy 

dx 


1 


csc* y 


1 + 


dx 


(arccot u) = — 


du 

dx 


1 + u 


If y = arescc x, then sec y = x, 

^ = sec y tan y and 
Now, if x 2s 1, then 0 ^ y < ir/2 and 


1 


dy = _ 

dx sec y tan y 


tan y = -f- y/scv- y — 1 = y/x- — 1 
If x ^ —1, then —r ^ y < —n/2 and again 


tan >/ = -f v / sec 2 y — \ = y/x- — \ 
Therefore, in all cases 

dy 


l 


dx 


In general 


\/* 2 - 1 


du 

d , s dx 

•j— (arcsec u) = - —- 

dx U Vu 2 - 1 


If y = arccsc x, then esc y = x, 

dx 

dy = ~ csc y cot y 

Now, if x ^ 1, then 0 < y ^ x/2 and 


and 


-1 


dy = _ 

dx csc y cot y 


cot y = + Vcse 2 y - 1 = y/x* - 1 
If x ^ —1, then —7r < y ^ — jt/2 and again 


cot ?/ = + \/csc ; y — 1 = \/x- — 1 
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x* - 1 


In general 


* dx < arccsc “ - V„. - ! 

It is now clear why the principal branches of these various functions 
were chosen as explained above. The choice enables us to express the 
derivative of each function with no ambiguity of sign. The student 

should recall that ^ is the slope of the curve and should again inspect 
Figs. 47 to 52. 

dy x * 

Example 1. Find — if y = arcsin —■ -tr.tr- 

dx 3 


2x/3 




Example 2. Find ^ if y = arctan y/l + z. 

dx 


x 4 y/9 - x* 


dy = 1/(2 V 1 + x) _ 1 

dx " 1 +(!+*) 2(2 + i)\/l+i 


dy 

Example 3. Find — if y » x* arcsec x*. 

dx 


dy 2x 

— « x*- - + 2x arcsec x 

dx x* -v/x* _ x 


* ■« 2x ( — y==? 


+ arcaec x' 


dy 

Example 4. Find — if 

dx 


» " \ [ ( * - 


a) v 2 ax — x 1 + a* arcsin 






a - x 


\/ 2ax - 


+ x/2ax — x* + a* • 


V' - C^)' 


dy _ 1 f — (a - xY + 2ax - x* x a* ~1 

dx 2 ^ y/2ax — x* "v/a* — (x — a)*J 

1 / -a* + 2ax-x* + 2ax-x* + a*\ - 

“*V- 
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Example 6. A ladder 20 ft. long leans against a vertical wall. If the top slides 
downward at the rate of 4 ft. per second, how fast is the angle between the ladder 



and the floor changing when the bottom end of the ladder is 
Fig. 63, we have given y «= -4 ft. per second. We wish 
when x = 16. We have 0 = arcsin (y/20). Therefore 


16 ft. from the wall? In 
dO 

to find — at the instant 
dl 


_L 

dO 20 dt 



dy 

dl 

y /400 - y 1 


1 dy 
x dl 


at any time t. In particular, when x = 16, 

dfll —4 (ft./sec.) 

* J z -18 = I® (ft.) 


-radian/sec. 

4 


Hence, the angle is decreasing at the rate of radian per second at the instant in 
question. 


EXERCISES 


Find the derivative of each of the following functions (Ex. 1 to 42): 


1. y =» arcsin 4x 

2. 

z -» arcsin (x/5) 

3. z *= arccos (3x/4) 

4. 

y => arccos y/z 

5. y = arctan x 1 

6. 

1 

y = - arctan - 



a a 

7. y arccot y/ x/3 

8. 

0 = arccot (1/x) 

9. = arcsec (1/x) 

10. 

0 «= arcsec (3x/5) 

11, z «=- arccsc x* 

12. 

z «= arccsc (a/x) 

13. y = arcsin y/x* — 1 

14. 

y = arcsin x 4 

16. y «= arcsec (3x — 5) 

16. 

2 

y = arcsin- 



x - 1 

17. y “ arccot (z*/a % ) 

18. 

a 

z — arcsec —. — 



y/a 1 — y 1 

19. a = arcsin (2 1 — 1) 

20. 

z = arctan (tan y) 

. x — a 


1 a 

21. y ■■ arcsin - 

22. 

y *= - arccot - 

a 


a x 
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23. y =■ \/y arctan 
25. z = arctan 


v5 

Vi 


y + k 


27. y — arcsin 


1 - ky 
” (* - 0 


29. y 


arcsin 


i* — a* 
i* +a* 


31. w = u* arctan (u/3) 

S3, y <= 2x arcsin 2x + y/l — 4x~» 
34. 8 = k arcsin (t/k) + y/k* — t* 


24. z = arctan 
26. z = arctan 
28. y = arccsc 



30. y = x* arcsin 3x 
32. y = arcsin y/x/a 


85. y 

86. y 

37. y 

38. y 

39. y 
41. y 


(x* + a*) arctan- ax 

a 


y/x* — a* + a arcsin (a/x) 
x -v/a* - x* + a* arc sin (x/a ) 
a arcsin y/xja + \/ax — x* 
2 \/x — 2 arctan \/x 
(arctan 3x)* 


40. w =» t» V 1 - + arcsin t» 

42. y = (arcsin x*)’ 


43. Explain what modifications in the differentiation formulas of Art. 45 are needed 
if the inverse trigonometric functions are not restricted to their principal values. 

44. A man is walking at the rate of 6 ft. per second away from the base of a tower 
60 ft. high standing in a horizontal field. A sentry on top of the tower keeps a rifle 
pointed at the man. At what rate is the angle between the rifle and the vertical 
changing when the man is 80 ft. away from the base of the tower? 

46. A balloon, leaving the ground 600 ft. from an observer, rises at the rate of 
100 ft. per minute. At what rate is the angle of elevation of the observer’s line of sight 
increasing after 8 min.? 

46. A ladder 15 ft. long standing on a horizontal floor leans against a vertical wall. 
If the top slides downward at the rate of 18 in. per second, find the rate at which the 
angle between the floor and the ladder is decreasing when the lower end of the ladder 
is 9 ft. from the wall. 

47. A kite is 90 ft. high with 150 ft. of string out. It is moving horizontally at 
5 m.p.h. directly away from the man flying it. Assuming the string to be in a straight 
line, find the rate at which the angle between the string and the horizontal is changing. 

48. A rotating beacon light is 300 ft. from a fence upon which it casts a spot of light. 
If the beacon makes two revolutions per minute, how fast is the spot moving when at 
the point nearest to the light? How fast when 60 ft. down the fence? 

49. Solve Exercise 16, page 109. 

60. A man on a wharf 20 ft. above the water pulls in, at the rate of 4 ft. per second, 
a rope to which is attached a small boat. Find the rate at which the angle between 
the rope and the surface of the water is changing wheu there are 25 ft. of rope out. 



CHAPTER 7 


DIFFERENTIATION OF LOGARITHMIC 
AND EXPONENTIAL FUNCTIONS 


46. The Exponential Function. In our work so far we have made use of 
only rational powers of a number. In fact, in algebra the number a x 
(a > 0) has a meaning only for rational values of x. Thus, if x = p/q, 

then n* means the gth root of the pth power of 
a. It becomes important to give a z a definition 
for x irrational. Now it can be shown, al¬ 
though the proof will not be given here, that, 
if x takes on any sequence of rational values 
whose limit is an irrational number x 0 , then a z 
approaches a limit 6. We shall define a Xo = b. 
The function a z (for a a positive constant) is 
now defined for all real values of x. It is continuous and can be shown 
to obey the familiar laws of exponents previously associated only with 
rational exponents, namely, 

a* ■ a’ = a x+x and (o')-' = a x: 

The graph of y = a x is shown in Fig. 54 for a > 1. Evidently the curve 
passes through the points (0,1) and (l,a) whatever a may be. 

47. The Number o. There is a certain expression whose limit plays 

a very important role in mathematical analysis. This expression is 
i 

2 — (1 4- t) 1 . If values of t are assigned, z will have values as indicated 
in the following table: 



L 

1 

0.1 

0.01 

0.001 

0.0001 

0.00001 

z 

2 

2 50-1 

2.705 

2.717 

2.7182 

2.71827 


It looks as if z might approach a limiting value whose decimal represen¬ 
tation begins with the four digits 2.7IS when / — 0. This is indeed the 
case, although we shall not present the proof here. In fact, it can be 
shown that 


its 
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1 

lim (1 + if = 2.718281828459 . . . 
o 

This number is denoted by e* 

It has been shown that e is a transcendental number; that is, it is not 
the root of an algebraic equation with rational coefficients. Since it is, 
therefore, not a rational number, it is not represented by a repeating 
decimal. It is also possible to show that 

i 

lim (1 + xty = e x f 
o 

The special case of the exponential function of Art. 46 in which we set 
a = e, giving y = e x , is of great importance in our future work. 

Example 1. A function of considerable importance in the theory of probability and 
statistics is of the form y = he"*' (k a positive constant). Note that its graph is 
symmetrical to the y axis, that it passes through the point (0,Ar), and that y decreases 
as x increases from zero. This curve (Fig. 55) is called the probability curve or normal 
frequency curve. 




Example 2. The function z « e sin col (where a and w arc positive constants) 
ia of importance in mechanics. To draw the graph (Fig. 56), first sketch lightly the 
curves z =* e~ ai and x — — e~ al . Values of x corresponding to given values of l are 
obtained by multiplying the ordinates of x = e by sin cot. 

Since —1 g sin cot g 1, points on our required graph lie on or between the two 

curves just sketched. When t is a multiple of w/w, x is zero. When t is an odd 

multiple of y/2w, x is equal either to e~ al or to —e~ at . 

l 

Example 3. If y - e x t we note that for z = 0 the function is not defined. When 
x —♦ — co, y—♦ X (remaining always less than 1); and as x increases through negative 
values toward zero, y decreases and approaches zero as z —* 0~. (Consider, for 
instance, z - — then 1/z = —100 and y — e" 100 , which is very small.) 

On the other hand, when z—* 0*, y—► +«. As x increases through positive 
values, y decreases; and as z —♦ + ♦ 1 (remaining always greater than 1). The 

graph is shown in Fig. 57. 

• It ia possible to calculate e to as many places of decimals as desired. It has, for 
instance, been calculated to 346 places by J. M. Boorman, Mathematical Magazine , 
vol. 1, p. 204, 1884. Modern computing machines provide a means of making such 
calculations readily. 

t Proofs of this and of most of the other statements in Arts. 46 and 47 are readily 
accessible, for instance, in Lloyd L. Smail, Elements of the Theory of Infinite Processes , 
McGraw-Hill Book Company, Inc., New York, 1925, pp. 38ff. 
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EXERCISES 

In Exercises 1 to 25, sketch the graphs of the functions. 

1. y — x* and y =■ 2* on the same scale; compare the appearance of the two graphs. 


2. 

y 

=. 

2“* 

8. 

y 

=» 

2*‘ 

4. 

y 

- 

3**; compare with y = 2**. 

6. 

y 


10*; compare with y 

6. 

V 

ca 

(•?)*; compare with y - 3*. 

7. 

y 

- 

x ■ 2* 

8. 

V 


*(«' - «-') 

9. 

y 


£( e * + e~ m ) 

10. 

X 

- 

ein t 

11. 

X 


e~* cob t 

12. 

X 

= 

& — sin t 




l 




1 

18. 

y 

- 

10* 

14. 

V 

ea 

10 * 

16. 

y 


x • 

16. 

V 


x 7 • r* 

17. 

V 


e 1_ * 

18. 

V 






l 




1 -X 

19. 

y 

«=» 

e 1 ”* 

20. 

V 

*= 

C l+X 




L±* 




20 

21. 

y 


e 1 “* 

22. 

V 


1 + t* 

23. 

y 


20 




20 




1 + e~» 

24. 

V 

** 

1^ 




20 




1 + ** 

26. 

V 


1 


1 +« * 

28. On the same set of axes, draw graphs of y = a* for a — a =* a — 1, a — 2, 
o — 4. Describe the effect of the value of a upon the appearance of the curve. 

48. Logarithms. The student has become acquainted in earlier 
courses with the use of logarithms for the purpose of making calculations. 
We shall define the logarithmic function to be the inverse of the exponen¬ 
tial function. Thus, if 

x = a v 

then y = log* x 

For convenience we shall require a, called the base, to be greater than 1. 
Thus, the logarithm of x to the base a is the ex-poncnt of the power to which 
o must be raised to produce x. Since a v = x, it is at once clear that, if y 
is to be real, x must be positive. Other properties are also evident: 
Negative numbers do not have real logarithms. 

If 0 < X < 1, loga X < 0. 
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If x = 1, logo x = 0. 

If x > 1, log 0 x > 0. 

As x —* 0 + , logo x —► — co . 

Ab X —» + CO, logo X—*+°o. 

The function is single-valued and continuous for all positive x. The 
graph is shown in Fig. 58. 

There are only two bases ordinarily used for systems of logarithms, 
namely, 10 and e. Logarithms to the base 10, called common logarithms, 
are extraordinarily handy for making computations, for the fractional 
part of the logarithm (mantissa) depends only upon the sequence of digits 
in the given number and not upon the position of 
the decimal point. However, logarithms to the 
base e, called natural or napierian logarithms, are 
much more convenient in mathematical analysis for 
many reasons, some of which will presently appear. 

Consequently, we shall make use of natural loga¬ 
rithms in the major part of our work and shall al¬ 
ways write In x instead of log, x. We shall ordinarily write log x instead 
of logio x for the common logarithm of x. 

In case we have available a table of common logarithms and wish to 
find the natural logarithm of a given number, we may use the formula for 
change of base: 

log* x = (logfc a) log a x (1) 

Hence In x = (In 10) log x 

Similarly log x = (log e ) In z 

Note that if in (1) we take x = 6, we have 



so that 


1 = Iog6 6 = (logfc a) logo b 

logo b = .—-— 
log* a 


The number M = log e = 0.43429 (to five places of decimals) is called 
the modulus of the system of common logarithms; we shall follow the 
usual custom and denote it by M. Note that, from (2), 

In 10 = l/M = 2.30259 

(to five places). 

49. Derivative of the Logarithm of x. In order to find the derivative 
of logo x, we proceed by the familiar method, as follows: 

y + Ay => logo (x + Ax) 

Ay = logo (x -|- Ax) - log, x 

- ■» 4 ^ - *. (■+") 
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We cannot evaluate this limit directly, and so we resort to a special 
device. Multiplying numerator and denominator by x, we have 


and therefore 



To evaluate this limit, we note that, if we set t = — > then, as Ax —* 0, 
t —► 0. Hence the expression on the right-hand side becomes 

- lim loga (1 + t)t 

X (-0 


Since the logarithm is a continuous function, this is equal to 

-logalim (1 + t)t = — logo e 
x <-*o x 

Therefore = - log a e. In general, if u is a differentiable function of x, 
dx x 


* Tx Oog ° u) = l (,og “ e) S 

If we take c as our base of logarithms, loga e = In e = 1 and 

d .. . 1 du 

* j- In u = - r 

dx u dx 


This last result indicates the convenience of using e as a base of loga¬ 
rithms, for the cumbersome factor logo e reduces to unity. The student 
will also notice that we have not made use of the restriction that a > 1. 
The formula for the derivative of the logarithm is therefore true for any 
a > 0 except o = 1. 

Example 1. Find — if y = log (x* + 9). 

dx 


dy 2 x , 2Mx 

— = -loe c » - 

dx x* + 9 * + 9 

Example 2. Find if y =» In 57x*(x* + 4)*(4x — l) 4 . The differentiation will 

dx 

be very much simplified if the expression on the right-hand side is first reduced to 
simpler form. We obtain 
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V = In 57 + 3 In x -f 2 In (x* + 4) -f 4 In (4x — 1) 
dy _ 3 2 • 2x 4 • 4 

dx x x’ + 4 + 4x - 1 

= 44x» - 7x» + 112x - 12 
x(x* + 4)(4x — 1) 
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If the student will perform the differentiation without first reducing to a sum of 
simpler logarithms, he will see the ad vanta ge of the method used here. 

Example 3. Find ^ if y “ In x Again il is of 8 rcat advantage first to 

reduce the right-hand expression. 


y - 7(ln (1 + X) - In (1 - x)l 

dy = l / l l \ = l 

dx 2 \1 + x 1 — x) 1 — x* 


Observe that y is real only if — 1 < x < 1. 

Example 4. Find ^ if y - log* (3x + 4). This notation is commonly used for 
dog (3x + 4)]*. 


dy 

dx 


(2 log (3z + 4)1 



log e ■= 


6M log (3x + 4) 
3x + 4 


Example 6. 


dy 

Find — if y = In In z. 
ax 


This notation is coramonJy used for In (In x). 


dy 11 1 

dx In z x z In z 


60. Logarithmic Differentiation. It is frequently of considerable 
advantage to take the logarithm of a function before differentiating. For 
example, suppose we wish to calculate the derivative of a product by this 
method. Let y = uv, where u and v are differentiable functions of x. 
We may first take logarithms as follows: 


Differen tiati ng, 


In y = In u + In v 

1 dy _ 1 du I dv 

y dx u dx vdx 

dy du , dv 

dx V dx U dx 


EXERCISES 


Find the derivative of each of the following functions (Ex. 1 to 46): 


1- V - In (x - 2) 

2- V 

= In (3z + 7) 

8- o m in 6i o 

4. z 

- In (15 - 8x) 

6- V - In (x* - 9) 

6. y 

= In (4x* -f 11) 

7. * - In u(3u - 1) 

8. z 

“ In u * 

9- V - In (5x + 1)* 

10. y 

- In z*(3z -f 1) 

U. V - In (x* + l)(x* - 8) 

12. 8 

- In (41 - 7)*(3l + 2) 
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13. y - In (9 - 3z)(4 + 6x) 


15. a 

17. y 
19. z 


In 


5-2 1 
5+2 1 


In y/x* + 16 
log (31* - 5< + 1)* 


21. y - log (5z* + 7z + 1) 
23, y = In sin $ 


25. z *= In cos 3 <p 

27. y « log sec 
29. r — log C6C* 6 
31. y « In* tan 2x 
33. r « In In tan 0 

36. s =* \/ln / 

37. r » In in 3 cot 0 

39. y = sec x In sec x 


41. t; 

43. r 
45. y 


log u 


u 


ln Vrr 


tan 0 


tan 0 
log tan* -yx 


dd*u 

Find — and — (Ex. 46 to 50), 


14. y — In 
16. y = In 


x* + 1 
x* - 1 

(z + 4)(2z - 3) 


18. a 
20. y 

22. y 

24. y 

26. z 

28. r 
80. r 
82. y 
84. z 
86. y 
38. y 

40. z 
42. xo 
44. r 


x — 4 

In (<* - 27)** _ 

log y/(x + 2)(x - 3) 

log 


/ 1+x 
-x 


In sin* 0 


In tan 


(; + 0 


log cot 
log 1 sin 3 6 
In In (x + 1) 
In In In x 

In In x 1 
X* In x 
In cos y 
cos y 


V 


— sin B 


+ sin 0 
In -\/T + cos 0 


46. y = In z 

48. y = In y/x 
60. y — In* z 


47. y — In sin z 
49. y - In z* 


In Exercises 51 to 56, find — by taking the logarithm of both sides before differenti¬ 


ation. 


51. y 
53. y 

66. y 


(z + 3)‘(z - 1)* 

(2z + 5)“(3z - 1)« 
(3x» - 5)* 

(z* - 9)* 


62. y 
64. y 

66. y 


(z* + 4)*(x* - 9)* 
(x* - 6)«(x* + 7)* 4 
(x + 1)* 

(x - 3)* 


57. Use logarithmic differentiation to derive the formula for — if y =• uvw where 

dx 

Uj v, w arc differentiable functions of x. 

68. Same as Exercise 57 for y =» u/v 

69. For what values, if any, is log« x(a > 1) an increasing function? A decreasing 
function? 

60. Find the equation of the tangent to the curve y ~ In x at the point (xi,y a ) on 
the curve. Find the y intercept of the tangent. Can the result be used to construct 
the tangent at any point of the curve? If so, how? 
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ei. Find the equation of the tangent to y - In x that is parallel to the line 

2x - y + l - 0 

62. Find the equation of the tangent to the curve y ~ In z perpendicular to the line 
3z + 2y — 7 ~ 0. 

63. Find the equation of the normal to the curve y = In {\/z) having slope 2. 

64. Can a tangent with slope -f be drawn to the curve y •= In z? Explain vour 
answer. 

65. Find ^ if y — In *. 

dx* 

61. Derivative of the Exponential Function. Since the exponential and 
logarithmic functions are the inverses of one another, we can find the 
derivative of o* as follows: 


and therefore 
Therefore 

Consequently 


dy 

dx 


V = a* (a > 0) 
log a y = x 
dx 1 
Ty = y {o *- e 

1 V , 

= y In a = a 


dx 

dy 


logo e 


In a 


(see Art. 48, formula (2)]. 

In general, if y = a u where u is a differentiable function of x, 


* 



« du 

a u -j- In a 
dx 


If a = t, so that y 

* 



we have 


£<*■> 



Example 1. 


dy 

dx 


2x) - 


du 

dx 


— 2xc~ m ' 


Example 2. If y - 10* 10 •, 


dy 

dx 


10 *‘® • • cos x • In 10 - (10* ln •) • 


CQ8 x 

M 


Example 8. If x - e~ at • «in <4, 


dx 

— — <j* a{ • coa ut — ae~ ai • sin wi 
<U 

— e~ ml (u> coo U — a ain U) 

We are now in a position to prove the formula for the derivative of 
*• for any given constant n, rational or irrational. To this end we 
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observe that 

y = x n = e la ** = e n ln x 

Whence ~ = e n ln 1 • - = x n ■ - = nx n ~ 1 

ax xx 


The reader will recall that this formula was derived in Art. 18 for n a 
positive integer. We have now established it for any power of x* 

62. Derivative of u e . We have learned how to differentiate u n , a 
variable to a constant power, and a v , a constant to a variable power. 
Suppose we have a variable to a variable power, y = u", where u and v 
are differentiable functions of x. 

We express our function in the following way: 


Differentiating, 


or 

* 



= u v — gin u* _ qV Id u 


= e vln “ 


n (v ,n u) 



— ( u *) = v • 
ax 



This formula is easy to remember if we observe the appearance of the two 
terms: only the first term would be obtained if v were a constant; only 
the second term would be obtained if u were a constant. Note further 
that the derivatives of u n and a v are included in this formula as special 
cases. 

Example. If y - x*’, find Here u =■ x, t; - xK Hence 

dx 

= zHr*’" 1 ) • 1 + x*’(ln x) ■ 2x 

= z*'* x + 2x* , * l (ln x) 

= x* ,+ «(l + 2 ln x) 


EXERCISES 

Find the derivative of each of the following functions (Ex. 1 to 37): 

1- V = c 11 2. y = e~* 

O 

3. 2 = e ,I+l 4. 3 ~ e 2 

* Strictly speaking, we have proved this only for x positive (since ln x is real only 

for positive x). Somewhat more detailed consideration is necessary to establish 
the formula for negative x. 
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DERIVATIVE OF W* 

6. s = e* ,+4 

6. 

r - e*‘“ 9 

7. r =■ e Un9 

8. 

y «=* ze x 

9. y = x*e _ * 

10. 

y - 10-‘ f 

11. y ™ 2** 

12. 

y “ 3* 1 

13. « - 

14. 

s = e—* 

16. v = e loM 

16. 

v = e* sin u 

17. w = e*“ cos 3ti 

18. 

y = x In e* 

19. r = 0c Un9 

20. 

y = sin e x 

21. y => cos 1 e ,x 

22. 

y = cot 10 x 

23. y = arcsin e lx 

24. 

y «= arctan e* 
% 

26. s = arcsec <r* 

26. 

8 = C*‘/t* 

27. z = c-*’/x 

28. 

y = i* 

29. y = x»' 

30. 

y = (sin x) s 

31. y = (In x)* 

32. 

y = x r " 

33. y = x»* 

34. 

y = x ,DX 

1 


d n y 

36. y = x*“* 

36. 

Find — if y 
dx* 


d n v 

37. Find —^ if y 
dx n 


xt 


38. For what values of x, if any, is y = e* increasing? Decreasing? Concave 

upward? Concave downward? « » 

39. Find the equation of the tangent line to the curve » - e* at the point where 

2 40.° Find any maximum, minimum, and inflection points, and sketch the curve 

y _ Th i, our ve is important in the study of probability and statistics. The 

"normal law of error” is represented by a curve essentially of this form 

41. A rectangle has one side on the x axis and the ends of the opposite side on the 
curve y = e-\ Find the vertices if the area of the rectangle is a maximum 

42. (a) Find any maximum, minimum, and inflection points, and sketch the curve 


1 + e" 


(h) 


Find the equation of the tangent at the point of inflection. 


43. Same as Exercise *10 for ^ + 

tistical study of population growth. 


x *6 


This curve is important in the sta- 


44. If ^ is assumed to exist where y - use logarithmic differentiation to find 
dx 


the formula - - nx-‘. Note: The method of logarithmic differentiation serves as a 

means of calculating this derivative, but it does not establish its existence as does the 
method of Art. 51. 

46. If - is assumed to exist where y = and u and «■ arc differentiable functions 
of x, use logarithmic differentiation to find the formula of Art. 52. Note: This method 
does not establish the existence of ^ (as does the method of Art. 52), but it »r a con¬ 
venient method for calculating the derivative in special cases as well as in the general 
case. 
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46. Uso logarithmic differentiation instead of the formula of Art. 52 to solve 
Exercises 28 to 35. 

47. Find ~ for Exercises 13, 19, 21, 24, and 25 on page 120. 

dx 


63. Hyperbolic Functions. Certain combinations of exponential func¬ 
tions occur frequently, and it is convenient to designate them by means of 
special names and notation. For instance, e x often occurs in the com¬ 
bination ?(e x — e - *). This particular function is called the hyperbolic 
sine of x and is denoted by the symbol sinh x or by the shorter sh x. 
The curve whose equation is y = £(e* + e -x ) is called a catenary curve 
(a perfectly flexible string, if allowed to hang of its own weight from two 
supports, will assume the shape of a catenary). The combination of 
exponential functions on the right-hand side of this equation is called the 
hyperbolic cosine of x and is denoted by cosh x or ch x. The hyperbolic 
sine and cosine are combined in various ways to define the hyperbolic 
tangent, hyperbolic cotangent, hyperbolic secant, and hyperbolic cosecant. 
Thus we have the following definitions of the hyperbolic functions: 


sinh x = 
cosh x = 
tanh x = 
coth x = 
sech x = 


e* — e~* 

2 

e x + c~ x 
2 

sinh x _ e x — c~ x 
cosh x e* -f- e~ x 
1 = e x + e~ x 

tanh x e x — e~ x 
1 = 2 
cosh x e* + e~ x 


csch x = -T-T-— = -—- 

sinh x e x — e~* 


These functions are related to an equilateral hyperbola in somewhat the 
same way as the trigonometric or circular functions are related to a circle, 
although in the above definitions x is not to be regarded as the measure of 
an angle. The discussion of this relationship will be deferred to Chap. 19. 
Furthermore, their relations with one another are analogous to the 
familiar identities of trigonometry. The investigation of many of their 
properties will be left as exercises for the student. Tables of sinh x, 
cosh x, and tanh x are included in an}' good set of mathematical tables. 

Derivatives of these functions are easily found by use of their defini¬ 
tions: If y = sinh x = ^(c* - e-*), then ^ = I ( e * -f e ~ x ) = cosh x. In 
general, therefore, 


^ (sinh u) = cosh u ^ 


★ 
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^ (cosh u) = sinh u ^ 

4- (tanh u) = sech* u ^ 

dx dx 

^ (coth it) = — csch* u ^ 

(sech u) = — sech it tanh u ^ 
dx dx 

■j- (csch u) = — csch u coth u ^ 

dx dx 

Example 1. Show that einh x is an odd function. We have 

«-* - c* 


sinh (-x) 


-- 


6inh x 


Example 2. Show that einh x > 0 for all x > 0. 
We have, for all x > 0, 


and therefore 


e* > 1 > — — e~ m 

t* 

e* — r 1 

einh x - - 1 - > 0 


Example 3. Trace the curve y - sinh z. Since 

sinh (—z) - — sinh z, 

the curve is symmetrical to the origin. Also, einh 0 — 0, so the curve passes through 
the origin. When z-+ +«, sinh z + ®. Fur¬ 
thermore, « cosh z is positive for all z; hence, the 
dx 

d*y 

curve always rises. The second derivative — - sinh 

dx 1 % 

z is negative for z < 0, and the curve is concave 
downward; it is positive for z > 0, and the curve is 
concave upward; it is zero for z — 0, and the curve 
has a point of inflection at the origin, at which the 

slope is cosh 0-1. Since >0 for z > 0 ( the 

dx 1 

slope of the curve increases as z increases from zero. 

The curve is shown in Fig. 59. 



Example 4. Show that cosh* z - sinh* z - 1. From the definitions, we have 

m - ('-r 1 ')' - 


(e u + 2 + - (e** - 2 + «•-»*) 4 

4 -4 " 1 


EXERCISES 

L Determine which of the hyperbolic functions are odd and which even functions, 
i. Establish the formulas for the derivatives given on this page. 
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8. Investigate the value of each of the six hyperbolic functions for x -■ 0. 

4. Find the values of sinh x, cosh x, and tanh x for x — In 2. 

Establish the following formulas (Ex. 5 to 16): 


6. 1 — tanh* x ~ sech* x 0. coth* x — 1 

7. sinh (x ± y) = sinh x cosh y ± cosh x sinh y 

8. cosh (x ± y) = cosh x cosh y ± sinh x sinh y 

tanh x ± tanh y 

9. tanh (x ± y) 


csch* x 


10. coth (x ± y) 


1 ± tanh x tanh y 
1 ± coth x coth y 


coth x ± coth y 

11. sinh 2x =» 2 sinh x cosh x 

12. cosh 2x = cosh* x -+- sinh* x 1 + 2 sinh* x = 2 cosh* x — 1 

IS. taDh 2i 2 “ nh 1 . 1 + COth * 1 


1 + tanh 5 x 


14. coth 2x 


2 coth x 


cosh x — 1 


16. sinh (x/2) - ± ■ - - - 1 16. cosh (x/2) = ^2*|±2 

Find the first derivative of each of the following functions (Ex. 17 to 42): 


17. 

y 

cs 

sinh (x/2> 

18. 

6 

— sinh (2* — 1) 

19. 

8 

= 

cosh (4 — ;{/) 

20. 

XV 

= cosh ii 2 

21. 

2 

- 

tanh '•» - 1 

0 

22. 

U 

» tanh (1 — c J ) 

23. 

y 

- 

coth (1/x) 

24. 

y 

= coth (x 5 /2> 

26. 

z 

= 

sech \/l 

20. 

X 

- >ech (5 +■) 

27. 

y 

- 

csch (16 — l l ) 

28. 

y 

= csch \/l — /* 

29. 

V 


tanh 2 x 

30. 

z 

— y /sinh 2x 

31. 

y 

= 

cosh 4 (x 2 /8) 

32. 

XV 

= coth* 5 u 2 

33. 

2 

t= 

V sinh xj 

34. 

z 

= e u cosh y 

36. 

W 

= 

e u tanh u 

36. 

V 

=» e* ,nh u 

37. 

y 

= 

cosh r. x 

38. 

y 

= In sinh x 

39. 

y 

=« 

In cosh x 

40. 

y 

= In sech x 

41. 

V 

=3 

In tanh (x/2) 

42. 

y 

= In coth (x/2) 


Find maximum, minimum, and inflection points, and sketch each curve (Ex. 43 to 
50): 


43. y = cosh x 44. y => tanh x 

46. y = coth x 46. y =» scch x 

47. y - csch x 48. y = sinh 2x 

49. y => a cosh (x/a)(a > 0) 60. y = sinh’ x 

64. Inverse Hyperbolic Functions. The student is already familiar 
with the inverse trigonometric functions. We define the inverse hyper¬ 
bolic functions in a similar way. If sinh y = x, we write y = argsinh x, 
read 11 y is the number whose hyperbolic sine is x,” and similarly for the 
other inverse hyperbolic functions. We use the notation y = argsinh x 
rather than y = arcsinh x in order to emphasize the fact that y is simply 
a number, or “argument,” of the function x — sinh y. It does not ordi- 
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narily represent the measure of an angle or of an arc as does y when 
y = arcsin x. The symbol sinh -1 x is frequently used to represent the 
inverse hyperbolic sine, but we shall avoid it (following the convention 
adopted in Art. 44). Since hyperbolic functions are defined in terms of 
exponential functions, we may expect to find a connection between the 
inverse hyperbolic functions and the inverse of exponential functions, 
that is, logarithms. Thus, if 


y = argsinh x 

gV — g—V 

then x = sinh y =-~- and 2x = e v — e~* 


Multiplying both sides by e v and rearranging terms, we have 

giy - 2xe* -1=0 

which is a quadratic equation in e v . Hence 

e v = x ± y/x 2 + 1 

However, for real values of y, e v is positive; and since x < y/x 2 + 1 for all 
real values of x, we must reject the minus sign with the square root. 
Therefore 


e v = x + y/x 2 + 1 

and we have 


argsinh x 

= y = In (z + y/x* 

+1) 

for all real z 

(3) 

It will be left to 

the student to verify 

that 



argcosh z = 

In (z ± y/x 2 — 1) 

for 2 

^ 1 

(4) 

argtanh z = 

1 . 1+2 

2 n 1 — z 

for - 

-1 < 2 < 1 

(5) 

argcoth z = 

2+ 1 

2 0 x — 1 

for z 

< — 1 and z > 1 

(6) 

argsech z = 

X 

for 0 

VII 

H 

V 

(7) 

argcsch z = 

^1+ Vx’+l 

X 

for z 

> 0 

(8) 

argcsch z = 

, 1 - y/x 2 + 1 

In --- 

X 

for z 

< 0 


The derivatives of the inverse hyperbolic functions are readily found. 
If y = argsinh z, then sinh y — x, and therefore 

dx , a dy 1 

— = cosh y and -j- = —r— 
dy dx cosh y 

By Example 4 of the preceding section, 

cosh y = V 8 i n h 1 J + 1 = y/x 2 + 1 
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where the plus sign must be taken for the square root since cosh y is 
always positive. Therefore 

dy _ 1 

dx y/tf + i 

and, in general, if u is a differentiable function of x, 


^ (argsinh u ) 


du 

dx 

v^n: 


for all real u 



By use of the identities established in the exercises on page 130, the 
student can easily verify that 


dx 


(argcosh u) = 


± - 
x dx 


^ (argtanh u) 


^ (argcoth u) 


^ (argsech u) = 


y/u 2 - 1 
du 
dx 

1 - u* 
du 
dx 

1 - u 2 


+ 

- dx 


u Vl 


u 


-j^ (argcsch u) = — 


^ (argcsch u) 


du 

dx 


u y/l -J- u- 
du 
dx 


u y /1 -f u 2 


for u > 1 

(10) 

for — 1 < u < 1 

(ID 

for u < — 1 or u > 1 

(12) 

for 0 < u < 1 

(13) 

for u > 0 

(14) 

for u < 0 



Example 1. Show that argsinh x is an odd function. Let y - argsinh (—x); then 
sinh y = — z. Let z - argsinh x; then sinh z = x. Therefore, 


sinh y «= — sinh z « sinh ( — z) 

Hence y „ _ 2 

and argsinh x is an odd function. 

Example 2. Trace the curve y - argsinh x. If x = 0, then y = 0. and the curve 
goes through the origin. If x — + «o, then y — + * (sec Example 3 of the preced¬ 
ing section). Since argsinh x is an odd function, its graph is symmetrical to the 
origin. We have 


dy 

dx 


1 

y/x' + i 


> o 


and y is an increasing function for all x. 


The second derivative is —- 

dx * 


x_ 

(X* + 1)* 
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which is negative for x > 0 so that the curve is concave downward; ~ is positive for 

ox* 


d'y . 


* < 0, so that the curve is concave upward; — is zero for x = 0 and changes sign; 

the origin is, therefore, a point of inflection at which the slope of the curve is seen to 
d*y 

be 1. Since — is negative for x > 0, the slope is a decreasing function, and the 
ax’ 



curve flattens out as x increases from zero. The graph is shown in Fig. 60. Note 
that this curve is the reflection of the curve y — sinh x in the line y — x. 


EXERCISES 


1. Verify the formulas on page 131 giving the inverse hyperbolic functions in 
terms of logarithms. 

2. Verify the formulas on page 132 for the derivatives of the inverse hyperbolic 
functions. 

8. Determine which of the following are odd and which even functions: argcosh x, 
argtanh x, argcoth x, argsech x, argcsch x. 

Establish the following formulas (Ex. 4 to 15): 


4. 


6 . 


7. 

8 . 


9 . 

10 . 

11 . 


12 . 



14. 



argsinh x - argcsch (1 /x) 6. argcoth x 

argsinh x - a rgcosh y/1 + x* 

argtanh (x/\/l + x’) ~ a rgcsch (1/x) 

argtanh x - argsinh (x/\ /l — x» ) 

argcoth x - argsinh (1/y x* — 1 ) 

sinh (2 argsinh x) - 2x \/l + x* 

cosh (2 argsinh x) — 1 + 2x* 

sinh (2 argtanh x) - - 

i ** z 

1 + X* 

cosh (2 argtanh x) - ^ ^ 

2x y/\ + x* 
tanh (2 argBinh x) - - 

2j 

tanh (2 argtanh x) - ^ 


argtanh (1/x) 
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dy 

Find — for each of the following functions, and specify the values of x for which your 
ax 


result holds (Ex. 16 to 30): 

16. y = argsinh 2 z 
18. y = argcosh (x/3) 

20. y = argtanh Ax 
22 . y = argcoth (2x — 1) 
24. y =» argsech 5x 
26. y = x argsinh x 

28. y =* (argsinh 3x)* 

30. y — (argscch x)* 


17. y 
19. y 
21 . y 
23. y 

26. y 

27. y 

29. y 


argsinh x* 
argcosh (1 — x) 
argtanh x* 
argcoth (x/2) 
argcsch (x*/2) 
x 1 argtanh x* 

^argtanh 


Find any maximum, minimum, and inflection points, and sketch the curve (Ex. 31 
to 35): 


31. y = argcosh x 

33. y = argcoth x 

36. y = argcsch x 


82. y = argtanh x 
34. y = argsech x 


56. Summary of the Rules for Differentiation. It will be helpful to 
repeat the most important of our formulas for differentiation. The stu¬ 
dent should know all of them as a result of his practice in using them, not 
because he has made a task of memorizing them. Above all, he must 
remember that these rules simply provide short-cut methods for writing 

down the limit lim ^ without the necessity of evaluating it in each prob¬ 


lem that may arise. It will be noted that not all the formulas given in the 
preceding chapters have been repeated here, but references to earlier 
sections are given for those omitted. 


dc 

= 0 (derivative of a constant) 




^ ^ (derivative of a sum) 


dx 


(uv) = 




dv , du 

U r- + V 

dx dx 
du 


(derivative of a product) 


= C dx (derivative of a constant times a function) 


d_ 

dx 


Oh 


dy 

dx 

dy 

dx 


du dv 
V dx U Tx 
v 1 

dy du 
du dx 
1 

dx 
dy 


(derivative of a quotient) 


(derivative of a function of a function) 
(derivative of the inverse of a function) 



(derivative in "parametric representation) 
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dy 

* dy = dt 
dx dx 

dt 

* dx ^ = nun ~ X Tx ( derivative of a V°uer of a function) 

It is helpful to notice that “co” in the name of a trigonometric function 
means a minus sign in the derivative; also, that tangent appears with 
secant and cotangent with cosecant. 

* d , ■ v du 

dz' dx 

* d ... du 

dx dx 

* d \ , du 

Tx (tan u) = Sec “ dx 

* d , x \ i du 

E (cotu) = _csc “E 

* d / x . du 

dx SeC U = 6CC V tan U dx 

* d , x i du 

J- (esc U) = — CSC U cot U J- 
ax ax 


~r~ (arcsin u) = 


^ (arccos u) = 
^ (arctan u) = 


du 

dx 


y/\ - u 2 
_ rfu 
dx 


y/l - u J 
du 
dx 


where — k = arcsin u ^ £ 
^ 2 


where 0 ^ arccos u ^ x 


where — ^ < arctan u < ^ 


1 + tz* 

Derivatives of the other inverse trigonometric (circular) functions can 
be found on pages 114-115. 

* d /, « 1 du , 

E (log ‘ u) = « dx log “ e 

* 

dx udx 

* d , v du . 

■j (a u ) = a“ -j- In a 

dx dx 

* d , x du 

dx dx 

* d , .v du . du. 

■j— (u") = - + u’ -j- In « 

dx a dx 
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* ^ (sinh u) = cosh u ^ 

* ^ (cosh u) = sinh u ^ 

Derivatives of the other hyperbolic functions can be found on page 129. 

du 

* (argsinh u) = . —: for all u 

dx -y /1 4 - u* 

Derivatives of the other inverse hyperbolic functions can be found on 
page 132. 

It is instructive to note that many of these rules were derived, or could 
have been derived, from comparatively few fundamental rules. For 

example, if we evaluate lim ^ for y a constant, for y the sum of a finite 

Ax—o Az 

number of functions of x, for y a function of a function of x, for y = log„ x, 
for y = sin x and if we establish the relation 

dy _ 1 

dx dx 
dy 

all the other rules for differentiation can be obtained from these. 


MISCELLANEOUS EXERCISES 

Find the first derivative of each of the following functions (Ex. 1 to 50): 


1* V 




+ 3x* + 


\/~x 

3. y = (x* + l)*(2x - 1)* 
Gy + 2 


5 . 2 

7. w 

9. t> 

11 . 2 
13. y 


y* + l 

log 


u±l 

\u - I 


1 4- In u 


u 


y In In y 

t + 1 


•rjgix+i 


16. 8 = arctan 

17. r ■*> esc* §0 
19. y 


21. y 


Z** D * 


2 . y = 
4. 2 = 
6 . w = 


4 


+ X 


1 

I _ _ 


(3 y - 2)*(5 y + 4)« 
u 


\/ a* — u 1 
8 . u “ log (v* - 8)<(3t> + 1)* 

10 . z e* In y 

12 . y = In In e B 

14. s = e~* cos (4t — 1) 

16. r = sin* 40 

18. r =■ e** 

20 . y - e* - 


22. a — arctan t + 


,a y/hi 
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83. 

* 

■■ arcsin t + In \/l 

- <« 24. 

y 

x 

° arcsin —--- 

86. 





V** + 4 

y 

• cosh (x*/4) 

26. 

z 

“ tanh x + coth x 

87. 

V 

- sinh 1 (z/3) 

28. 

y 

=• t* tanh x 

29. 

y 

— 

80. 

z 

= In sinh y 

31. 

A A 

z 

= In In cosh y 

32. 

V 

= In argsinh u 

88. 

V 

■ argsinh log u 

34. 

V 

«* arctan sinh x 

86. 

An 

X 

“ argsinh tan ? 

36. 

y 

= arctan 10* 

37. 

V 

= arcsin a* 

38. 

> 

y 

= argsinh a* 

89. 

V 

“ \/tan 3z 

40. 

y 

(a* + x*)** 

S3 ——.. 

X 

41. 

V 

1 

“ •*(*• - 1) 

42. 

Z < 

“ cot* (0/2) + In esc* (6/2) 
£ ^ 

43. 

r 

“ In (esc 0 — cot 6) 

44. 

r 

" b tan (1 + y 

46. 

V 

“ je**(2 sin z — cos z) 46 

V 

= e’(x* - 2z + 2) 

47. 

z • 

“ ily vy’ + a* + fr 

In (y + vV + 

a*)) 

48. 

r « 

“ ifaec 0 tan 0 + In (sec 0 + tan 0)| 



49. 

z • 

a — y cos y + sin y 

60. . 

z = ye* (sin y — cos y) 


p. , dy d*y 

1,111(1 dx an( ^ dx «*“ f°U° w *n8 cases (Ex. 51 to 60): 


61. z« + 4yl „ 10 

66. iy» = 8 

66 . x — e~‘ 

V - e~* ain < 

67. z ■ In ( 

V - «* 

69. z - a cosh* u 

V *• a ainh* u 

61. Let/(z) be defined aa followa: 


62. z* + y« - 1 
64. z» - 8y* = 1 
66 . x - ef 
V - t 

68. z = coah u 
y ■■ ainh u 
60. x - acch 2u 
y «* tanh 2u 


/(*) - x* ^1 + sin ^ + e*' 
^Mume aa known the fact that 

1 — 

lim — t K ' -» 0 

0 h n 


for x * 0 and /(0) -■ (I 


for n > 0 


(а) Show that f(x) is continuous at z - 0. 

(б) Show that/'(0) " 0- [ Hint: Find the limit aa h 0 of /( ° ±*Ll i{0) 

(c) Show, further, that/'(z) is continuous at x - 0. 

. . 6,10w that the function /(z) of Exercise 61 haa a minimum at z -Ohv 

•bowing that /(z) > 0 for all z ^ 0. 

(6) Show that /'(z) haa no properly defined sign in any interval that includes 
-O, so that/'(z) does not " change sign" aa z passes through 0, even though fix) in 
continuous at z - 0 (aoc Art. 32). ,WU 
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THE DIFFERENTIAL 


66. The Differential. Let us recall the definition of the derivative of a 
function, say of y = f(x). We have 


/'(*) 


lim fix + Ax) - rn 

Ax—*0 AX 


lim p 

Ax—*0 AX 



provided the indicated limit exists. 

We remember that was regarded as a single symbol for the deriva¬ 


tive. There is some advantage in changing this point of view, 
clear, first of all, that 


Ay 

Ax 


= /'(x) + < 


It is 


where e —♦ 0 when Ax —* 0. Consequently 

Ay = /'(x) Ax + e Ax (1) 

principal part negligible part 

As indicated in (1), we call /'(x) Ax the principal part of Ay. In Fig. 61, 
suppose the graph of y = /(x) is drawn with equal scales on OX and OY. 



Then/'(x) = tan a. Let PQ = Ax. It is then clear that QR = Ay, and 
QS = /'(x) Ax = “principal part of Ay.” The length 

SR = e Ax = “negligible part of Ay” 
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In general, disregarding those rare cases where e 
Ay /'(z) Ax. In other words, the equation 
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0, we see from (1) that 


Ay = f'(x) Ax (2) 

is not true. Yet this equation, although not true, comes closer and 
closer to the truth as Ax becomes smaller and smaller. Figure 61 illus¬ 
trates this fact. Following Leibnitz, we imagine quantities dy and dx, 
instead of Ay and Ax, for which the equation (2) is exactly true: 


dy = f(x) dx 


(3) 


We call dy and dx differentials , whereas Ay and Ax are differences (that is, 
“increments’')- Purely logically, dy and dx are variable quantities 
which are required to satisfy the relation (3), nothing else. Intuitively, 
the ratio of dy to dx is seen to be the same as the ratio of the principal 
part of Ay to Ax. A geometrical interpretation is suggested in Fig. 61. 

Dividing both sides of (3) by dx, we obtain our old equation ^ = /'(x), 

uX 

but we may now, if we so desire, regard the left-hand side as the quotient 
of the differentials dy and dx. 

The advantage of the differential notation, especially for computa¬ 
tional purposes, is the increased freedom in algebraic manipulation that 
results from its use. This will appear in Art. 58. 

We may illustrate the foregoing discussion with the function 


V = /(z) = x* 

This gives /'(x) = 3x 2 , and, therefore, dy = 3x 2 dx is the differential of 
x*. Further, we observe that 

y -f- Ay = (x + Ax) 1 = X s -f- 3x 2 Ax + 3x Ax* -f Ax* 

Ay = 3x 2 Ax + (3x Ax + Ax 2 ) Ax 
= /'(x) Ax + « Ax 

We see that, for any fixed x, < = 3x Ax + Ax 2 approaches 0 as Ax 
approaches 0, and that 3x 2 Ax is the principal part of Ay. The reader 
will find it instructive to sketch the curve y = x 5 , take some point P, 
say (1,1), draw the tangent line, and compare with Fig. 61. 

A concrete idea of the approximation obtained by using the principal 
part of Ay instead of Ay itself in the example of the preceding paragraph 
results from considering a cube of edge x whose volume is y = x 3 . 
Increase the length of the edge by Ax. The increase in volume Ay is 

Ay = 3x 2 Ax -f 3x Ax 2 -f Ax* 

The comparative importance of the three terms in this expression is illus¬ 
trated in Fig. 62. There are three square slabs, each of which has base 
z 2 and thickness Ax, and hence volume x 2 Ax. These are heavily out- 
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lined in the figure and constitute the principal part of Ay. There are, 
in addition, three rectangular prisms which fit along three edges of the 
cube. Each has length x, cross-sectional area Ax*, and volume x Ax?. 
These, together with the single cube of edge Ax and volume Ax* that fits 
into the space at the upper corner, account for the terms 3x Ax* + Ax* 
that are neglected in the approximation 3x* Ax. 



In our discussion we have used x as an independent variable. We may 
well ask if formula (3) still holds if x is not independent but is some func¬ 
tion of an independent variable t. To answer this question, we note that 
if y = fix) where x = git), then actually y is a function of t: 


V = MQ] = m 

Consequently, by (3), dy = F'(t) dt. We calculate F'(l) by the usual 
method for finding the derivative of a function of a function (Art. 23): 


- (I) © - WB 


where ^ and ^ represent derivatives as indicated. 

dy = f’(x)g'{t) dt 


Hence 


But t is an independent variable; consequently, by (3), g'U) dt = dx. 
Therefore 

dy = f\x) dx 


and formula (3) is valid whether or not x is an independent variable. 

Hereafter, when we speak of “differentiating” a function, we shall 
mean either finding its derivative or finding its differential. 

57. Formulas for Differentials of Functions. It is clear that our for¬ 
mulas for derivatives are easily modified to become formulas for differen¬ 
tials. For example, the differential of the product uv where u and v are 
functions of x is easily obtained. For, if y = uv, dy = y' dx. Since 
y' = uv' -f- u'v, where the primes indicate differentiation with respect to x, 

dy = iuv' + u'v) dx = u(t/ dx) + y(u' dx) = u dv + v du 
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rf(c) = 0 
d(u + v) = du + dv 
, /u\ v du — u dv 

d {-v) = -— 

d( i") = nx n ~ 1 dx 
d(sin x) = cos x dx 

d(In i) = ^ 
die 1 ) = e x dx 

The student can easily fill in other formulas. 


EXERCISES 

Find the differential of each of the following functions (Ex. 1 to 40): 


1 . y - x* - lx* + 6 
8 . y ** y/x* + 4 
5. i = (x* - 9) 4 
7. u> - ((* - 1)*(3< + 4) 


2. y = 3 + 5x — 7x* - lLz* 

4. y = (3z* - 8)*‘ 

8. z ~ (27 - x‘)» 

8. u> = «* + 4)‘«* - 9)* 


r« - 1 

9. i - - 

10. s = r/ a/ r* — 4 

r* + 1 

11. r = sfn 40 

12. r = tan $ 0 

18. r — 0 — tan 0 

14. y - 3 sin x — sin* x 

16. y = y /cot x 

16. y - x + cot z - 5 cot 1 x 

17. 2 = 2x + sin 2x 

18. z =» sec* 2x 

19. z «» arc8in £x 

20. y « arctan x* 

21. y - - arctan - 

22. y — \/x — arctan v/x 

a a 

28. y - arccsc z 

OJ 1 . a 

24. y -aresrn - 

25. y — %/** ” °* + a arccsc (x/a) 

a x 

26. s «=- In (£* - 1) 

27. « - log t 

23. v » In sin u 

__ 1 a - u 

29. v — — In- 

30. r « In (x + v/** + a 1 ) 

2a a + u 

81. i - In tan (z/2) 

82. t> - sech u 

88. v — sinh u 

84. y - In tanh (z/2) 

z l 

85. y — In cosh z 

36. y = e 2 

87. z - e"’- 1 

88. z = e**°* 

89. z “ «'»«•¥ 

40. z «* u* 

Find the following differentials (Ex. 41 to 46): 

41. d(zy’) 

42. d(z»y>) 

43. <f(z*/y) 

44. d(y/z») 


46. d(x* sin y) 




Using differentials, find — in the following cases (Ex. 46 to 49): 


48. x* + 4y* - 16 
48. zV + 2zV - 


47. x*y* — 3zy 4 — a* 
49. z** + y* 4 «■ a* 4 
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Using the fact that y' ** dy + dx and that y" ■> dy' + dx, find y' and y" in the 
following cases (Ex. 50 to 55): 


80. x - t* 

61. 

x = a cos 0 

V ~ 21* + 1 


y =■ 6 sin 6 

62. x = a(0 — sin 0) 

63. 

x = a cosh u 

y => a(l — cos 0) 


y — b sinh u 

64. x = e* 

65. 

x = arcsin u 

y = In t 


y = arctan u 


68. Use of Differentials in Approximate Computation. We have seen 
in the discussion of Art. 56 that, when Ax is small,/'(x) Ax is a fairly close 
approximation to Ay. We frequently wish to calculate the increment in 
a function y = /(x), but the computation of the actual increment may be 
laborious. Often an approximation sufficiently close for the purpose at 
hand results from computing the value of /'(x) Ax, that is, of the principal 
part of Ay. To do this, we find dy = /'(x) dx, then replace dx by Ax. 
We gain a considerable advantage from the fact that dy is usually much 
more easily computed than Ay. This will be made clear in the following 
examples. 

Example 1. What is the approximate change per minute of angle in the sine of 
9 in the neighborhood of 0 ■= 45°? We have y = sin 0. We wish to find the approxi¬ 
mate value of Ay for a change in angle AO of 1'. If we write the differential dy for an 
approximate value of Ay, we obtain 

V = sin 0 dy = cos 0 do 

where we take 0 = 45° and put do = 1' = • *-/180 = 0.00029 radian. Hence 

dy = (0.70711)(0.00029) =* 0.00021. Let the student obtain Ay directly by use of a 
five-place tnble of sines. 

Example 2. W hat is the approximate volume of a thin circular cylindrical shell 
with fixed height hi Let the inside radius of the shell be r and let the thickness be Ar. 
The volume of the shell is then exactly equal to the volume of a cylinder of radius 
r + Ar minus the volume of a cylinder of radius r. This is equivalent to saying that 
the volume of the shell is the change in volume of a cylinder of radius r produced by 
increasing the radius by Ar. That is, if V = rr'h is the volume of the cylinder, then 

AV = r(r + Ar)’fi — rr*h = 2rrh Ar + rh Ar* 

is the volume of the shell. If Ar is small compared with r, this is very closely approxi¬ 
mated by 2 rrh Ar which becomes, for dr = Ar, 2 xrh dr = dV. That is, the volume of 
the shell is approximately its circumference times its height times its thickness. Note 
that either the inside or the outside radius will serve. 

Example 3. An angle can be measured with an error not exceeding 1'. It is 
required to obtain the sine of such an angle with an error not exccediug 0.00010. 
For what range of acute angles can this be done? If we call A 9 the error in measuring 
an angle 0 and call Ay the error in y = sin 0, we have given | A9\ g 1' = 0.00029 radian 
(to five places), and we require |Ay| g 0.00010. Now 

Ay ~ sin (0 + A0) — sin 0 
which is very awkward to work with. However 

dy = cos 0d0 
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Hence cos 6 AO is approximately equal to Ay and, furthermore, it is easy to work with. 
We have 

|cos 0 A0| = |cos 0\ ■ |A0| < 0.00010 
that is |cos $\ ■ (0.00029) < 0.00010 


cos e\ < 


0.000 10 

0.00029 


10 

— = 0.34483 
29 


The acute angles for which cos 8 < 0.34483 are found by use of a table to be all 
angles from 69°50' to 90°. Note that cos 69°50' = 0.34475 and that 

cos 69°49' = 0.34503 


but since the measure of the angle may be in error by as much as 1', it would be 
foolish to interpolate and find that 0 must be greater than 69°49.7'. We are certainly 

safe to take 8 > 69°50'. _ 

Example 4. Find approximately y/ 627. We observe that 627 is close to 625 of 

which the fourth root is 5. Suppose we set y = y/~x = x*. Then, if x = 625 
so that y = 5 and we set Ax = 2, we have 

y + Ay = </ x + Ax — y/ 627 

It is easy to calculate dy = {x~ * dx. Replacing dx by Ax ~ 2, we get 

|(625)-* • (2) = 0.004 

Writing y + dy = 5 + 0.004 = 5.004 and recalling that dy is written for the approxi¬ 
mate value of Ay, we have \/627 = 5.004. _ 

Example 6. For what values of x can y/~x be used for y/ x + 1 if we require the 
result to be in error by less than 0.001 ? If we set y = y/~x and call Ay the error in y, 

we have _ 

Ay = y/x + Ax - yfx = y/x + l - y/~x 

Since it is inconvenient to work with Ay, we shall find dy. We have dy ~ dx. 
Replacing dx by Ax = 1, we obtain 

dy = tx _1< • 1 

We require that thia be less than 0.001, that is 

s* < 0 001 

This is equivalent to 

4x* > — - 1000 x* > 250 

0.001 

or x > (250)** = 250 • (250)* - 250(6.29961) 

the cube root being taken from a table of cube roots. If x is taken greater than 

250(6.3) = 1575 

the error in y is less than 0.001. 

It is often important to find, not the actual error involved in a computa¬ 
tion, but the relative error. For instance, if Ay is the error made in cal- 
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dilating y, then — is the relative error. Obviously, 100 — is the per - 

y V 

centage error. Since we use dy for an approximate value of Ay, — may be 

used as an approximation to the relative error. The form of this expres¬ 
sion indicates the convenience of finding first In y and then calculating 

d(ln y) = —• The method is illustrated in Example 6. 

y 

Example 6. The radius of a sphere is found to be 10 in., with a possible error of 
0.02 in. What is the relative error in the computed volume? We have V ■» r*. 

We might proceed as follows: 

dV - 4rr* dr 

Let r «■ 10, and replace dr by Ar ■■ ±0.02. This gives, as an approximation to AV, 
4r( 100) (±0.02) - ±8r cu. in. For the relative error, we have —■ Suppose the 
actual error to be positive. The relative error is then approximately 

8r/-ffx(1000) — 0.006 — 0.6 per cent 
However, we need not first calculate dV. Taking logarithms, we get 

lnV — ln^+Slnr 


Differentiating, we have 


dV dr 

T- 3 7 


Replacing dr by A r - 0.02 (supposing the error to be positive), we have for our relative 
error 3(0.02)/10 =■ 0.006 - 0.6 per cent. 


EXERCISES 

In Exercises 1 to 3, find approximate formulas: 

1. Area of a narrow circular ring of inside radius r and width Ar 

2. Volume of a thin spherical shell of inside radius r and thickness Ar 

3. Volume of the shell obtained by increasing by Ar the radius r of the base of a 
cone of fixed altitude h 

4 . A cubical box is to be made of tin 1 mm. thick. If the box measures 10 cm. 
along the outside edge, find approximately the volume of tin required. 

^ 5. A rectangular chest of inside dimensions 2 by 2 by 5 ft. is to be lined with felt 
V in. thick (including the cover of the chest). Find approximately the reduction in 
volume. 

6. The edge of a cubical box ia measured with an error less than 0.01 in., and the 
volume computed. If the volume must be in error by less than 6 cu. in., find the 
largest box for which the process will suffice. 

7. The side of a square is measured with an error less than 0.01 cm. The area 
must be computed with an error less than 2 sq. cm. How large a square can be 
satisfactorily measured? 
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8. The radius of a sphere is to be measured and the volume computed. If the 
volume must be accurate to 2 cu. in. and the radius can be measured to 0.01 in., how 
great a radius will permit use of the process? 

9. In Exercise 8, find the relative error in the volume when r - 2. 

10. The volume of a sphere is found with an error less than 1 cc. by measuring the 
volume of water it displaces. If the radius must be computed with an error leas than 
0.01 cm., how large must the sphere be? 

11 . The edge of a cube is measured with a possible error of 0.05 in. Find the rela¬ 
tive error in the computed volume when the edge is found to be 7.49 in. 

12 . If, in Exercise 11, the relative error in the volume must not exceed 1 per cent, 
how small a cube can be satisfactorily measured? 

18 . Find approximately the change per degree in the sine of an angle for angles 
near 45, 0, and 90 deg. Check results by reference to a table of sines. 

14 . Find the relative error in sin d near 0 — 30° if 6 is in error by 30'. 

15 . (a) Find the error in the reciprocal of x caused by an error Ax in x itself. 

(b) Find the relative error in this reciprocal. 

16 . Calculate approximately the reciprocal of 997. 

17 . Calculate approximately the reciprocal of 102. 

By use of differentials, calculate approximately the values of the following (Ex. 18 
to 23): 

18. y/m is. y/vn 

20 . 252 21. ^2 

22 . 103* 28. 79* 

24 . For what values of x can y/x + 1 be replaced by \/x if the resulting error 
must be 1 esa than 0.01? 

25 . For what values of x can y/x + 1 be replaced by y/x if the resulting error 
must be less than 0.01? 

26 . In Exercise 24, what are the values of x if the relative error must be less than 
1 per cent? 

27 . In Exercise 25, what are the values of x if the relative error must be less than 
1 per cent? 

28 . The equatorial radius of the earth is approximately 4000 miles. Imagine a 
steel tire tightly wrapped around the earth at the Equator. If the tire were length¬ 
ened by 10 ft., how far out from the earth's surface would it stand if this distance were 
uniform around the Equator? 

29 . An angle is measured and its sine computed. The error in the aine must be less 
than 0.001. The angle measurement may be in error by as much as 10'. For what 
acute angles will the process suffice? 

80 . An angle is measured and its cosine computed. The error in the cosine must 
be less than 0.001. The angle measurement may be in error by as much as 10'. 
For what acute angles will the process suffice? 

81 . An angle is measured and its tangent computed. The extreme errors in 
the angle and the tangent are 20' and 0.01. For what acute angles is the process 
satisfactory? 

82 . Show that near 90° a small error in the angle causes a large error in the tangent. 

88 . An angle is to be found by measuring its tangent. If the tangent may be in 

error by 0.001 and the angle is required with an error less than 1', for what acute angles 
is the process satisfactory? 

84 . The sine of an angle is measured with an error less than 0.0001. The computed 
angle must be in error by leas than 5'. For what acute angles will the process suffice? 
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86. Find approximately the relative error in sin 9 due to an error Ad in the angle. 

86. An angle 0 is found to be 45°, with a possible error of 10'. What is the relative 
error in sin 0? 

37. An angle is measured with an error not greater than 30'. What is the relative 
error in the tangent if the angle is found to be (a) 30°? (6) 45°? (c) 60°? (d) 89°? 

88. An angle is measured with an error not greater than 10'. If the relative error 
in the cosine must be less than 1 per cent, for what acute angles can the process be 
used? 

89. Find approximately the error in In x due to a small error Ax in x if x is large. 
Find the relative error in In x. 

40. Same as Exercise 39 for log x. 

41. Find the following common logarithms by use of differentials. Check the 
results by reference to a table. 

(a) log 997 (6) log 10.2 

(c) log 10004 ( d ) log 99.98 

42. For what values of x can In x be used for In (x + 1) if the result must be in 
error by less than 0.001? 

43. Solve Exercise 42 for log x. 

44. Find approximately the error in log sin 9 due to an error A0 in 9. 

46. If 9 can be measured with an error not exceeding 10', find approximately the 
resulting error in log cos 9 when 9 is found to be 60°. 

46. If 0 can be measured with an error not exceeding 15', find approximately the 
resulting error in log tan 0 when 9 is found to be (a) 23°; (6) 87°. 

47. In finding the number N from its natural logarithm, what error results from a 
small error in the logarithm? (Hint: Let y =» In N, and find dN in terms of dy.) 

48. Solve Exercise 47 if y = log N. 

49. If log N = 1.88047 with a possible error of ±0.00002, find N. 

60. If log N = 2.01536 with a possible error of ±0.00002, find N. 

61. Find approximately the error in 9 if y = log tan 9 may be in error by an amount 

Ay. 

62. Find approximately the error in 0 if y = log sin 9 may be in error by an amount 
Ay. 

63. Find 0 if log tan 9 = 0.3G204 ± 0.00001. 

64. Find 0 if log sin 0 => 9.82941 - 10 ± 0.00001. 
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FURTHER APPLICATIONS OF 
DERIVATIVES AND DIFFERENTIALS 


69. Ratio of Arc to Chord. The student is probably familiar with the 
determination of the circumference of a circle by finding the limit of the 
sum of the sides of an inscribed polygon when the number of sides is 
indefinitely increased and the length of each side decreases toward zero. 
In fact, the length of the circumference of a circle is defined as the limit 
of such a sum of straight-line segments. A similar device will be used to 
determine the lengths of arcs of various curves, thus: Let arc AB be 




divided into several arcs by the point s P h P 2 , P 3l . . . ,P n -i (Fig. 63). 
Next, form the sum of chords APi + PiP 2 + • • • + P n ~\B. Then 
increase indefinitely the number of points of division; at the same time, 
let consecutive points approach coincidence along the curve. If the 
sum of chords approaches a limit, this limit is defined as the length of the 
arc AB. The evaluation of such limits is one of the problems of the 
integral calculus and will be discussed later. For the present, we shall 
suppose that we have an intuitive idea of what is meant by the length of 
an arc. 

It is important for our present work to compare the length of an arc 
PQ = s (Fig. 64) with the length of its corresponding chord PQ = c. It 
seems natural to suppose that s will be very nearly equal to c if the arc is 
very short. In particular, it appears that under such circumstances, 
the ratio s/c should be very nearly unity. This definition of the length of 
arc involves the fact that 

lim - = 1 
c 
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For the present we shall assume this without proof. 
Art. 114. 


[Chap. 9 
It will be verified in 


60. Differential of Arc Length. Suppose that the function y = f{x) 
has a graph as illustrated in Fig. 65. Let A be some fixed point upon the 

curve, and let P(x,y) be any point 
on the curve. Let s be the distance 
along the curve from A to P. Then 
a given x determines a value of y 
and also a value of s. Hence, s is a 
function of x, and let us suppose 
(as indicated in the figure) that s 
increases as x increases. We may 
calculate the derivative of s with 

respect to x by the usual method. 
If x increases by an amount Ax, y will change by an amount Ay, and s 

will increase by an amount As. If Q is the point with coordinates 
x + Ax, y + Ay, then arc PQ = As. 

We also have chord 

PQ = y/Ax* + Ay* ( 1 ) 



We wish to find Jun —• In order to have an expression whose limit can 
be conveniently evaluated, we multiply numerator and denominator of 
^ by the length of the chord PQ. Thus 


As = As _ As y/Ax * + Ay 2 As ( 
Ax PQ Ax pQ Ax ~ pQV 


Therefore 


lim £ = lim • lim 

Ar-*0 AX Ax—*0 PQ Ax—*0 


MS 5 


From the preceding section, the first factor on the right-hand side is 1; 
si nce the sq uare root is a continuous function, the second factor is’ 




hence 


dx “ i™, ^ - V 1 + (s) (2) 

In case the point P is chosen on the other side of A (for instance, at P'), 
then s will decrease when x increases, and consequently ^ should be 
negative. This is accomplished by choosing the negative sign for the 
square root in (1). The result is ^ 
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We may find the differential of arc length, ds, from (2). 

ds 

ferential is the derivative ^ multiplied by dx, this gives 
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Since the dif- 


ds 


-nRS 1 


dx 


Recalling that derivatives can be regarded as quotients of differentials, 
we then have . ^ 

* da * = dx * + dy' , ju* > ^ (3) 

as a relation among the differentials. If, following Art. 56, we take 
dx = PR, then dy = RS, and ds = PS, as indicated in Fig. 65. 

We might have regarded s as a function of y, and in that case the 
ds 

derivative ^ could have been found. Again regarding derivatives as 
quotients of differentials, we can find this derivative from (3). 


ds _ JTdx V 
dy ~ v\dy) 


+ 1 and 
From Fig. 65, it is clear that 


‘-m 


+ 1 dy 


£=V*+(*)’ - 


sec a 


where a is the angle which the tangent at P makes with the horizontal. 
Since 

dx 1 
dy 


dy 

dx 


we have 


% = V 1 + {%) = V1 + QOt ' °= csc “ 

Or we may regard x and y as functions of s and write 

It ~~ _ mm r>r*a /« onrt —= 8111 Ot 


dx 

-y- = cos a 
ds 


and ^' 

ds 


Example. Find approximately the distance along the curve y ■■ x* from the point 
(3,9) to the point (3.01,9.0601). Following Art. 50, we calculate an approximate value 
of Ax by replacing dx by Ax in the formula 


Thus wc have 


dx 


* - V* + (*) ** 

*] - 8. 
dxj,-a 


and Ax — 0.01 
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ds = (\/l + 36) (0.01) - 0.01 -\/37 = 0.01(6.08276) 
= 0.0608 


61. Curvature. Consider two circles such as (a) and (6) of Fig. 66, with 
radii r , > r 2 . Imagine a point P to move along the circumference of the 
circle (a), and think of the line tangent to the circle at P. Suppose that 
P traverses an arc P,Q, of some particular length, for instance, 1 cm. 
The tangent line will turn through an angle Aa, radians. Now suppose 
a point traverses the arc P 2 Q 2 on the circle (6) of the same length as the 
arc P 1 Q 1 (for instance, in this case, 1 cm.); the tangent will turn through 
an angle Aa 2 radians. It is intuitively evident that, since circle (6) has 







a smaller radius than circle (a), the angle A« 3 will be greater than the angle 
A<ii. It is natural to say that in moving along circle ( b) the point P 
changes its direction of motion more per unit arc length than it does in 
moving along circle (a). The measure of this rate of change of direction 
along the circle is called its curvature. The curvature is obtained by 
comparing the angle through which the tangent turns with the length of 
arc traversed by P. I hus, if P,Q, = As,, then the average curvature 

from /\ to Q , is ~ units of angle per unit of arc length. This is easily 

calculated in the case of the circle, thus: 

We have (Fig. 06) 

/.P 1 C 1 Q 1 = Aon (radians) 

As, = r, A «1 

Hence ^L 1 = Aa » = 1 \/‘ 

As, n A a! r, 



We might now hold P , fixed, let Asj —» 0, and take the limit of the ratio 


lira p- 

A»i—»0 ASi 


da 1 _ 1 
ds, “ r. 
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and call this the curvature of the circle at the point Pi. Note that the 
circle has the same curvature at all points, namely, 1/n. In the same 

way, the curvature of the circle (6) is ~ = - at all points of that circle. 

CIS 2 T 2 

We observe, as already remarked, that since r x > r,, 1 /r x < 1/r* so that 
the curvature of (a) is less than the curvature of (6). 

Now suppose that y = /(x) has a graph, as shown in Fig. 67. Let 
P{x,y) be any point on this curve. Draw the tangent at P, and let it 
make an angle a (measured in radians) with the horizontal. Now, as we 



move along the curve to some nearby point Q, the tangent will turn 
through an angle Aa. As in the case of the circle, we call ^ the average 

l\8 

curvature of the arc PQ. Unlike the circle, where was the same for all 

As 

positions of P and Q, this curve will give different values to ^ depending 

upon the positions of P and Q. We therefore define curvature at the point 
P to be 

.. Aa da 

* K = lim — = -y- 

Ar—o As as 

To evaluate ^ in terms of the coordinates of P, we shall use the fact that a 
as 

derivative is the quotient of differentials. First note that the slope of 
the tangent line at P is 

L 'U 

tan a «= f'(x) = y' or a = arctan y' ^ °< > 

L_. w = - . *v = y" 

l+y'< dx l+y” dx’ l+y't ST W 


Therefore = 

dx 


and 


da 


y" dx 


1 + y'* 

In the preceding section we found that 


4' /rj 


de = y/l + y'* dx 
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Dividing, we have 


// 


da _ y 
ds (1 + g*)* 


d}y 

dx 1 


[-OT 


Observe that, if s increases with x so that 


ds = -f- \/l -f y' 2 dx 

the expression k will have the same sign as the second derivative. Conse¬ 
quently, if k turns out to be positive, the curve is concave upward; if 
negative, concave downward. However, it is quite common to regard 
the curvature as given by the positive value of k. 

Hence, when speaking of the curvature at point P, we shall always use 
|k|. Thus the point of maximum curvature is the point at which the 

numerical value of the curvature is a maximum. When ^ = 0 we 

dx 2 ’ 

have k = 0, or “zero curvature.” 

Note further that the definition of curvature does not require that a 
be the angle made by the tangent line with the horizontal. It could well 
be the angle made by the tangent with any fixed line in the plane. In 
fact, the definition of curvature is quite independent of the coordinate 
system in which the equation of the curve may be given. However, if 
the equation of the curve is given in rectangular coordinates, the above 
choice of a is convenient, for it enables us to express the curvature readily 
in terms of the coordinates of P. Let the student show that if a is taken 
to be the angle between the tangent line and the y axis, then 



It is instructive to note that since a is measured in radians the unit of 
curvature is radians per unit of length , for example, radians per centimeter. 

62. Radius of Curvature. We saw in the preceding section that the 
curvature at any given point of a circle is equal to 1/r. In other words, 
the radius of the circle is the reciprocal of its curvature. We shall define 
the radius of curvature p at any point P of a curve to be the reciprocal 
of the numerical value of the curvature at that point. Thus, if y = f(x) 
is the equation of the curve, its radius of curvature at P(x,y ) is 
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Example 1. Find the curvature and radius of curvature of the curve y 
the point (8, ^ y/2). We have 


153 

&» at 


dy 

dx 


d*y 
dx * 


\r* 


Hence 

and 


« 

- 21 

- Vs 

-8 

1 

•nd £»1 

1 1 

ca --— ss — 
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Example 2. Find the curvature of the ellipse — + ^ = l at the point (z,y). We 
have, differentiating with respect to x, 
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The original equation is equivalent to 6*x* + o*y* - a*6*, and therefore 
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of which the numerical value is 
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Example 8. Find the points of maximum curvaturo on the curve y » sin x. We 
must first find the curvature as a function of x, then the value of x that makes |c| a 
maximum. We have 


dy 

— - cos x 
dx 


d*y 

and — — — sin x 
dx 8 


Therefore 


— sin x 


(1 -f cos* x)** 

Since this is to be a numerical maximum, we first calculate 

dx (1 + cos 8 x)** cos x - ain x - j(l + cos 1 x)**(2 cos x)( — sin x) 


dx 


(1 + cos* x)* 

COB x(l + cos 8 x + 3 sin 8 x) 

(1 + cos 8 *)» 
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This fraction can be zero only if cos x =* 0, and it never becomes infinite. Hence, 

T 3t 5r 

cos x - 0 and x =» ± -> ± —» ± —> . . . give critical values of *. Note that at 

It Z 2 

die 

each such point — changes sign, for its sign is opposite to that of cos x since 


(1 + cos* x + 3 sin* x) 

and (1 + cos* x)* 4 are positive for all x. Now when x = x/2, « = — 1; but when 
* ** —t/2, k *= +1. Hence it would appear that x — x/2 gives a minimum whereas 
x » —x/2 gives a maximum value of *. But we wish the points where the numerical 
value of k is a maximum, and consequently both points suffice. Similarly for the 
other points mentioned. 

Actually, we might have observed that |«| is a maximum for values of x that make 
cos x - 0, for such values of x make sin x = ± 1; hence these give <c the smallest 
denominator and numerically largest numerator. Ordinarily, in order to find maxi¬ 
mum or minimum values of a function (such as the curvature), it is necessary to find 
the derivative of the function. But if any maximum or minimum values can be 
found readily by inspection, it may be possible to avoid calculation of the derivative. 

Note that the points of numerically smallest curvature are those for which « = 0, 

namely, x = 0, ±x, ±2x.These results are intuitively evident from the graph 

of y « sin x. The student should inspect this curve carefully. 


EXERCISES 


Find the curvature and radius of curvature of each of the following curves at the 
points indicated (Ex. I to 14): 


1. y - x* 

(a) at (0,0) 

(b) at (2,4) 

3. y « x* - 4x* + 2x 


2. y = 16x — x* at (8,64) 


- 1 


at (2,-5) 


4. y - 8 -f 3x — 

at (3, - 

10) 


6. y = sin x 

at x *= r/6 

6. y = cos x 

at x = x/4 

7. y = tan x 

(а) at x «* x/4 

(б) at x = 0 


8. y =■ In x 

at x = 1 

9. y = log x 

at x - 1 

10. y - e* 

at x =■ 0 

11. y = 10* 

at x = 0 

12. y - In sin x 

at x - x/2 

18. y =» co9h x 

at x = 0 

14. y - sinh x 

at x «* 0 

Find the radius of curvature of each of the following curves at any point lx v) 
curve (Ex. 15 to 27): 

16. y = sin x 16. y = In x 

17. y = e* 18 . y » cog h x 

19. y - arcsin x 20. y - arctan x 

x* y* 

21. =-— = i 

a* 6» 

(hyperbola) 

22. 2xy ” a* 

(hyperbola) 

23. x* =* 4ay 

26. x* 4 + y* = a* 
26. x> 4 + y^ = a » 

(parabola) 
(hypocycloid) 
(arc of parabola) 

24. y* = 4ax 

(parabola) 


27. x* + y* ■= a* 
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Find points of maximum and minumum (numerical) curvature on the following 
curves (Ex. 28 to 36): 


28. y = x* 

SO. y = cos x 
32. y = In sin x 
34 . y - cosh x 
86. A parabola 


29. y = x* 

31. y = In x 
33. y = e* 

36. y = sinh x 


63. Curvature and Radius of Curvature in Parametric Representation. 
Suppose a curve is given in parametric form, for example, x = f*, 
y = 2t + 1. To find the curvature at the point t = y/3, we have 



2 1 

2t t 


di/ _ l 

» = d ^y = d jL = -JL. - 1 

* dx 2 dx dx 2t 2t l 

dt 

and therefore, for any l ^ 0 

— 1 / 21 * _ - 1 / 2 1 * _ 1 

‘ = (1 + \/t>)» (t* + 1 )»/P 2(1* + 1)* 
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At the point where t = \/S, |*| = 1/2(4)** = tV Thus, in general, if a 
curve is given by parametric equations, we can find its curvature at any 

point by first calculating ^ by the methods of Art. 28 and then employ¬ 
ing the formula for k. However, we may express k in terms of the deriva¬ 
tives of x and y with respect to the parameter if we wish. Thus, if 
x = /,(*) and y = ft(l), then, from Art. 28, we have 
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Applying the formula to our example, we have 
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as already obtained in the previous calculation. The radius of curvature 
is given at once by p = l/|x|. 


EXERCISES 


Find the curvature and radius of curvature of the given curve at the points indi¬ 
cated (Ex. 1 to 4). 


1. 

8 


a 


3/* 
In t 
1 It 


at t - 1 
at / = 1 


2. 


{y - l It 

K: 


/* + 21 


at t = 2 
at t - 0 


Find the curvature of the given curve at any point of the curve (assume a and b 
positive) (Ex. 5 to 10). 



x = a sin a 
y *= a cos a 
x ■= a cos 1 <p 
y - a sin* <p 
x ° a cos 0 
y = b sin 0 
x = a cosh u 
y = b sinh u 
x ■=* a(6 — sin 0) 
y ■= a(l — cos 0) 


(hypocycloid) 

(ellipse) 

(hyperbola) 

(cycloid) 



a sec <p 
a tan v> 


Find points of maximum and minimum curvature for: 

11. An ellipse (Exercise 8) 12. A hyperbola (Exercise 9) 

13. A cycloid ^Exercise 10) 14. A hypocycloid (Exercise 7) 

64. Circle of Curvature; Center of Curvature. Consider the curve 
y = /(*), and upon it choose any point P(x,y) (Fig. 68). Suppose the 
tangent and normal at P to be drawn. On the normal lay off, toward the 
concave side of the curve, a segment PC equal in length to the radius of 
curvature p of the curve at P. With C as a center and p as radius, draw 
a circle. This circle has curvature |k| = 1/p, which is the same as the 
cunature of the given curve at the point P. Furthermore, the circle 
and the curve have a common tangent line at P. The circle is called the 
tircle of curvature or osculating circle, and C the center of curvature of the 
given curve at the point P. It can be shown that this particular circle 
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fits the curve “more closely” in the neighborhood of P than does any 
other circle. In fact, let P 0 and P, be any two points on the given curve 
and near to P (Fig. 69); they may be on the same or opposite sides of P, 
and in general they do not lie in a straight line. Let C' be the center of 





Fio. 68. 



the circle through these points. Now let P 0 and Pi both approach P 
along the curve. It can be shown that the circle approaches the circle of 
curvature as a limiting form, that C approaches the center of curvature 
as a limiting position, and that C'P approaches p as a limiting value. 



Example. Find the center of curvature of the parabola (Fig. 70) y* - 8x at the 
point P(2,4). We first find the radius of curvature at P, thus 
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To find the coordinates X, Y of C, we must find a point on the normal at P which ia 
8 y/2 units from P. The slope of the normal is — 1, and the equation is 

-(* - 2 ) 


V - 4 - 
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or x + y - 6 - 0. Since C is at a distance 8 \/2 from P, its coordinates (X, Y) must 
satisfy the condition 


(X - 2)* + (Y — 4)* = (8 \/2) 1 * 128 


8ince C also lies on the normal, 


X + Y — 6 - 0 



Thus 7 = 6 - X; and, substituting into (4), 

(X - 2)> + (2 - X) s - 128 
2(X - 2)* - 128 
(X - 2)* - 64 
X - 2 = ±8 

and X - 10 or -6 

If X - 10, y - —4; if X = -6, Y => 12. 

Since it was specified that C was to be on the concave side of the curve and since 
the curve is concave downward at P(2,4), our required point is C(10, -4). The circle 
is drawn in Fig. 70. 

Suppose the center of curvature to have been found for every point of a 
given curve. Then these centers of curvature will form another curve 
called the evolute of the given curve. 


EXERCISES 


Find the center of curvature of each of the following curves corresponding to the 
points indicated. Sketch the curve and the circle of curvature in each case (Ex. 1 to 
5). 


1. The parabola x* =■ 8y corresponding to the vertex 

2. The parabola x* = 8 y corresponding to the point (4,2) 

3. The hyperbola xy = 16 corresponding to the point (4,4) 

4 . The hyperbola x* - y* - 16 corresponding to the point (5,3) 

5. The curve y *» x 1 at (2,8) 

6. Using the method indicated in the example of Art. 64, show that the coordinates 
A, Y of the center of curvature corresponding to the point (x„ yi ) of the curve y - /(x) 


X 

y 


- X, - 


/(I,) + 


II + [/'(*,W'ts.) 

/"(X.) 

1 + [/'(x,))» 

/"(X.) 


where /"(x,) 0 


Use the formulas of Exercise 6 to find the center of curvature of each of the follow¬ 
ing curves corresponding to the points indicated (Ex. 7 to 10): 

7. The parabola x 1 = Aay corresponding to the vertex 

8. The rectangular hyperbola xy = a* corresponding to the vertex (a,a) 

9. The parabola j/» = 4ox corresponding to (x,,y,) on the parabola 

10. The ellipse — + — - 1 at any point (ii.y,) on the ellipse 
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11. Since the evolule of a curve is the locus of centers of curvature, the formulas 
of Exercise 6 are the parametric equations (in which x, is the parameter) of the evolute 
of i/ = /(x). Elimination of x, gives the equation F(X,Y) = 0 of the evolute. Find 
the evolute of the parabola x* = Ay, and sketch the two curves. 

12. If the coordinates X, Y of the center of curvature are expressed by the formulas 
of Exercise 6 in terms of xi and y x , the equation of the evolute may be found by elimi¬ 
nating Xi and y, from these equations and the original equation of the curve. Find 
the evolute of the parabola y 1 = 4ax (Exercise 9) by this method, and draw the two 
curves. 


13. Use the method of Exercise 12 to find the evolute of the ellipse — -f — => l 

a* 6* 

(Exercise 10). Sketch the two curves. 

14. If the parametric equations of a curve are given, the parametric equations (in 
terms of the same parameter) of the evolute arc found by use of the formulas of 
Exercise 6. Find the evolute of the curve whose parametric equations are 


x = 2 1 y = /’ — 1 

16. Find the evolute of the cycloid, and sketch both curves: 

x = a(0 — sin 0) y =■ a(l — cos 0) 

16. Find the evolute of the ellipse 

x =* a cos y = b b in v> 

Compare with Exercise 13. 

17. Find the evolute of the rectangular hyperbola 

x - ± a cosh u y = a sinh u 

18. Find the evolute of the hyperbola 

x = ±a cosh u y ** b sinh u 

19. In Exercise 18, express the equation of the evolute in cartesian form. 

66. Rectilinear Motion. Suppose that a point P is moving along a 
straight line l. Let us choose as x axis the line of motion and take any 
desired point as origin. Let t represent time, measured in some con¬ 
venient unit, before or after a certain instant called the time origin. 
Thus, a negative value of t means simply so many units of time before the 
time origin, whereas a positive value of t means so many units after the 
time origin. For example, if twelve o’clock noon is chosen as time origin 
and if t is measured in hours, then t = —2 means ten o’clock in the 
morning, whereas t = 4 means four o’clock in the afternoon. Now sup¬ 
pose that the abscissa of P is a function of t, say x = f(l). We are able to 
calculate the position of P at any time. 

We recall (Art. 13) that the time rate of change of distance x at a given 
instant is called the velocity of the moving point at that instant. Thus 
dx 

V = ^ = f'{t) units of distance per unit of time (miles per hour, feet per 
second, etc.) is the velocity at any time. Note that, when v is positive, x 
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is an increasing function of t, and P is moving toward the right. If v is 

negative, x is a decreasing function of t, 
and P is moving toward the left. If v is a 
constant, we call the motion uniform. 
The numerical value of the velocity is called 
the speed. The time rate of change of the 
velocity is called the acceleration of P, 
which, therefore, is given by the derivative 
of v with respect to t. Thus 

j = dv = cPx 
3 dt dP J { ) 

is the acceleration of P at any time. Note 
that this is measured in units of velocity 
per unit of time, for example, in feet per 
second per second which may be written 
ft./sec. 1 . If the acceleration is a constant, 
the motion is said to be uniformly acceler¬ 
ated. The “dot” notations x = dx 



l 


0 


Fio. 71. 


d 2 x 


dt 


and 


x = are often used for derivatives 


with regard to time. 

Example. A particle moves in a straight line with the law of motion 

z - f* + ft* - 15f + 8 - ft - + g) 

Describe the motion. We have, at once, 


p " 31* + 12/ - 15 = 3(1* + 41 - 5) = 3(1 + 5)(/ - 1) 
J - 6< + 12 - 6(/ + 2) 


If we draw a graph of the function x = Z* + 6Z* - 151 + 8, then we may represent 

Art ?fl\ by TK aPhS l hat ar V fir8t and sec0nd derived curves of the function (see 
Thw w done m Fig. 71. Notice that the same scale is used on the hori¬ 
zontal (the I) axis but that the vertical scales arc different for x, r, and #. 

The graphs mentioned above will enable us to describe the motion, but first let us 
list various facts for reference. 


X 

V 

- - — 

• 

J 

If 

t < -8, x < 0 

if 

t < -5, t> > 0 

If l < -2, j < 0 

If 

t «=> -8, x ■= 0 

if 

t = —5, v = 0 

If / = -2 ,j = 0 

If 

-8 < t < 1, x > o 

if 

-5 < t < 1, v < 0 

If< > -2 ,j > 0 

If 

t - 1, x - 0 

if 

t - 1, v = 0 


If 

< > 1, x > 0 

if 

t > 1, v > 0 



The reader should keep clearly in mind the fact that the moving point P does not 
traverse any of these curves. It remains on the straight line l, and its entire motion 
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lakes place upon that line. The curves are to help us discover the way in which the 
abscissa of P varies. First, suppose t to be numerically large but negative. The 
first curve shows us that x < 0, the second that v > 0, and the third that j < 0. 
Hence, the point P is on the line l, far to the left of 0, and moving toward the right 
with decreasing velocity and speed. When t «= —8, P goes through 0. It continues 
to move toward the right until t =» — 5. Then v = 0, and z = 108. 

Since v ~ 0, P stops moving momentarily. As t increases beyond -5, v becomes 
negative, and so P starts back toward the left. Note that, for —5 < / < —2, e < 0 
and also j < 0. Hence, v is a decreasing function; and since it is negative, its numer¬ 
ical value is increasing. Therefore, P speeds up until t ~ -2. Here ~ 0; and 
when t > —2, j > 0, and v becomes an increasing function. However, since v is 
still negative, it now decreases in numerical value; hence, P, although still moving 
toward the left, slows down. When t = 1, v ~ 0 and P stops moving toward the left. 
Since z = 0 at t - 1, P is now at 0. As soon as t > 1, v > 0 and P starts moving 
toward the right. Since j is still positive, v > 0 is an increasing function that must 
therefore increase numerically, and hence P moves to the right with increasing speed. 
As t becomes numerically large and positive, P continues to move to the right with 
increasing 6peed. Observe that the speed is increasing whenever v and j have the 
same sign and decreasing when v and j have opposite signs. The student should 
convince himself that this is true in general. 


The procedure to be followed in discussing the behavior of a particle 
moving in a straight line according to a given law of motion, x = /(/), 
may be summarized as follows: 

1. Find expressions for 


v 


dx 

di 


and 


■ _ dv _ d*x 

3 ~ dt~ di* 


2. Sketch roughly the graph of x as a function of l, and then exhibit v 
and j as first and second derived curves. 

3. Let t increase from numerically large negative values to large posi¬ 
tive values, and list in order values of t that produce a change in sign or a 
zero value of x, v, j. 

4. Write a brief description of the motion, starting with negative t and 
permitting t to increase to large positive values. 


EXERCISES 

A point moves in a straight line according to the law of motion given. Discuss 
fully the motion in each case (Ex. 1 to 30). 


i. x - m - i6<* 

2. z - 9 - <> 

8. x - t* - t* 

4. z - <* - t 

6. z - 4 1 - t* 

0. z ** t' — 16 

7. z - <(2 - 0* 

8. z - 3 1 * - t' 

9. z — jit* — ft* + 2< + 1 

10. z - if + $ t* + 01 

11. z - 4 - 12< + 01* - I* 

12. z - - 6.'* + 4 

18. z - 5<* - 20<‘ 

14- x — ain t 

16. z - cos 3 1 

10. z — — 4 ain 2t 

17. z —6 cos 5 / 

18. z - r* 
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19. x = In (1 + 0 
21. x = t - sin t 
23. x = t sin t 

26. x = sinh t 

27. i = e~ u cos 3f 

29. x =* a sin kt 


20. i = 

22. x = t — cob t 
24. x =■ cosh t 
26. x e - ' sin t 
28. x = a cos & 



31. Show that a particle moving in a straight line reaches a maximum distance 

from O when changes sign and that it attains a maximum or minimum speed when 
j changes sign. 

32. If i = a cosh kt, show that the acceleration is k*x. 

33. If x = ae‘ + be ', show that the acceleration is equal in magnitude to x. 

34- If x = y/t, show that the acceleration is — 2v l . 

35. If x = r cos (kt + v ), show that the acceleration is -**x. This rectilinear 
motion is known as simple harmonic motion . 

36. In Exercise 35, show that (a) the moving point P oscillates with maximum 
distance from the origin (center of motion ) \OP\ = r (amplitude); (b) the time required 
for one complete oscillation from extreme right to extreme left and back again is 

. {* [ P , (c) thc numerically smallest value of t for which P is at the extreme 

right-hand position is -*/k (phase), (d) Find the times at which P is at the center 
of motion. 

37. Show that x = r sin (kt + *,) represents a simjhc harmonic motion with ampli¬ 
fier period 2*/k, and phase -*/* where phase is defined to be the numerically 

smallest value of t for which P is at the center of motion. 

38. Show that i = .1 cos kt + B sin kt represents a simple harmonic motion with 

amplitude y/A 1 + B*, period 2w/k, and phase £ arctan [Hint: reduce to the form 
z => r cos (kt + sp).] 

39. Verify directly that if x = A cos kt + B sin kt, then j = 

40. A flywheel 3 ft. in diameter turns at the uniform rate of 1 r.p.s. Find the law 
descnb.ng the motion of the projection upon the ground of a point on the rim of the 

41 A flywheel 4 ft. in diameter revolves at the uniform rate of 80 r.p.m. Find the 

i c e r ; b ;; K mot ™ of th * ?***» ^ the ground * a P oJ on 

tne wnecl (l is measured in seconds). 

„ n ZrsoZ7 CS “ XT igh \ 'T With 9imp,e harm ° nic motion that, when 

equation of mnZ V * ^ When * " 13 ft ‘ per second - * - 3 ft. Find the 

equation of motion if the plia.se is zero. 

„ “ 4 n Z'JtirS 03 in v: raieh ‘ line With 8impl ° harmo " ic that, when 

U ™ ”= 2 h - • - 5 ™ «- 

with’cfn,::atj 1 a‘,„pm„ 2 clo a’d'^M b “ * 8imP ' e harm0niC m ° tiC "‘ 


66. Vectors. A quantity that has direction as well as magnitude is 
ec a lector quantity. Such a quantity may be represented by a line 
segment called a vector, whose length is proportional to the magnitude 
and whose direction is the direction of the given quantity. Thus (Fig. 
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72), vectors a and b have the same direction but different magnitudes; c 
has a direction opposite to that of a; d has a direction different from the 
other three. The magnitude of the vector a is denoted by a and is called 
a scalar quantity. Since velocity has magnitude and direction, it is a 
vector quantity and may be represented by a vector. Similarly, accelera¬ 
tion may be represented by a vector. If a particle receives an accelera¬ 
tion, we say that the acceleration is imparted by a force, which is defined 
to be equal to the product of the acceleration by the mass of the particle. 
Since the mass is a quantity possessing only magnitude, this product is a 
vector quantity. 

Vectors may be combined in various ways. We pay attention only 
to the addition of vectors. To add vectors a and b (Fig. 73), lay them off 
starting from a common point 0. Through A, draw a line parallel to 
the direction of b and through B a line parallel to the direction of a. Let 
these lines intersect at C. Draw OC. 



C 




The vector c of length OC is called the sum, or the resultant, of vectors 
a and b. Vectors a and b arc called the components of c in the directions 
OA and OB. We may resolve c into components in any two distinct 
directions. For example, let us resolve c into components, one of which 
is horizontal and the other vertical. We need only draw horizontal lines 
through 0 and C and find their intersections A' and B' with vertical lines 
drawn through 0 and C, as indicated in Fig. 74. It is clear that c is the 
sum of a' and b'. 

Let us refer to Exercises 35 to 39, page 1G2, on simple harmonic motion. 
We saw that if x = r cos (kl + v>), then j = -k 7 x. Therefore, if a 
particle moves according to this law of motion, the force acting on the 
particle must be a mult iple of j and therefore proportional to x. Further¬ 
more, notice that, when x > 0, j < 0; when x < 0, j > 0. Hence the 
vector that represents the force acting at any particular instant will be 
horizontal and directed toward the center of the motion. 

67. Curvilinear Motion. Suppose that a point moves along a plane 
curve and that the coordinates of its position at time l are given by 

x = fi(t) and y = MO 

These are the parametric equations of the path of motion (Fig. 75). The 
time rates of change of the x and y coordinates are called the components 
of velocity in the directions, respectively, of the 2 and y axes. Since 
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velocities have directions as well as magnitudes, they may be represented 
by vectors. Thus, let these components of velocity be represented by 
vectors as in Fig. 75. Their magnitudes are 

* = and = f = M) 

and their directions are parallel to the coordinate axes. The direction 
of each (left or right, up or down) will depend upon the algebraic signs 




of f[(t) and /;(£), respectively. The resultant of these two vectors is 
called the velocity of the point in its path, and its magnitude is clearly 


v = vV + v u r 

Its direction can be specified by giving the angle o that the vector v makes 
with the horizontal, 

dy 

* tana = ?! = -l=* 


V , 


dx 

dt 


dx 


Hence, the vector v has the direction of the tangent line. Note further that 


'" ^ + " V© + ©' - || s 

The time rates of change of and v u are called the components of 
acceleration in the direction of the x and y axes. Thus, 


★ 



* 



These components of acceleration may be represented by vectors (Fig. 76) 
wit magnitudes j z and j u and directions parallel to the coordinate axes, 
eir resultant is called the acceleration of P. This vector has magnitude 
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and if <p is the angle that it makes with the horizontal, then 
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* 


tan <p = 



d*y 
dt' 
d'x 
dt' 


Observe that the magnitude; is not the derivative of the magnitude of 
v. Neither is the vector j directed, in general, 
along the tangent line. 

We may resolve the vector j into components 
in any two desired directions. In particular, let 
us resolve it into components one of which is in 
the direction of the tangent line and the other 
in the direction of the normal (Fig. 77). These 
components are called the tangential acceleration 
and normal acceleration and are denoted by jr 
and jy. Since jr is the acceleration in the di¬ 
rection of motion, its magnitude must be simply the time rate of change 
of the velocity v. Thus 



But since v' = v t ' + vj 1 , we have 



or 

★ 



2 Vrj x + 2 Vyjy 


dv _ |uji 4 - v.ju 
dt ~ v 



To find the magnitude of jy, note that (Fig. 77) 

P = ;V + ;.v* 


HencejV = Vj 2 — jr*. Substituting values of; and;' r from (5) and (6), 
we have 


vSJP + 2 v t v,jsj u + 

;y J = U + Jy 2 - -- -2 - 

But since v 1 = v, 1 + vj 1 , 

■ 2 (;«* + + V. 2 ) - (v* 2 i‘ 7 + 2t uvjjy + Vy'jS) _ 

J* - - -T 



or 

* 



V 



166 


FURTHER APPLICATIONS 


[Chap. 9 


Example 1. Show that jn = o a |«c| = v*/p, where |*| =* 1/p is the curvature of the 
path of motion at point P. We recall (Art. 63) that 



dx d'y d*x dy 
dt dt* ~ H* dt_ 

t |M 




\dlj \dtj 


Therefore js = i»*|k|; that ia, the normal acceleration is 
proportional to the curvature. Thus, if a particle of mass 
m moves along a path (for instance, a smooth wire), it 
exerts a force proportional to the curvature of the path and 
the square of the velocity and acting at right angles to the 
path. 

Example 2. A point moves with equations of motion 

z = 4 cos 3< y = 5 sin 3t 

Find the equation of the path, v, j, jr, and js at any time t. To eliminate t from the 

x * y* x* y* 

two equations, we have — = cos* 3 1, — = sin* 3/; therefore — + — = 1 is the equa¬ 
te 25 16 25 

tion of the path (Fig. 78). 


_ Vj = —12 sin 3< v v = 15 cos 3 1 

and p = \/U4 sin* 3< + 225 cos* 3t = 3 \/l6 sin* 3 1 + 25 cos* 3t 
jr = — 36 cos 3 1 
jy = — 45 sin 31 _ 

j = y/ 3 6* cos a 3 1 -F 45* sin* 3 1 = 9 Vi6^os*lTT25lin r 3i 
= 9 y/x* + y* 

\v*ji + t'njvl _ |(—12 sin 3Q( — 36 cos 3 1) -f (15 cos 3Q( —45 sin 3Q| 

9 3 \/l6 sin 1 '31 4- 25 cos* 3 1 

81 (sin 3/ cos 3/| 

y/ 16 sin 1 3 1 + 25 cos 1 3t 

I Vrjy - Vyjr I |(-12 sin 3<)( —45 sin 3/) - (15 cos 30(-36 cos 301 

JN = - = - , =- 

" 3 v 16 Bin* 3 1 + 25 cos* 3 1 

_ 180(sin* 3 1 + cos* 30 _180_ 

y/\G sin* 3< + 25 cos* 3 1 y/lG ain* 3t + 25 cos* 3 1 

540 
= - 

V 


Let the student show that v * is a maximum at points A and C (Fig. 78) and that, 
therefore, these arc points at which the speed is a maximum. Similarly, show that 
v*, and hence the speed, is a minimum at points B and D. Find the speed at points 
Ay By Cy D. 


EXERCISES 

1. Show that vectors a and b can be added as follows: Place the initial point 
of one vector upon the terminal point of the other, being careful to preserve directions. 
The vector joining the free initial and terminal points is the resultant. 
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2. Show that three vectors a, b, c may be added as follows: Place the initial point 
of b upon the terminal point of a, and then place the initial point of cupon the terminal 
point of b, being careful in each case to preserve directions. The vector joining tin- 
initial point of a to the terminal point of c is the resultant of the three vectors. 

3. In Exercise 2, show that the same resultant is obtained if the operations arc- 
carried out in any order. For example, place the initial point of a upon the terminal 
point of b and the initial point of c upon the terminal point of a; then join the initial 
point of b to the terminal point of c. 

4. Generalize Exercises 2 and 3 to the case of n vectors. 

6. Given vectors a and b. Show how to construct a vector c such that b + c - a. 
The vector c is defined to be the result of subtracting b from a. 

A point moves in a plane curve according to the law of motion given. Find the 
cartesian equation of the path, v, j, jr, js at the point specified, and discuss the motion 
in Exercises 6 to 16. 



at t - 1 
at t => 1 
at any point 
at any point 

at any point 


1/2 
t* 

<« 
l* 

2 sin t 
2 cos t 
cosh t 
sinh l 
e ' 

«“* 

1 + 2 cos l 
-3 + 2 sin t 

t * 

cos l 


at any point 
at l = t/2 



t + 1 
t - 1 
t 

sin t 

3 cos 2 1 

4 sin 2 1 

3 cosh 2l 

4 sinh 2 1 


at any point 
at t = w/2 
at t ~ 0 
at t = 0 


17. Show that when a point moves along a curve with a constant velocity in the 
path (v — k ) the acceleration is always directed along the normal to the path. 

18. In Exercise 11, find points of maximum and minimum speed. 

19. In Exorcise 11, verify that js = t»*M (« = curvature) at any point. 

20. A point moves along the parabola y 1 = 4z with constant velocity v «= 10, and 
v a > 0. Find v„ v t , j„ j y , j at (9,6). 

21. A point moves along the curve y ~ z l with constant velocity v ~ 6, and v M > 0. 
Find v„ v y , j„ j at (2,8). 

22. If a point moves on the hyperbola z* — y* = a’, can v, and v t ever be equal? 

23. A point transverscs the parabola y == z* — 4z with constant horizontal com¬ 
ponent of velocity v, = 2. Find v y , v, j,, j,, j, jr, }n at (5,5). 

24. A point traverses the circle z 1 + y 1 = 25 with constant velocity v « 10 and 
t >m < 0. Find t-., Vy, j„ jy, jr, js at (3,4), and verify that j N = v»|«|. 

25. A point moves along the curve y = sin z. Find a point at which v t — v f ; at 
which v, = 2vy. 

28. A point moves along the curve y = sin z with constant velocity v » 5 and 
v. > 0. Find v„ Vy, j„ jy, j, jr, js at z = r/3, and verify that j N = v*\k\ where « is the 
curvature at this point. 

In the following (Ex. 27 to 30), two points move in a plane. The first two equa¬ 
tions describe the motion of the first point, the second two describe the motion of the 
second point. In each case, find where, if anywhere, the points collide. 


27. z - 2 1 
V - t* — 1 


and z = t + 2 
y - 21* - 5 
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28. 

x - t' + 2 

and 

x - 3<* 


y - t - 2 


y - At - St* 

29. 

x ~ 2 sin t 

and 

x “ tan t 


y = 2 coa t 


y — cot t 

SO. 

x = sin t 

and 

x = sin 21 


y ■= tan t 


y =■ —3 cot 2 1 


68. Angular Velocity. If a point P moves along a curve (Fig. 79) 
with equations of motion x = fi(t) and y = the angle 6 between the 
x axis and the radius vector OP is a function of the position of P and 
therefore of the time t. The time rate of change of 6 is called the angular 
velocity of OP and is denoted by o>. Thus 



★ 


CO 


de 

dt 


Since 6 = arctan ( y/x ), we have 


d6 

dt 


1 

1 + (*//*) 1 



and therefore 

★ 


u = 


xv, — yvx 
x 2 + y s 



This is measured in radians per unit of time. If desired, it may be 
expressed in revolutions per unit of time. Note that u may be found 
entirely in terms of t through the given equations of motion. 

The time rate of change of the angular velocity is called the angular 
acceleration, which we denote by a. Thus 


★ 


doj _ d , d 
dt ~ dt* 


Example 1. In Example 2 of the preceding section, we had point P moving on the 
X 1 y* 

ellipse — + — = 1 (6ee Fig. 78) with equations of motion 
10 25 


x = 4 cos 3 1 
v, = — 12 sin 3f 


t;, 


5 sin 3 1 
= 15 cos 3 1 


Let t be measured in seconds. Let us find the angular velocity of OP when P is at 
the point B(0,5). This occurs when 3/ = r/2. Hence v M = —12 and v 9 = 0. 
Therefore, by formula (7) 


0 5( 12) 12 

“ " 0+25 ’ 7 W*™'** ) 


To change to revolutions per second, note that one revolution is 2 r radians. Hence 
a? =» ^ -5* 2w = 6/5t r.p.s. 
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We may find w at any time from formula (7), thus 
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u 


(4 cos 30(15 cos Zt) — (5 sin 3Q( —12 sin 3Q 
16 cos* 31 + 25 sin* 3< 


_60_ 

16 cos* 31 +25 sin *31 


(radians/Bec.) 


Note that this is always positive; hence, 0 is always increasing with time, and P 
moves around the ellipse in a counterclockwise direction. 

Example 2. A point P moves with constant velocity v = 4 ft. per second along 
the line 3x — 2y + 12 = 0 (Fig. 80). Find the angular velocity of OP at any time. 
We must calculate v t and v r in order to use formula (7). 

Differentiating 

3x — 2y + 12 - 0 

with respect to t, we have 3v, — 2v y “ 0, and therefore 
v t — %v M . We also have 


and therefore 
Substituting fcr v v , we have 

v.' + f>,* = 16 

13t>,* - 64 


v 4 =. y/v t * + v t * 
t>,* + v„* = 16 



V, “ ± 


8 


y/l3 


Hence 


- ± o’ 


8 


- ± 


12 


2 \/l3 y/l3 


This gives, by formula (7), 


12 8 
- y • 


y/Vi 


u 


i* + y* 


) . 4 / 3x - 2y \ 


- T 


18 


y/vi (x* + i/*) 


Vk\ * 

(radians/scc.) 


since 3z - 2y - -12. The plus sign is to be used if P moves “down " the line and 0 
therefore increases with t; the minus sign is to be used if P moves “up” the line. 
Note that, if P is at a remote distance from 0, x and y are large, and w is small. Evi¬ 
dently, as P moves indefinitely far from 0, x and y become infinite, and w approaches 
rcro. 


EXERCISES 

1. Find the equation of the path, the angular velocity «, and the velocity in the 
path, v, for the motion 


z - a cos l 


y — a sin t 
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2. Find the equation of the path, the angular velocity, and the angular accelera¬ 
tion at any point for the motion 

x = * + 1 y = 3t - 2 

8 . A wheel of radius 10 in. is rotating with constant angular velocity u. A point 
on the rim 6 in. above the level of the center is found to have v t = 72 in. per second. 
Find u. (Hint: Take the origin at the center of the wheel.) 

4. If a point P moves around a circle of radius r ft. with velocity in the path of 

ds v 

motion of — = v ft. per second, show that |u| = — 
dl r 

6 . A flywheel 10 ft. in diameter makes 40 r.p.m. Find v z , v t , and v for a point 
on the rim 4 ft. above and to the right of the center (let u > 0). 

8 . A point P moves along the line 3x — 2y + 6 =0 with v = \Zl3 ft. per second. 
Find the angular velocity of the line OP (joining P to the origin) at any time. 

7. A point P moves along the line 3x 4- 5y — 15 = 0 with v = 4 \/34 ft. per 
second. Find the angular velocity of OP when P is at ( — 5,6). 

8 . Find the angular acceleration in Exercises 6 and 7. 

9. A point A on the rim of a wheel 2 ft. in diameter follows the cycloid 

x = (0 - sin 0) y «= 1 — cos 0 

If the wheel makes 30 r.p.m., find v x , v t , and v for the point A. 

10. In Exercise 9, find j, jr, jtf- 

11. A wheel 3 ft. in diameter rolls along a level roadway at 40 r.p.m. Find v t , v y , v, 
j, jr, js for a point A on the rim. 

12. Evaluate t>„ »*, v, j, jr, jr/ in Exercise 11 for A at points for which y = 0, 
y - t ft., y = 3 ft. 

13. A point P traverses the parabola y* = 4x with v, = 2 ft. per second. Find the 
angular velocity of the line OP for P at any point of the parabola. 

14. A point moves with the law' of motion x = 4 cos l, y = 3 sin t. Find the 
angular velocity of the line joining the point to the origin, and sketch the path of 
motion. 

15. A point P moves with law of motion x = 6* - 2, y = & + 1. Find the angular 
velocity of OP, and sketch the path. 

16. A point P moves with law of motion x = 4<*. y = t*. Sketch the path and find 
the angular velocity of OP when P is at the point (16 16). 

17. Find the angular velocity of OP for each of the motions and for the indicated 
positions of P in Exercises 6 to 16, page 167. 


MISCELLANEOUS EXERCISES 
Find the radius of curvature at the indicated point (Ex. 1 to 12). 


1 . 

y -x* 

at (4,8) 

2 . 

y = z* 

at 

( 8 , 4 ) 

8 . 

4x* + 9y* = 36 

at any point 





4. 

3x* + 2y* » 11 

at (- 1 , 2 ) 





5 . 

y* + 2y + 3x — 

6=0 at ( 2 , 

- 2 ) 




6 . 

y = arcsin x 

at ( 5 , t/ 6 ) 

7 . 

y = arctan x 

at 

( 1 , w/4) 

8 . 

y = In cosh x 

at ( 0 , 0 ) 

9 . 

y = In sech x 

at 

( 0 , 0 ) 

10 . 

y = argcosh x 

at ( 1 , 0 ) 

11 . 

jx *= a CSC a 


— 

• 



\ y = a cot a 

at 

any point 
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j 2 # ( x ^ a cosh 1 t at any point. (Also, find the cartesian equation, and sketch 
ly = a sixth* t the curve.) 

18. Find points of maximum curvature, and sketch the hyperbola 

x *= a sec y = a tan * 

14. Let Pi(xi,yi) be any point on the curve y = a cosh ( x/a ). Let N x be the 
x intercept of the normal at P Show that the radius of curvature at P { is equal in 
length to the distance P\N\. 

A point moves in a straight line according to the law of motion given. Discuss 
fully the motion in each case (Ex. 15 to 21). 


16. 

X 

= (t - 2) 1 

16. 

X = / 3 - 3f* + 4 

17. 

X 

= e* - 2 1 

18. 

X = c~* cos l 

19. 

X 

= sin t — cos t 

20. 

i = sin 2 1 + cos 3f 

21. 

X 

= c~ u sin 3 1 




22. The law of motion of a point moving in a straight line is given by the following 
table of data. Sketch the first und second derived curves, and then discuss the 
motion. 


t 

0 

i 

2 

3 

5 

7 

9 

10 

11 

12 

“IT 

20 

X 

0 

2 

3.4 

4 3 

5 

3 7 

2.5 

2.1 

2 

2.3 

3.5 

11 


28. Same as Exercise 22 for the following data: 


i 

0 

1 




5 

6 

7 

8 

□ 



12 

13 

14 

15 

16 

17 

18 

X | 

5 

3 

1.5 

0.4 

-0.7 

-1 

1 

o 

^1 

0 


3 4 




5.6 

4.9 

m 

2 

0 

E 


24. Show that x = 10 cos 1 - 7 describes a simple harmonic motion with center 
at x =* —2. Find the amplitude and period. 

26. Show that x = 2 - 14 sin* 0 1 describes a simple harmonic motion with center 
at x = —5. Find the amplitude and period. 

A point moves in a plane curve according to the law of motion given. Find the 
cartesian equation of the path, t\ j, jr, js at the point specified, and discuss the motion 
(Ex. 20 to 31). 

2 M^‘.\ a “- 1 
2s - i;: i -t,\ «“ ny {; - »”•'I at ■ - */* 

so. {—;;■' .t ,-2 3i- ^ 

82. A point traverses the parabola + 2y — 3x — 3 “0 with constant horizontal 
component of velocity v, “ 2. Find v„, v, j ,, j yi j, jr t js at (4,3). 

88 . A point traverses the hyperbola x 2 - y 2 ” 10 with constant vertical component 
of velocity v v -» 1, Find v and j at (5,3). 
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34. A point traverses the curve y = cos x with constant velocity v => 10 and 
v s > 0. Find v Vl j Jt j t , j at x = ir/6. 

36. In constructing a railroad track a “transition curve” is used to pass from the 
straight-line track to a circular curve. Suppose that this transition curve has for 
its equation y = ox* and that a car runs along the track with constant velocity v. 
Using the fact that ju = w*|k|, show that the normal component of acceleration (and 
hence the force normal to the curve of the track) at any point of the transition curve 
approaches zero as x approaches zero and also as x increases indefinitely. 

36. Work Exercise 35 if the transition curve has for its equation y = ax*. 

37. Find a formula for the angular acceleration of the radius vector OP in terms 
of x, y, v„ v y , j x , jy. 


CHAPTER 10 


POLAR COORDINATES 


69. Polar Coordinates. So far we have dealt with functions whose 
graphical representation has involved only a rectangular coordinate sys¬ 
tem. Polar coordinates are useful in writing the equations of certain 
curves as well as in expressing the conditions in 
various physical problems, and it is important to see 
how some of the properties of such curves can be 
found by use of the calculus. W e recall the relations 
between the rectangular and polar coordinates of a 
point. Let the pole be taken at the origin of the 
rectangular system, and let the initial line (or polar 
axis ) be taken on the positive half of the x axis (Fig. 

81). Let P be any point in the plane with rectangu¬ 
lar coordinates x, y. The radius vector r* and the vectorial angle 0 are con¬ 
nected with x and y by the equations 

x = r cos 0 V — r sin 0 (1) 

or r J = x J + y 1 0 = arctan y - (2) 



70. Angle between the Tangent and Radius Vector. Suppose that 
r =f(0) is a continuous curve with continuously turning tangent line. 

LetP(r,0) be a point on this curve. We may 



determine the direction of the tangent at P 
by considering the angle i measured coun¬ 
terclockwise from the radius vector OP to 
the tangent line (Fig. 82). 

Let Q be a point on the curve near to P, 
and let the coordinates of Ober + Ar, 0 + A0, 
where 0 and A0 are measured in radians. 

Draw the chord PQ and the perpendicular 


Fig. 82. 


PR upon OQ. If Q is allowed to approach 


P along the curve, the secant line PQ will approach the position of the 

• There are two systems of polar coordinates in general use, one in which r is 
reetrieted to positive value, and another in winch r may have both positive and 
negative valuer. We shall understand that the latter system is meant in this book. 
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tangent line PT, and the angle RQP will approach \f/. We shall, therefore, 
express tan /.RQP in terms of r, 0, Ar, A 0 and then take the limit a sQ—>P. 
To this end, we note that, in the right triangle PRQ, 


tan /RQP = 


PR 

RQ 


Now PR = r sin A 0. Also 


RQ — OQ — OR = r -f Ar — r cos A8 

= Ar + r(l — cos Ad) = Ar + 2r sin 2 ^ 

i 


Therefore 


tan /RQP = 


r sin AO 


a . o ■ 7 Ad 

Ar -+■ 2r sin 2 — 


Divide numerator and denominator by AO, obtaining 


r • 


tan /RQP = 


sin AO 
AO 


. .AO 
. r sin 2 -jr- 
Ar 2 

A0 + AO 


Now let Q approach P along the curve. Then AO and Ar approach zero, 
and we have 

tan = lim tan /RQP = —— 
q—p dr 

dO 


AO 


AO 


since 


sin* — sin — 

— To = lim —~ • hm sin — = 1 • 0 = 0 

*0 Zac/ a^O Zac; a^-*0 2 , 


lim 


We have 

* 


tan = 


r _ dO 
dr r dr 
dO 


In Fig. 82 we may find tan a , the slope of the tangent line PT , as 
follows: 

a = 0 + \L> 


tan a = 


f a , de 

tan 0 + tan ^ _ tan 9 + r dr 

1 — tan 0 tan \L ~ . dO 

1 — r — tan 0 
dr 


(3) 


By drawing figures illustrating various positions for P, OP, TP, the 
student will see that in any case a differs from 0 + ^ by some multiple of 
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t; hence, tan a = tan (0 + ^), and (3) holds. It is customary to choose 

0 ^ a < ir. 

This formula might have been obtained from equations (1) by use of 
differentials, as follows: 

dy = r cos 0 dO + sin 0 dr 
dx = — r sin 0 dO + cos 0 dr 

dy _ sin 0 dr + r cos 0 dd 
tan a — fa CQS q ( f r _ r s j n 0 ( i 0 

Now' divide numerator and denominator by cos 0 dr. 


tan a = 


Q , dd 

tan 0 + r — 

dr 

~ de ~ 

1 — r -j tan 0 

Hr 


Hence tan a = tan (0 + t), and we note that, as before, a either equals 
6 + \f/ or differs from it by some multiple of ir. 


Example. Find i, tun n, and a for any point of the cardioid r = o(l + cos 0) 
(Fig. 83); also for the points 0 = 0, 0 = x/2, 0 = x. 


We have — = — a sin 6, and therefore 
d0 

r ci (1 + cos 0) 

— a sin 0 —a sin 0 
x 0 
* " 2 + 2 

T 0 

o + *- 0 + - + - 


tan 

Therefore 
This gives a 


e 

— cot - 
2 


r 30 
2 + 2 


Therefore 


tan a 


(t 30\ 4 30 

\2 + 7 / “ - cot 7 



At point A we have 0 = 0, t = x/2, a = r/2, and therefore the tangent line is 
vertical and has no slope. 

x x x 3r t 3x 5x 

At point D, we have 0 “ -• i = j + 4 “ 7’ and “ “ 2 + T “ T‘ If we rc< l uire 

a to be always between 0 and x, this gives - x = - for a. The slope of the tangent 

line is therefore tan a = 1. Formula (3) cannot be used in this case since tan 0 has 

no value for 0 - x/2. 

As point P approaches 0 along the curve, the angle 0 approaches r. Since 


* 



angle i also approaches x. Thus the limiting position of the tangent line coincides 
with OX, and we take a - 0. 
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71. Angle between Two Curves. Let two curves, Ci with equation 
r = /i( 0 ) and C 2 with equation r = / 2 (0), intersect in a point P (Fig. 84). 
Let PTi be the tangent to Ci at P, and let PT t be the tangent to C 2 at P. 
Let <p be the angle from PT\ to P7Y Then <p = ^ 2 — ^i. Hence 


_ tan yf/j — tan 
an ^ _ 1 + tan tan ^ 2 




Example. Find the angle between the curves (Fig. 85) 

n = a(l - cos 0) and r, = a(l + cos 6) 

We first find points of intersection. Solving simultaneously, we have 

1 — cos 0 ■» 1 + cos 6 cos 6 = 0 

For d = ir/2, n = ri = a; this is point A. Similarly, point B(a,3r/2) is a point of 
intersection. The pole is also an intersection, for both curves pass through 0, 
although r\ ■= 0 for 6 = 0 , while r 2 =■ 0 for 6 = r. 

Consider first point A. Here 


tan 

tan \f /1 


o(l — cos 6) d 

- «=> tan - = 

a sin 9 2 

a(l 4- cos 6) 6 

-:- = — cot - 

— a sin 0 2 



Therefore = t/ 4, and <h = 3r/4. Hence *> = - r/2. It is instructive to 

note that, for point A, the formula for tan <p has denominator 1 + tan \f>i tan ^ t ™ 0, 
while the numerator is 2. Consequently, at point A, <t> is an angle with no tangent; 
therefore, it is a right angle. Because of symmetry, at point B, <p = r/2. 

Next consider point 0. When 6 = 0, tan i£i = 0. When 6 = r, tan \f>t “ 0. In 
both cases the tangents coincide with OX. Hence <p = 0. 


EXERCISES 

Find the angle between the radius vector and the tangent, and also the slope of 
each of the following curves at the points indicated (Ex. 1 to 8 ): 


1. The cardioid r = a(l + sin 0) 

at 6 =« t/6 

2. The circle r = 2a cos 0 

at 0 = t/6 

a 

r 

8 . The parabola r = --- 

1 - cos e 

at 9 » - 
2 
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4. The four-leaved rose r = a cos 20 

5. The lemniscate r 1 = a* cos 26 

1 

6 . The ellipse r ~ --- 

y 2 - cos 6 

7. The hyperbola r - j + ‘ c(J - 

8 . The three-leaved rose r = a sin 30 


at 0 = r /6 
at 0 = r/6 

at 0 = \ 

3 

“ 8 “ 5 

at 0 = r/6 


9. Show that ^ is constant for the logarithmic, or “equiangular,” spiral r = e at . 
Find ^ for a = 1 and for a = 2. 

10. Show that tan i =■ 0 for the spiral of Archimedes r = a0. Find ^ when 
0 D 45°, 0 = 2x, 0 = 10x, 0 = 100x. 

11. Find the slope of r = a6 at 0 = 45° (Exercise 10). 

12. Find the slope of r => e 1 at 0 = r/2 (Exercise 9). 

18. Find the slope of r0 = a (“hyperbolic spiral”) at 0 = x 

14. Find tan i for the curve r = a /\/0 (“lituus”) at any point. 

Find the angle of intersection of the following curves (Ex. 15 to 22): 

16. The circles r «= ^ and r = cos 0 

16. The cardioid r = a(l - cos 0) and the circle r = a cos 0 

17. The spirals r = aO and r ~ a/6 

18. The circle r ~ sin 0 and the four-leaved rose r =■ cos 20 

19. The two four-leaved-rose curves r = a sin 20 and r = a cos 20 

20. The two parabolas r = sec* (0/2) and r = esc* (0/2) 

21. The circle r = 10 sin 0 and the line r = 4 sec 0 

22. The curves r = a tan 0 and r => a cot 0 

23. Show that the cardioids r - a(l - cos 0) and r = 6(1 + cos 0) intersect at 

right angles for all positive values of a and 6 . Assign various values to a and 6 , and 

sketch the curves. 

24. If T = /(0) is the equation of some curve, find the tangent of the angle ^ between 
the radius vector and the tangent line at the point (r, 0 ) by the following method: 

r =. f(0) z = r cos 0 y = 

dy 

Slope of tangent = tan a = — 


tan a — tan 0 
tan tftQ a tan £ 

Compare with Art. 70. 

72. Polar Subtangent and Polar Subnormal. In addition to the sub¬ 
tangent and subnormal already defined (Art. 30), namely, the projections 
of the lengths of tangent and normal upon OX, we shall consider the 
projections of tangent and normal at P upon a line through 0 perpendicu¬ 
lar to the radius vector at P. Let r = f{6) have a tangent and a normal 
at a point P as shown in Figs. 80a and 806. Draw OP, the radius vector 
at P, and through 0 draw a line perpendicular to OP. Let the tangent at 
P intersect this line at T, and let the normal intersect it at N. The seg- 


r sin 0 
dy 
d6 
dx 
d6 
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ment PT is called the length of the polar tangent, and its projection OT is 
called the polar subtangent; the segment PN is called the length of the 
polar normal , and its projection ON is called the polar subnormal. We 
consider two cases. 




Fio. 866. 


dr. 


First suppose that r increases with 0 as in Fig. 86a. Then — is positive, 

ad 


and 


. . r dO 

t*n*=-^ = r- 

dO 


is positive. Hence is an acute angle as shown. Since tan ^ = OT/r 


OT = r tan ^ = r 1 ^ 

dr 


(the polar subtangent) 


(4) 


We also have tan \f/ - r/ON, whence 


dr 


ON = ^ ^ (the polar subnormal) 

We may find PT and PN from the right triangles, thus 

pr. VOF‘ + TFt’ = P - ("? = r^l + (r'v)' 


(5) 


PN = V OP 3 + ON 


dr . 


Note that when ^ is positive the polar subtangent is measured to the 

right of an observer standing at 0 and looking along OP. 

Next suppose that r decreases with increasing 0 as shown in Fig. 866. 
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Then ^ is negative, and tan ^ = r ^ is negative. Hence \p is an obtuse 
du dr 

angle as shown. Formulas (4) and (5) now give negative values for the 
subtangent and subnormal. The reader will notice, of course, that, if we 
use triangle OTP of Fig. 86 b, we obtain 


OT = r tan (t — \p) = — r tan jt 



de 

dr 


which is positive since ^ is negative. Note that, when ^ is negative, 

the polar subtangent is measured to the left of the observer standing at 0 
and looking along OP. 


Example. If r = a(l + cos 0), find the polar subtangent, polar subnormal, and 
the lengths of the polar tangent and polar normal at the point where 0 =» arctan £ 



(Fig. 87). We have 


dr "1 . 3 

— «» —a sin 0) = — ~ 

do J t — «rct»n 1 *> 


and r o(l + g) ™ ga 


*» arctan 1 

Formulas (4) and (5) give 


and 


81 / 5 \ 27 

or- — 0*1- — 

25 \ 3 a) 5 

ON = -g o _ 

PT - V 75 a> + VtT Q * “ g V}Oa 

PN - Vtso 1 2 * 4 + Tg a * “ g VlO a 


EXERCISES 

In the following cases, find the lengths of the polar aubtangcnt, subnormal, tangent, 
and normal at the points indicated. Make a rough sketch in each case. 

1. The cardioid r ~ a(I + sin 0) at 0 = arctan | 

2. The four-leaved rose r - a sin 20 at 0 - 30° 

8 . The circle r - 2c cos 0 at 0 - 45° 

4 . The spiral r - aO at 0 - 1 radian 
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6 . The spiral r = ad at any point. {Note: The subnormal is constant.) 

6 . The spiral r = a/e at any point. {Note: The subtangent is constant.) 

7. The curve r = a tan 0 at any point 

8 . The curve r = a cot 0 at any point 

9. The curve r = a/y/o at any point 

10. The spiral r = a 9 at any point. (Consider the case in which a = e.) 

73. Derivative of Arc Length. If we measure the distance s along the 

curve r = f(d) from some fixed point to the point 
P(r,0), then s is a function of 0. We shall find a 

da 

formula for -jz- Let P(r,0) be any point on the 

do 

curve r = /(0) (Fig. 88), and let Q with coordi¬ 
nates r -f Ar, 0 + A0 be a nearby point of the 
curve. We denote the arc PQ by As and chord 
PQ by FQ. Draw PR perpendicular to OQ. In the right triangle PRQ, 



PQ 1 = RP 2 + RQ 2 
We also have, from triangle ORP, 

RP = r sin A0 

Now RQ = OQ ~ OR 

— r +■ Ar — r cos Ad 
= Ar -f r(l — cos Ad) 


We wish to find — 

AQ 


Now 


It is simpler to calculate : 

/AsY = / As V 

W) { P q) \Ad) 

F^ 1 = r 1 sin 1 Ad 4- [Ar r(l — cos A0)] a 
= r 1 sin 1 Ad + ^Ar + 2r sin 1 ^j 


Hence 


/AsV _ / AsV 
\A0 J ~ \fq) 



Taking limits as A0 —♦ 0, we get 

sy ■- [~ m 


or 

★ 


da I (dr\ 
dd \ r + \dd) 


( 6 ) 


If 8 decreases with increasing d, we should take the negative sign for this 
square root. 
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The differential of arc length is at once obtained from (6) by recalling 
that the differential of a function is equal to the derivative of the function 
multiplied by the differential of the argument. Thus 

* * = \l rl + (is) dl (7) 

ds = y/r 2 dd 1 + dr 2 

Let the reader show that formulas (6) and (7) can be obtained by 
use of differentials from the equations connecting rectangular and polar 
coordinates. 

74. Curvature. Let P be any point on the curve r = f(d) (Fig. 89). 
Let the tangent at P make angles ^ with OP and a 
with OX. We wish to find 


da 

ds 


da 

dd 


ds 

dd 



As in Art. 70, we have a = 0 + 4'- Therefore, 


But 


da _ . , d\p 

de “ r dd 


tan 4 / = 


dr 

dd 


that is 


arctan 


dr 

dd 


Hence -rr 


dt 

dd 


1 


J + 


dr dr _ dV / —V — 

dddd~ r dd i = \dd) 

( dr \ 

\dd) 


db 


— (A 

/dry \dd) 

\de) 


(W 
+ r 2 


da . d4> 

Consequently d$ = 1 ^ dd ~ 


r 2 + 2 


(A" _ 

\dd) 


d'r 

dd 2 


__ is - 

Since ^ = Jr* + (A*> we have, finally, 

- 


K = 


da 

ds 


r’ + 2 


db 

dQ 2 


m * -r 
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The radius of curvature p is simply the reciprocal of |«c|. We shall, as 
before, regard curvature as essentially positive and so shall always use |#c|. 

Example. Find the curvature and radius of curvature at any point of the cardioid 
r — a(l + cos 0); also at the point 9 = arctan We have 


dr . d*r 

— =* —a sin 9 — = —a cos 9 

dd d9 * 

Therefore 

o*(l + cos 9 )* + 2a* sin* 9 — a*(l + cos 0)( — cos 9) 
[a* sin* 9 + a*(l + cos 0 )*]* 4 
a*[l + 3 cos 9 + 2 cos* 9 + 2 sin* 0] 
a*[sin* 0 + 1 + 2 cos 0 + cos* 0)* 4 

= 3d + cos 0) _ 3 = 3 

= a( 2+2 cos 0)* 4 2 a y/2(l + cos 0 ) 40 cos ( 0 / 2 ) 


Or this may be written 


2 y/2a • a(l + cos 0 ) 2 y/2or 


Hence 


4 

3 a 


9 

cos - 
2 




That is, the radius of curvature at any point is proportional to the square root of the 
magnitude of the radius vector of the point. 

If 0 = arctan £, then 

cos 0 - y r = a(l + f) = |a 


and 


1 


2 V2a 




_ VL 

2 a \/f 2 a y/2 


2 a y/2 

VI 


EXERCISES 

Find the curvature and radius of curvature of the following curves at the points 
indicated (Ex. 1 to 11): 

1. The circle r = 2a cos 0 at any poiDt 

2. The curve r = a tan 0 at 0 = r/4 

3. The cardioid r = a(l — sin 0) at 0 = 270° 

4. The four-leaved rose r = a 6 in 20 at 0 = 45° and at 0 = 0° 

6 . The three-leaved rose r = a cos 30 at 0 = 0° and at 0 = 30° 

B. The rose curve r - a cos n 0 at 0 = 0 and at 0 = r/2n 

7. The spiral r = e a<> at any point 

8 . The spiral r = a9 at any point 

9. The spiral r — a/9 at any point 

10. The lemniscato of Bernoulli r* = a* cos 20 at any point 

ac 

11. The conic r - - at any point (c is the eccentricity) 

1 — c cos 0 

12. Verify in Exercise 11 that, if c = 1, then the equation of the parabola reduces to 

a 0 

r — - esc* -• Find the curvature at any point. 

2 2 
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13. Find the points of the cardioid r = a(l + cos 0) at which the radius of curva- 
ture has its maximum value. 

14. Find the point at which the curvature of the parabola r =* a sec 2 (0/2) has its 
maximum numerical value. 

15. Find the points of maximum (numerical) curvature on the hyperbola 

r* =» a* sec 20 


76. Components of Velocity. If a point P is moving along a plane 
curve whose equation is given in polar 
coordinates, it is customary to resolve its 
velocity into components along OP and at 
right angles to OP. These are called, re¬ 
spectively, the radial and transverse com¬ 
ponents of velocity and are denoted by v r 
and v e . In Fig. 90, let v be the vector 
representing the velocity of P. From Art. 

ds 

67, the magnitude of this vector is v = -vr 



Fio. 90. 


Hence 


v = 


ds 


ds dO 

di 


dO dt 




dO 

dt 


From Fig. 90, it is clear that v, = v cos i p. Since 




tan 4> 

/ 

dr 




dO 



dr 

dr 

we have 

cos = 

dO 

To 

1 / 

j_\* ds 



V r ’ + ( 

le) ® 

Consequently 


- > r 

ds dr dr 
Vr ~ dids" dt 

Similarly 


Vo = 

v sin 4/ 

where 

sin 4/ = 

r 

r 

i /, 

tr \* dS 



v' 1 + G 

To) d0 

and therefore 


II 

Sri S' 

/ 

dO _ dO 
ds dt 


dr 

ds 


r 


dO 

ds 


Observe that v r is simply the rate at which the radius vector of P changes 
with time, whereas v, is the radius vector of P multiplied by the angular 
velocity of OP (see Sec. 68). Evidently 

v 3 = 


v r * + vt 1 
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Example. A point moves around the cardioid r = a(l 4- cos 0) with the angular 
velocity of its radius vector equal to 10 r.p.m. (r in feet). Find p., r$. and v at any 
time. Find v when 0 = arctan -j. We have 



dr . dO 

-«sm 0 - 


Also 

de do 

P* = r-=a(l+cos 0) - 


Hence, 

V s = a’lsin 1 0 + (1 + 2 cos 0 + cos* 0)) ^ 

if 

or 

/ -d0 rz — dd 

v = a v 2 + 2 cos 6 77 “ V 2ar T 7 

dt at 


de 

Since — 
dt 

^ 10(2 r) x .. , 

=■ 10 r.p.m. =» ——— = - radinns/sec. 

60 3 



When 0 = arctan 


and 


v = ^ y/2ar ft./eec. 
3 


r = a(l + g) = 
t I 9 12 

- 1.98a ft./sec. approximately 


MISCELLANEOUS EXERCISES 


A point moves on the indicated curve with angular velocity of the radius vector as 
given (r in feet). Find tv, vo, v at the point designated in Exercises 1 to 4. 

1. The circle r = 2a cos 0; » 40 r.p.m.; at any point 

2. The four-leaved rose r = sin 20; o> = 20 r.p.m.; at 0 = 30° 

3. The lemniscatc r* = a 1 cos 20; w = 15 r.p.m.; at 0 — 30° 

4. The spiral r = aO; o> = k radians/sec.; at any point 

6 . A point moves out from the pole along the first quadrant branch of the curve 
r = tan 0 with constant velocity in the path of 3 \/5 in. per second. Find ty, v$, and 
the angular velocity of the radius vector at the point (1,45°). 

6 . A point moves out from the pole along the spiral r = 40 with constant velocity 
in the path of 5 \/l0 in. per second. Find tv, v$, and the angular velocity of the 
radius vector when 0 = 3 radians. 

dr dd 

7. Knowing that tv “ — and v$ - r —, derive the formula for tan \p. 

dt dt 

Find the angle between the radius vector and the tangent, and also the slope of each 
of the following curves at the point specified (Ex. 8 to 15): 


8 . The circle r = 2a sin 0 

9. The four-leaved rose r = a sin 20 

10. The eight-leaved rose r = a cos 40 

11. The lemniscatc r 5 = a 1 sin 20 

12. The curve r = a sin (0/2) 

13. The curve r = cot 0 


at 0 - 30° 
at 0 = 60° 
at 0 = 30° 
at 0 = 60° 
at 0 = 60° 
at 0 » 45° 
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14. The curve r = a sin 1 0 at 0 = 45° 

15. The curve r = a cos* 20 at 0 « 120° 

Find the angle of intersection of the following curves (Ex. 16 to 20): 

16. The cardioids r = a(l -f sin 0) and r = a(l — sin 0) 

17. The cardioids r = a(l + cos 0) and r = a(l + sin 0) (other than at the pole) 

18. The two circles r = 2a cos 0 and r = 2a sin 0 

19. The line r = 4 sec 0 and the circle r = 10 sin 0 

20. The circle r = a and the four-leaved rose r => 2a sin 20 

21. Find the points at which the tangents are horizontal on the four-leaved rose 
r = a cos 20. 

22. In Exercise 21, find the points at which the tangent line is vertical. 

23. Find the points on the lemniscate r 2 « a* sin 20 at which the tangent line is 
vertical. 

24. Find the points on the cardioid r = a(1 + cos 0) at which the tangent line is 
horizontal; those at which the tangent line is vertical. 

25. Find the length of the polar subtangent, subnormal, tangent, and normal of the 
curve r = a sin 2 0 at any point. 

Find the curvature and radius of curvature for the following at the points indicated 
(Ex. 26 to 30): 

26. The curve r = a tan 0 at 0 « 45° 

27. The lemniscate r 2 = a 2 sin 20 at any point 

28. The curve r = a sin 2 0 at 0 = 90° 

29. In Exercise 28, find the center of the circle of curvature. (Sketch the curve 
and the circle.) 

30. The curve r = a cos ( 0/2) at 0 =» 0 

In the case of each of the following curves, find approximate values for the incre¬ 
ments in the radius vector and the arc length corresponding to a small increment ±0 
in the angle 0 as indicated: 

31. The circle r «* 4 sin 0 when 0 changes from 40° U> 40°10 / 

32. The curve r = 10 tan 0 when 0 changes from 67° to 68° 

33. The curve r ~ 60 when 0 changes from 155° to 157° 
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FORMS, AND TAYLOR’S THEOREM 


76. Rolle’s Theorem. Suppose we have a continuous function y = f(x ) 
as illustrated in Fig. 91. Notice that there are maximum points and a 
minimum point whose abscissas are between a and b and that there is a 

definite nonvertical tangent line at each point 
between A and B. This last fact might be 
stated differently as follows: fix) has a deriva¬ 
tive for every value of x between a and b. 
Now, there are points at which the tangent 
line is horizontal; for instance, E is such a 
point. In fact, any curve that we care to 
draw through A and B representing a con¬ 
tinuous (of course, single-valued) function 
and having a definite nonvertical tangent 
line at all points between A and B will have a horizontal tangent at at 
least one point whose abscissa is between a and b. Let the student draw 
several such curves and satisfy himself that this is the case. These facts 
are stated in Rolle’s theorem :Iff(x) is continuous in the interval a x ^ b 
and has a derivative f'(x) for dll values of x between a and b (that is, for 
a < x < b), then, if f(a) = f(b) = 0, there is a value £ of x between a and 
b for which /'(£) = 0. 

Although this theorem is geometrically evident, it is possible to give a 
simple analytic proof based upon the following fundamental property of 
a continuous function: If f(x) is continuous throughout an interval 
a ^ x ^ b, then it has a maximum value Af for at least one value of x 
in the interval and a minimum value m for at least one other value of x 
in the interval. We shall assume this fundamental property as known, 
for its proof is best deferred to a more advanced course. 

We proceed to the proof of Rolle’s theorem. Now, f{x) has a maximum 
M and a minimum m, each for some value of x in the interval a ^ x ^ b. 
Since/(a) = f(b) = 0, we have, necessarily, M ^ 0 and m £ 0. 

Suppose m = M = 0. Then/(x) = 0 for all x in the interval. Hence 
f\£) = 0 not only for one value £, but for all values of x between a and b. 

If m 9* Af, then either M is positive, or m is negative, or both. First, 

186 
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suppose M > 0 (Fig. 92). Let /(£) = M. Then, for sufficiently small 
Ac, /(£ + Az) — /(£) is negative or zero, since /(£) is a maximum value of 
/(x) in a ^ x ^ b. Consequently 

Ay _ /(g + Ac) - /({) 

Ax Ax 


is positive or zero when Ax is negative and is negative or zero when Ax is 
positive. Hence, if Ax approaches zero from the 

left, the limit of — is either positive or zero. 

Similarly, if Ax approaches zero from the right, 

the limit of ^ is either negative or zero. But 

Ax 

we supposed /(x) to have a derivative for every 
value of x between x = a and x = b, and therefore 

atx = f. Hence lim ^ = /'(£) must have the 

Ar—• 0 AX 

same value no matter how Ax approaches zero. Hence /'(£) = 0. 

Now, suppose m < 0. Then, the maximum of — /(x), namely, — m, is 
positive. Therefore, by the preceding paragraph, the derivative of -/(x) 
must be zero for a suitable value of x, say x = £. That is, —/'(£) = 0, 
and hence /'(£) = 0, for a < ( < b (Fig. 93). This completes the proof 
of Rolle’s theorem. 


Y 



Fio. 92. 



Y 

a £ b 

0 

X 


Fio. 93. 



It should be noted that the existence of the derivative for every value 
of x between a and b is the condition upon which the proof of the theorem 
depends. If the derivative fails to exist for any value of x between a and 
b, the theorem need not hold. The conclusion will follow, however, if 
/'(x) is infinite at some point within the interval, provided it is definitely 
either + <» or — 00 (for example, as at point F in Fig. 94). However, 
in Fig. 95 the function whose graph is shown has no derivative for x = c; 

for at this point the tangent is vertical, and + ^ tends 

to -f oo if Ax —» 0" but tends to - oo if Ax -♦ 0 + . In Fig. 96, 

Ay = /(c + Ax) - /(c) 

Ax Ax 
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tends to one limiting value for Ax approaching zero through negative 
values and to a different limiting value for Ax approaching zero through 
positive values; there is, therefore, no derivative at x = c. Thus, these 
are two cases in which Rolle’s theorem does not apply. 



Fio. 95. 



77. Theorem of the Mean. Suppose f(x) is the function whose graph 
is shown in Fig. 97. Note that fix) is continuous with a nonvertical 
tangent for each value of x between x = a and x = b. Let AC = /(a) 
and BD = /(&). Draw the chord CD, and draw CE parallel to OX. It 
is geometrically evident that there is some point P on the curve whose 
abscissa { is between a and b and at which the tangent to the curve is 

parallel to the chord CD. Since the 
chord has slope 

ED _ /(b) - /(g) 

CE b - a 

and since the tangent has slope /'(£), we 
have the result 

= /'(£) where a < { < b 

b — a 

This is known as the theorem of the mean: If fix) is continuous in the 
interval a ^ x ^ b and has a derivative for every value of x between x = a 
and x = b (that is, for a < x < b), then there is a value {of x between a and b 
for which f(b) — f{a) = (b — a)f'({) where a < { < b. 

We need not rely upon geometrical intuition but can give a proof based 
upon Rolle’s theorem. Let us construct the auxiliary function 

Fix) = f(x) - f(a) - fW b ~ ^ • (i - a) 



This function F(x) is continuous in a ^ x ^ b and has a derivative in 
a < x < b since it is the sum of /(x) and a polynomial of first degree. 
Furthermore, F(a) = F(b) =0, as is evident by direct substitution. 
Thus, F(x) fulfills the conditions of Rolle’s theorem. Now 

= /'(x) - 
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Therefore, we must have 

n& = /'to - f - b l ~ { ( - = o 


for some £ between a and b. This gives at once 

(6 — a)/'({) = f(b) — /(a) where a < £ < b 

Note (Fig. 97) the geometrical interpretation of F(x): 

f(x) = SQ, /(a) = AC = ST, x — a = AS = CT, b — a = AB = CE, 
f(b) — /(a) = ED. Therefore 

pn 

F(x) = SQ - ST - • CT 

= SQ - ST - TR 
= RQ 


The theorem of the mean may be expressed in various ways. The fol¬ 
lowing are the most frequently encountered: 

f{b) = /(a) + (b - a)f'U) a < £ < b (1) 

This is the original statement, with/(a) transferred to the right-hand side 
of the equation. If we put 6 = a + h, we may express the fact that £ 
lies between a and b by writing ( = a + Oh where 0 < d < 1. Sub¬ 
stituting in (1), we get 

f(a + h) = /(a) + hf(a + dh) where 0 < 6 < 1 (2) 

We may think of b as a variable, and write b = x for convenience. Sub¬ 
stituting in (1), we get 

/(z) = f(a) + (z - a)f'U) where a < £ < z (3) 

We now prove a theorem to which wc shall make reference later: // 
the derivative of a function f(x) is zero for all values of x in the interval 
a g x ^ b, then f(x) is a constant in that interval. 

Since the function has, by hypothesis, a derivative at every point of the 
interval, it is continuous throughout the interval and satisfies the condi¬ 
tions for the theorem of the mean. 

Let z be any value between a and 6. Using (3), we have 

f(x) = f(a) + (z - a)/'U) where a < ( < z 

But we are given that/'(() = 0- Hence/(z) = /(a), a constant, and the 
theorem is proved. 

Example 1. Verify Itollc’s theorem for the function /(z) - x* - 4z. We have 

f(x ) = x(z +2)(z - 2). Hence /(—2) -/(0) -/(2) = 0 (see Fig. 98). Also 

f(x) = 3z* - 1 which exists for all values of z. Hence, according to Rolle’s theorem, 

there should be a value of z, say {i, between —2 and 0 , and another value of z, say 

between 0 and 2, at each of which /'(z) should vanish. Clearly, /'(x) - 3z‘ - 4 = 0 

4 . . ±2 

if x* — -i that is, if x — 7 =- 
3 V3 
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Now, -2 < -2/V3 < 0 < 2/y/z < 2. Hence, we may take £i - -2/y/z, 
and £i =* 2/\/3> and therefore Rolle’s theorem ia verified. 



Fio. 98. 



Example 2. Given/(x) = e*. Verify the theorem of the mean for a =» 0 and b = 1. 
That is, show that there is a point on the curve y =• e* whose abscissa £ is between 0 
and 1 (Fig. 99) such that/( 6 ) = fid) + (b — a)f'((). 

We have f(b) = c 1 = e, fid) = e° = 1, b — a = 1 — 0 = 1; also, fix) = e*. We 
therefore wish to show that there is a number £, between 0 and 1 , such that t = 1 + e*. 
This requires e ( “ e — 1, or £ = in (e — 1). Now, since e = 2.71828 . . . , 

In 1.71 < In (e - 1) < In 1.72 

that is, 0.537 < £ < 0.542, and consequently 0 < £ < 1, and the theorem is verified. 
Geometrically, this means that the tangent to the curve at the point (£,c { ) (approxi¬ 
mately 0.54, 1.72) is parallel to the line joining the points (0,1) and (l,e). 


EXERCISES 


Verify Rolle’s theorem for the following functions (Ex. 1 to 4): 


1 . fix) = 16x - x* 

3. fix) 


sin x 


2. fix) = x* — x* - 4x + 4 
4. fix) = cos (x/2) 


Rolle’s theorem cannot be applied to the following functions in the interval specified. 
Explain why (Ex. 5 to 8 ). 


6 . fix) = x 
j fix) =■ 2 x 

V(x) “ 4 - 


7. fix) 

8 . fix) 


2 x 
1 - x* 
tan x 


in -1 g x 5 1 
for r g 1 
for x > 1 
in -1 g x i 1 
in 0 ^ x ^ x 


in 0 g x g 2 


Verify the theorem of the mean for the following functions in the interval specified. 
Make a sketch in each case (Ex. 9 to 15). 


9. fix) = x* 

in 

1 £ x g 2 

10. fix) - x* - 2x + 4 

in 

-1 £ x S 2 

11. fix) - X 1 - 3x + 2 

in 

-2 £ x S 3 

12 . fix) = e x 

in 

-lgig 2 

18. fix) =» In x 

in 

7 ^ X ^ 2 

14. fix) =■ sin x 

in 30° g x g 60 

15. fix) “ cosh x 

in 

-1 S * S 3 
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78. An Alternative Form of the Theorem of the Mean. Suppose that 
we have two functions /(x) and g(x), each of which is continuous in the 
interval a ^ x ^ b, and each of which possesses a derivative at every 
point of the interval a < x < b. Furthermore, suppose that g'(x ) is not 
zero for any value of x within the interval. It then follows at oilce from 
Rolle’s theorem that 0 ( 6 ) y* g(a). Then, there is a^shch that I 

m -m . m < ma <(<b 

fib) - , 7 (a) g (£) 

This is sometimes called the extended law of the mean or extended 
theorem of the mean; it is occasionally called Cauchy's formula.* To 
prove this theorem, we construct the following function: 

*w = a*> - a«> - f Mr=W ) fa(I) ~ 9M] 

Since 4>(x) consists of a sum of constants and constant multiples of g(x) 
and/(x), it is continuous in the interval a ^ x ^ b and possesses a deriva¬ 
tive at every point unthin this interval. Also, 4>(a) = 4>(6) = 0, as is 
easily seen by direct substitution. We may therefore apply Rolle’s 
theorem, obtaining 

*'<«) - /,(f) - % '-III) ■ 5 ' (f) - 0 for 0 < £ < 6 


from which formula (4) immediately follows. 

79. The Indeterminate Form 0/0. Let /(x) and ^(x) be continuous 
functions, and consider the quotient /(x)/^(x). It may happen that, 
when x = a, both /(x) and g{x) are zero, that is, /(a) = g(a) =0. In 
this case the fraction f(a)/g(a) assumes the meaningless form 0/0. The 
function F(x) = /(x)/ff(x) is, therefore, undefined for x = a; however, it 
may approach a limit as x approaches a. Whether it approaches such a 
limit or not, we say that F(x) assumes the indeterminate form 0 / 0 ; finding 
the limit, or showing that it does not exist, is called evaluating the inde¬ 
terminate form. We have already had examples of fractions that assume 

• 

the form 0 / 0 ; for example, i s undefined for x = 0 , but we have seen 


that lim = 1. In fact, in finding derivatives we have been forced 

x —0 x 

to discover means of evaluating the limit of ^ when both the numerator 
Ay and the denominator Ax approached zero. Again, the fraction 


- -f -——- = F(x) has no meaning when x = -2, for both numerator 

x* + 4x -f- 4 

and denominator are then zero. 


• After the French mathematician A. L. Cauchy (1789-1857). 
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Further investigation shows that 

F( x ) = x 2 --— = -— 

) x + 2 x + 2 x + 2 

for x —2 becomes infinite as x approaches —2, so that the fraction 
does not approach a limit. Thus, a fraction that assumes the indetermi¬ 
nate form 0/0 when x = a may or may not have a limit as x approaches a. 
So far we have relied upon special devices to find the limits of such frac¬ 
tions. We may, however, use the theorem of the mean as given in Art. 
78 to obtain a convenient rule for evaluating these limits. 

Suppose that f(x) and g(x) are continuous in the interval a ^ x ^ 6, 
that f(a) = g(a) = 0, and that /( x) and g(x) each possess a derivative in 
a < x < b. We have, from Art. 78, letting b = x, 

f(x) - /(a) _ m 
g{x) - g(a) g'(Z) 


for some £ such that a < £ < x, that is 


g(x) g'tt) 

fix) 


where a < £ < x 


Hence lim'-T^ = lim 

• a g(x) f—»a g (Z) 


provided this limit exists. In case f'(x) and 


g'(x) are continuous at x = a, and g'{a) 0, then 

, 8m /(*) _ m _ f’ja) 

L™ 5 (x) g'(() g'{a) 


since ^ approaches a if x approaches a; if g'(a) = 0 while /'(a) ^ 0, then 
the fraction will become infinite. Although here we have supposed 
x —* a + , the argument is easily extended to the case x —* ar. 

This can all be formulated in the following simple rule: To evaluate the 
limit of a fraction that takes the indeterminate form 0/0, differentiate the 
numerator and the denominator separately, and take the limit of the 
resulting fraction. Caution: Differentiate the numerator and the denomi¬ 
nator; do not differentiate the whole fraction as a quotient. 

We may let x approach a only from the right if we wish to find the 
right-hand limit of f{x)/g(x), and our reasoning still holds; similarly for 
the left-hand limit. 


Example 1. Evaluate 



Both numerator and denominator have derivatives that are continuous at x ■■ */4, 
and the fraction assumes the form 0/0 at this point. Hence, applying the rule, 



Art. 79] 


lim 

*“*4 
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1 4 


— lim 

w 

»«• 

4 


- - 1 


Example 2. Evaluate lim arCt&n (l/ -» Again, both numerator and denominator 

r —*0 X 

have derivatives that are continuous at x = 0, and the fraction assumes the form 0/0 
at this point. Hence 


lim 
x —*0 


Z 

arctan - 


i 

7 


E xam ple 8. Evaluate lim 


z 

sin z 


lim 
x~~* 0 


1 + (xV4) 


1 

2 


Here 


o x* 


lim 


sin z 


lim 


cos x 


CO 


0 x« 


0 2z 


and the original fraction becomes infinite. 

It may happen that f , (x)/g'(x) assumes the indeterminate form 0/0. 
Then, if /"(x) and g"(x) exist in a < x < b and if fix) and g\x) are 
continuous at x = a and x = 6, we need only apply our extended theorem 
of mean value (Art. 79) to the fraction f'(x)/g\x) and obtain 


.. fix) _ rix) 

lim r — lim // v 

g(X) *-o o w 


r—a 0 \X) 


If J"{x) and g"(x) are continuous at x = a, and g"{a) ^ 0, this is equal 
to f"(a)/g"(a). If f"(x)/g"(x) assumes the indeterminate form 0/0 for x 
approaching a, the method may be applied again, and so on. In evaluat¬ 
ing indeterminate forms the student should be constantly alert for the 
possibility of finding the required limit without further differentiation. 
Frequently algebraic simplification or the use of trigonometric identities 
will greatly shorten the process. This is illustrated in the foUowing 

example: 

1 - 2 cos x 4- cos* x 


Example 4. lim 


x —• u 

p—1 

« lim 

u'«J 

r -0 

rrwl 

~ lim 

L <rw J 

r —*0 


- lim 

L ✓"(*>. 

r —*0 

(>(.)' 

o lim 

Lp <4, (*). 

z—+0 


- 2 sin x cos x 2 sin x - sin 2x 

-— lim --- 

4a. 1 x—0 4z* 


2 cos x - 2 cos 2x 
12x* 

-2 sin x + 4 sin 2x 
24z 

— 2 cos x + 8 cos 2z —2 + 8 
24 24 


1 

4 


Note that each fraction, except the last, takes the form 0/0. 
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This result could have been obtained with no differentiations as follows: 


lim 


1 — 2 C08 X + COS* X 


l jm 

*-♦0 


(1 — cos *)* 




lim 

X-4 0 



1 

4 


sin 0 

The advantage is gained by using our knowledge that lim —— - 1. 

*-♦0 v 

It can be shown, further, that if f(x) takes the indeterminate form 0/0 
as x becomes infinite the same method may be used. That is, 

,. f(x) f'(x) 

lim -j-4 = lim - 77 -T 
Z — • 9( X ) T-* » ff ( X ) 

80. The Indeterminate Form « / «. If, in the fraction f(x)/g(x), both 
f(x) and g(x) become infinite as x approaches a, we say that the fraction 
assumes the indeterminate form «>/«>. It can be shown, although the 
proof will not be given here, that then 

f(x) r /'(*) 
lim -V4 = hm -~rr\ 
g(x) x-o g (*) 


In case f'(x)/g'(x) becomes infinite, then the original fraction becomes 
infinite. This is still true if x approaches + <» or — ». If f'{x)/g'(x) 
takes the form 00/00 and no simpler method of evaluation is evident, the 
method may be used again. 


Example 1. 


Example 2. 


Find lira • This is clearly of the form « / oo. 

x—♦ ® % 

V ln x r 1 / z n 
lim - « bm — =• 0 

M « X Tw^ « 1 


Find lim — Again, this is «/«, and we have 

x —* *0 

X' y 2x 
lim — => hm — 

- e* ~ - c* 


Hence 


Since 2x/e* alBO takea the form «/®,we apply the rule again, obtaining 


Hence 


2x 2 

lim — - lim — = 0 

x-t « e* x—• « 

i* 

lim - - 0 
m e* 
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x* - 4x* + x - 1 
Example S. Um — - + — 



Example 4. Find Um —• Note that, although x becomes infinite, sin x does 

not become infinite. This is, therefore, not the form « / •, and our rule does not apply. 
The student must guard most carefully against trying to evaluate limits of fractions 
that do not take one of the indeterminate forms 0/0 or -/• by applying this rule. 
This particular limit can, however, be shown to be zero as explained in Example 2, 

Art. 10. 

We may summarize briefly the results of this and the last section in a 
convenient rule as follows: 

L'Hdpital’s rule:* If f(x)/g(x) assumes one of the indeterminate forms 
0/0 or oo/oo as x approaches a (a finite or infinite), and if f{x) and g(x) 

have derivatives of all orders up to and ineluding n, then Um ^ is equal 


to the first of the expressions 


fix) 


lim ... 
*—.a 9 \.x) 


lim 


f"(x) 

g"(x) 


lim 


/ (n) (x) 

g (n) (x) 


which is not indeterminate, provided that the indicated limit exists; and if 

the first such expression becomes infinite, so does f{x)/g(x). 

As already noted, it may be possible to evaluate an indeterminate form 
very readily by use of algebraic simplifications or other simple devices. 
Such a possibility should be explored at each step of the work before 
proceeding to find the quotient of the next higher ordered derivatives. 
It may happen that all the above quotients are indeterminate—for exam¬ 
ple, if /(*) = e*. g{x) = e 1 ', and a = 00 . Here, lim £ = Um e- = 0 at 


once, without application of L’Hopital s rule. 


EXERCISES 


Evaluate the following limita: 
x i + x * - llx + 10 


1. lim 


8. lim 
•3 


z> - x - 2 

X* - x‘ - 6z* - 2x + 6 


2. lim 


2x» — x* — 2x + 1 


4. lim 


z» + X* + X + 1 

x* - 2x» + x* 


x» - 7x* + 15x - 9 x‘ + 6x - 7 

♦ Named for G. F. A. de L’H6pital (1661-1704) who discussed the form 0/0. 
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_ 2x* - 3x* + Hz - 1 

„ 17x* - 21x* + x + 2 

6. lim — 

* z ^°io x % + 5x - 22 

i - z* + 2x» - 1 

„ x 4 + 12x* + 3 

8 lim tan 21 

7 ‘ ji m . lOOOx* - 1 

r—0 Z 

9. lim 

f * 

~5*“5 

10 lim C ° 9 35 " 1 

9—0 0 

sec 9 — 1 

.. cot ( 0 / 2 ) 

11. lim 

0—0 ® 

11111 

9—r T — 0 

1- ein 40 

11 lim lD (1 + X) 

IS. lim 

9—0 tan 0 

i— o x 

.. In sec x 

4 R 1 

1G lim ln Bin * 

lo. lim 

i—*0 ** 

x—0* CSC X 

In (x* + 1) 

17. lim —- 

i—*0 ** 

18. lim ^ 
r— + *> e- 

19. lim — 

x—* — « X 

x—*0 Z 

21 lim C * + 1 

t* 

OO \[ m _ 

21 . lim 

*- - e* - 1 

mil 

r— « X 1 

sin 0 — tan 0 

A . arcsin z 1 

9—0 ° s 

r-0 ** 

_ arctan * 

OS lim BrCS ‘ n (l/2) 

26. lim —;- 

r -0 Sin z 

2—0 ** 

cosh x — 1 

t\rr l • _ 

28 lim Blnh X 

if. lim 

2-0 I* 

r—*0 Z 

tanh x 

30 lim C ° Sh 1 

lim 

r-0 X 

x—* • x 

ainh x 

n 4 l.' 

cosh x 

31. lim 

x—* 00 x 

04. um v** a positive integer; 

x— « Z n 

argsinh z 

33. lim - 

r—0 z 

34 l.m arKtanhz 

x—0 2 

.. 1 - 

85. lim — .-— 

tan x 

86. Inn - 

x-l“ V 1 - X 

j—♦ « X 

Bin x 

O*? lim 

1 — cos 4 

Qft lim -- - — 

Sr. lim 

x —* •« 

r -*0 v> 

9 — sin 9 

39. lim ---- - 

9—o 0 - tan 0 


x® 

40. lim — (a is not necessarily an 
2— “ 

integer. Consider the eases a < 0, a - 0, 

a > 0.) 


6 s 

41. lim — (Consider all possible values of a.) (Compare with Exercise 40.) 

i— » i“ 
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42. lim 


In z 

v® 


In x 

43. lim - 

X —► • ®* 


44. lim —— (n £ 0) 

x—»0* *" 

81 Other Indeterminate Forms. If /(x) and g(x) both become infinite 
as x -» a (or as x —* «), then /(x) - g(x) assumes the indeterminate form 
oo_oo. We then attempt to transform/(x) — g(x) into an expression 
that will take one of the forms 0/0 or «/« and apply L’Hopital’s rule. 

Example 1. The expression sec x - tan x takes the indeterminate form - - • 
as x approaches r/2 from the left. We have, however. 


sec x — tan x 


1 


sin x 


cos x cos x 


1 — sin x 
cos x 


which takes the form 0/0 as x -* *~/2. Hence 


1 — sin x cos x 

lim - - hm -— 


0 


cos X 


sin X 

T 


lim (see x - tan x) « 

If j (z ) _ o while g{x) — « for x — a, then /(x) • g(x) takes the 
indeterminate form 0 • ». Here we may write fix) • „(*) - j^jg. or 
f( x ). g (x) = JlM-y obtaining either 0/0 or =»/«, and L’Hopital’s rule 

may be applied to whichever is the more convenient. 

Example 2. The product x’ e- takes the form « -0 if x - «. However, 
x t . e -« . x */e 9 takes the form »/°°. Hence 

lim x* e- - lim " Hm ^ - lim - - 0 

y ♦ m V r—• » v z • v 

X—* • * 

^ExampTe 1 *^ 2 If i^ then y takes the form 0 • « as x 0+ We have 

„ . >JLf W hich takes the form - / -. Applying L'llfipital's rule, we obtain 

1/z i 1/x 

lim u = Hm — “ Hm ——- = Hm (-x) - 0 
Jlo‘ 1 /* — 1 /x* x— » 0 * 

The expression |/(x)]‘’ ( ‘ , may assume one of the indeterminate forms 0°, 
oo° 1 " as x approaches a (a finite or infinite). In these cases, we first 
find the logarithm of the given expression, and if it takes the form 0 • », 
the limit (if it exists) may perhaps be found. The method is best made 

clear by examples. 

Example 4. If y - z*, then y takes the form 0° when z -♦ 0 + . To evaluate 
the limit, we have In y - sin x • la x. Hence, In y takes the form 0 • « when x — 0+ 
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We write In y 


In z 
cac * 


- which takes the form «/«. Hence, applying the rule, 

l/x 


lim In y = lim — 

0* *-*0* — CSC I cot X 


By trigonometric identities, this is equal to 


— sin x • tan x /sin * \ 

lira - = — lim I- • tan i I = — 1 • 0 — 

-.0* * x—»0 \ * / 


Hence 

and therefore 


tan x 

*— 0 \ X 

lim In y =» In lim y = 0 
x—»0* x—»0* 

lim y = e° — 1 


Example 6. If y = (cot x)*, then y takes the form » 0 as z —» 0 + . We have 

In cot x 

In y = x In cot x — —r ~.—> which takes the form «/«. Hence, applying the rule, 


l/x 


lira In y = lim 

r—*0* x—*0' 


C8C* X 
COt X 

~T~ 


X* CSC* X 

lim - 

r—.o* cot X 


/ X* \ 

lim I . - • tan x 1 
_o.» Vain* x / 


1-0 = 0 


Hence 


lim y =■> 1 

x—*0* 


= lim 

x—*0* 

In lim y = 0 and 

x—* 0 * 
l 

Example 0. If y = x l ~ x , then y takes the form 1* if x —* 1. Wc have 

, In x 

ln„- — 

which takes the form 0/0. Hence, applying the rule, 


and 

Therefore 


. .. In x l/x 

lim In y - lim -- = lim —; = — 1 

x—+ 1 *—1 1 — x X— 1 —1 

In lira y = — 1 
x ~~+1 


lira y 

r—♦ 1 


6 


EXERCISES 


Evaluate the following limits: 

r-0 \X X*/ 

3. lim (_!_ - 

0—0 \1 - cos 0 am* 6/ 

6 ’ [in (z + 1) z j 
7. lim \/x In x 

x-*0* 

9. lim a cot a 

or—*0^ 

11. lim x* In x 

x—*0* 


2. lim (esc x — cot x) 
x— 0 * 

4. lim (—-—) 

*-2 \** - 4 x - 2/ 


6 


. lim (- -LJ) 

jr-oVy - 1/ 

8. lim x In sin x 

r-* 0 * 

10. lim x ain (l/x) 
12. lim x* 
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13. lim (sin z)* 

14. 

lim (tan x) 9 

x—*0* 


T~*0* 

16. lim (sinh z)* 

16. 

lim x iM 

*—♦0* 


r—0 4 

17. lim z* f 

18. 

lim (cot z) 1 * 0 

x—0 4 


r— 0 4 

19. lim (cscz) ,lQ ‘ 

20. 

lim (coth z)* 

x—o 4 


x—0 4 

/ »\ * 

21. lim (sinz) Ua * 

22. 

lim f 1 +-) 




1 


k 

23. lim (1 + *x)* 

24. 

lim (1 + z)* 

*— 0 


x—0 

f- iV 



25. lim 1 e* + - 1 



\ */ 



82. Taylor’s Theorem.* 

The theorem of the mean 

a more general theorem which we shall now establish. 


/(x) is continuous for all values of x in the interval a^x^6 (orb^x 
^ a in case b < a) and has a derivative in a < x < b (or b < x < a), 
then there exists a value £ of x between a and b such that 


m = f(a) + (6 - a)f'(t) 

A much more general theorem, known as Taylor’s theorem, holds if 
/(x) possesses certain further properties as follows: 

If /(x) is a function such that 

(1) / ( "-»(x) exists and is continuous in a ^ x ^ b (or b ^ x ^ a) 

(2) / (n) (x) exists in a < x < b (or b < x < a) 
then a value £ of x between a and b exists such that 


m = /(a) + (6 - a)/'(a) + 


(6 - a)* 
2 ! 


/"(a) + • • • 


+ + <» 

To prove (5), we note that a number Q can be found so that 

f(.b) = /(a) + (b- a)f'(a) + (6 —/"(a) +•'* 

+ (6) 

that is, so that 

-Kb) + /(a) + (6 - a)/'(a) + ^ 2 ;— /"(«) + * * * 

+ + fi ^T : « - 0 (7) 


• Named for Brook Taylor (1685-1731). 



200 THEOREM OF THE MEAN [CHAP. 11 

If we replace a by x, where a ^ x ^ b (or b ^ x ^ a), the left-hand 
member of (7) becomes a function of x, say F(x), thus: 

F{x) = -JO) + /(x) + (5 - x)f'(x) + {b ~ * --/"(*) +••* 

(8) 


Remember alwavs that Q is simply a constant defined by ( 6 ). Our pur¬ 
pose is now to find an expression for Q. 

We note that F(x) exists and is continuous in a ^ x ^ b (or b S x ^ a), 
for since / (n- 1 ) (x) exists and is continuous in this interval, so /(x) and all 
its derivatives of lower than (n - l)st order exist and are continuous in 
the same interval. Also F(a) = 0 by virtue of (7), and F(b) = 0 by 
direct substitution. Furthermore, since / (n, (x) is supposed to exist in 
a < x < b (or b < x < a), then 

F'(x) = /'(x) - /'(x) + (6 - x)/"(x) - (6 - x)/"(x) + ^-=5^V'(z) 

(b - x.y (*> T fin- 1)( Z ) _ ^ — T )."~ -/ (,t - | )(j) 

2 ! ; 1 ^ (n- 2 )! ; w (n- 2 )!-' w 

(b - x)-» /(n)( } _ (6 - *)"~ . | Q 
+ (n- 1 )! ; w (n - 1 )! V 

exists in this interval. 

Note that pairs of terms add to zero, leaving only 


F\x) = l ~ Q\ 


(9) 


Hence, F(. r) satisfies the conditions of Rolle’s theorem. Therefore F'(x) 
must be zero for some value of x, say £, between a and b. Hence, from (9), 

F'(i) = [/"’({) -01 = 0 

and therefore, since £ ^ b, / (n, (£) — Q = 0. Hence 

Q = / (n, U) 

This establishes (5). If we take x some number in the interval a £ x £ b 
(or b ^ x 5; a), we may replace 6 by x in (5) and obtain a very useful 
form of Taylor’s theorem. 

/(x) = /(a) + (x - a)/'(a) + + 


• • 




(n- 1 )!' nT~ r ’ > l & (10) 

for £ between a and x. 

This theorem is sometimes called Taylor's formula, Taylor’s expan¬ 
sion, or Taylor’s series with remainder, the “remainder” being the term 
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^—— 7 —/ <B) (£)- We say that/(x) is expanded by Taylor’s theorem, 
n! 

A convenient form of Taylor’s theorem is obtained by setting 


x — a = h 

/(o + h) = /(c) + hf'(c) + g-’/"(c) + ■ • • 

4 - ^ — "T. 1 -- + ~\ f (n) ( a + oh ) where 0 < e < 1 

Note that the theorem of the mean is merely formula (10) with n = 1. 

Taylor’s theorem enables us to find a polynomial in (x - a) that 
approximtes a given function for values of x near to x = a, provided the 
function has continuous derivatives at x = a. To be sure, the remainder 
term cannot, in general, be found since £ is unknown; however, it is fre- 
quently possible to estimate limits for the size of this remainder. Of 
course, if /(x) is itself a polynomial, this remainder term will be zero if the 
degree of /(x) is k and n is taken to be k 4- 1 or greater. Taylor s expan¬ 
sion will be further discussed in Chap. 19. 

Example 1. Approximate In x by a polynomial of fifth degree by use of Taylor'a 
theorem with a =* 1. We have 


Hence 
In x «■ (x 


/(*) 

/'(x) 

fix) 

f"(x) 

/<‘>(x) 

/ (4, (x) 

/ (,, (X) 


In x 
1 
X 


1 


2-3 


2-3-4 


2 • 3 • 4 • 5 


and 


and 


/(l) = 0 


and /'(I) ■=■ 1 


/'(l) “ "I 


and /'”(!) =2 


and /'"(l) - -3! 


and /'•'( 1) = 4! 


and /">({)-- 


5! 

{* 


1) - 1 + (-D + <-) + ( ^ }}1 <- 3I > 


2 ! 


3! 

(x - 


41 


(x - 1) - 


♦Sr*™* 

(i - n* . (x - D* (x - d« (x - i)» 


- 1)» / _ 5l\ 

6! \ f/ 


+ 


+ 


(x - !)■ I 
6 ' 


where £ ia between 1 and x. 

Example 2. Compute In 1.2 by the expression of Example 1, and estimate the 
maximum numerical error involved in using the first five terms for the computation 
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Substituting x = 1.2 in the formula of Example 1, we have 


In 1.2 


(0 . 2) 


(0.2)* (0.2)' 
. I •» 


( 0 . 2 )* 1 
6 > 


where 1 < £ < 1.2. Taking the first five terms, 


0.2 =■ 0.20000000 

= 0.00266667 
3 

« 0.00006400 
5 


0.20273067 


( 0 . 2 )« 

2 

( 0 . 2) 4 


— 0.02000000 


— 0.00040000 


-0.02040000 


Therefore, the sum of the first five terms is 0.18233067, correct to seven places of 
decimals. Now l/£* cannot have a value as great as 1/1* or as small as 1/(1.2)*. 

( 0 . 2 )* 1 

Hence, the maximum numerical value of the term —— • — is less than 

(0 2 )* 

• 1 = 0.0000106 < 0.000011 

6 


Consequently, neglecting the sixth term and using only the first five terms in this 
expansion involves an error that does not exceed 0.000011 in numerical value. The 
first five terms give 0.1823307, and the sixth term can affect the fifth place of decimals 
by not more than 1. Hence, log 1.2 = 0.1823, correct to four places. The student 
may verify this result by consulting a table of natural logarithms. 


83. Maclaurin’s Theorem.* A useful special case of Taylor’s theorem 
is obtained by setting a = 0. The result is known as Maclaurin’s 
theorem, or Maclaurin’s series with remainder: 


m = m + *m + ^r(o) + • • • + o) +fj/ w (o 


where £ is between 0 and x. This requires, of course, that f(x) have its 
first n — 1 derivatives continuous in an interval 0 to x, inclusive, and 
possess a derivative of order n within this interval. 

Example 1. Approximate sin x with a polynomial of seventh degree by use of 
Maclaurin's theorem. We have 


/(x) =■ sin x 

and 

m - o 

/'(x) = cos X 

and 

/'( 0) - 1 

/"(x) = - sin x 

and 

/"( 0) - 0 

f'"(x) = - cos x 

and 

/'"( 0) = -1 

/“’(*) = sin x 

and 

/<«(0) - 0 

/<‘>(x) = cos X 

and 

/“>( 0) = 1 


* Named for Colin Maclaurin (1698-1746). 
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maclaurin’s theorem 


/<«>(x) = — sin x 

and /<*>(0) ~ 0 


/ (7) (x) ** — cos X 

and /<*>(0) - -1 


/<»>(x) - sin x 

and /<•>(*) - sin * 


X* 

X* X* X* . 

Therefore 

«in x " X - 

31 

4 - — — 4- — 8 in £ 

5! 7! 81 * 
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X* 

where £ is between 0 and x. The term — sin { is the remainder or "error.” 

Example 2. Calculate the sine of 0.3 radian (that is, of 17°11'19.4" approximately), 
and estimate the maximum numerical error involved in using eight terms of Mac- 
laurin’s series. (Note that, since terms in even powers of x have zero coefficients, 
only four terms will actually appear. The ninth term of Maclaurin’s series is the 
fifth terra in the above expansion of sin x and is the "error term,” which we shall 
estimate.) We have 


sin 0.3 = 0.3 — 


(0.3)* (0.3)* 


3! 


(0.3)* ^ (0.3)* . 

+ -rr- £ 


51 7! ‘ 8! 

0.3 - 0.30000000 

(0.3)' 


31 

(0.3)* 

61 

(0.3)* 

71 


= -0.00450000 


= 0.00002025 

= -0.00000004 


0.29552021 


where 0 < { < 0.3 


Now, since the maximum value of sin { for 0 < { < 0.3 is less than sin (0.3) < 1, the 
maximum numerical error cannot exceed 


- 0.000000002 

81 


which might affect the eighth place of decimals. Therefore, surely sin 0.3 - 0.295520 
is correct to six places of decimals by use of the first four terms of the expansion of 
sin x (actually the first eight terms of Maclaurin’s series). 

Example 3. How many terms of the expansion 


sin x — x 



x* 

± — cos ( where 0 < f < x 
n! 


should be used in calculating sin 0.5 to ensure accuracy to five places of decimals 
(0 5 radian - 28°38'52.4" approximately)? Since the maximum error will be 

(0.5)* 

. 1, we need only find n so that —< 0.000005. This value 

(0.5) ^ 0.00026 which is too largo. Wo 


(0.5)* (0.5)* 

— c ° ,t< — 

of n can be found by trial. If n — 5, then 

.7 


5! 


try n - 7, obtaining < 0.000002. This will suffice; and therefore, if we use 

sin 0.5 - 0 6 - * 0 ' 5 ^ + > the result will be correct to five places of decimals. 

Note that, since terms containing even powers of x will have zero coefficients and 
therefore drop out, it is unnecessary to consider n - 6. 
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EXERCISES 


1. Find four terms of Taylor’s expansion of f(x) = y/x, using a =» 4. Use this 
to find y/ 4.1, and estimate the remainder term. Check by reference to a table of 
square roots. 

2. Assuming sin 45° => cos 45° = y/2/2 = 0.70711 to be known, find four terras 

IT 

of Taylor’s expansion for sin 46°. Use a = 45° = -1 b = 46° 


- + — 
4 180 


180 


Use this to calculate sin 46°, and estimate the remainder. Check by reference to a 
table of sines. 

3. Assuming e 7 = 7.3891 to be known, find e * 1 by using four terms of Taylor’s 
expansion. Check by reference to a table of powers of e. 

4. Assuming c -1 = 0.30788 to be known, find e “‘ 1 by using four terms of Taylor’s 
expansion. Check by reference to a table of powers of e. Estimate the remainder. 

6 . In Exercise 4, how many terms should be taken to ensure a remainder numer¬ 
ically less than 0 . 0001 ? 

6 . Expand c z by Maclaurin’s theorem, and show that 


|x"| 

|/?| < —7 for r < 0 
n! 

x n 

|E| < — e* for 1 > 0 
n! 


7. Calculate e by use of 10 terms of Maclaurin’s expansion, and compare with the 
value given in any available table. Estimate the error (use the fact that e < 3). 

8. How many terms in the Maclaurin’s expansion for e (Exercise 7) are needed to 
ensure an error less than 0.0001? 

9. Approximate cos x with a polynomial of sixth degree. 

10. Calculate the cosine of 0.2 radian by use of the result of Exercise 9. Check 
by reference to an appropriate table of cosines. Estimate the error. 

11. How many terms of the Maclaurin’s expansion for cos 0.2 are needed to ensure 
accuracy to the fifth place of decimals? 

12. Use the expansion of Exercise 9 to calculate cos 9°. Use 9° = x/20 •= 0.157 
radian. Check by reference to a table of cosines. 

13. Expand In (1 + x) by Maclaurin’s theorem, and show that 

|x"| 

\R\ < '' for — 1 < X < 0 

n(l + x)* 

|/?| < — for x > 0 

n 

14. Use five terms of the expansion of Exercuc 13 to calculate In 1.02. Check by 
reference to a table of natural logarithms. 

84. Maxima and Minima. In Chap. 5, we considered methods for 
finding maximum and minimum values of a function but based our 
reasoning largely upon geometrical intuition. We are now in a position 
to develop certain of these rules independently of geometry. Let us sup¬ 
pose that the nth derivative of /(.r) is continuous throughout an interval 
b ^ x ^ c. This ensures that f(x) and its first n — 1 derivatives are 
continuous throughout the same interval. Suppose that x = a is a point 
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within this interval (that is, b < a < c). We restate our definitions 
(Art. 32) of maximum and minimum values of f{x): 

If, for all values of x within some interval 

a — h ^ x ^ a h 


(1) f(x) - /(a) < 0, /(a) is a maximum value of /(x) (Fig. 100); 

(2) J(x) — f(a) > 0, /(a) is a minimum value of /(x) (Fig. 101); 

( 3 ) fl x ) _ y( a ) has one sign for x < a and opposite sign for x > a, 
then/(a) is neither a maximum nor a minimum. (Fig. 102). 




Evidently, if /(x) - /(a) is zero in the interval a — h ^ x ^ a + h, the 

function /(x) is a constant in this interval. 

Case I. Suppose /'(a) ^ 0. We have, using the theorem of the mean, 

fix) - /(a) = (x-a)/'U) (ID 


for some $ between a and x. Now, since/'(x) is supposed continuous and 
j>( a ) o, it is clear from the definition of continuity (Art. 11) that there 

is some interval 

a — h ^ x % a + h 

of width 2 h throughout which /'(x) has the same 
sign as /'(a). Within this interval, therefore, 

/'(£) has the same sign as/'(a). Since x — a is 
negative for x < a and positive for x > a, we 
conclude at once from (11) that/(x) — /(a) has 
one sign for x < a and opposite sign for x > a. 

Hence, /(x) has neither a maximum nor a minimum value for x = a. 
This establishes the fact that if fix) has a continuous derivative through¬ 
out an interval, then/'(x) = 0 is necessary for a maximum or a minimum. 
Case II. Suppose /'(a) = 0 and /"(a) * 0. We have, using Taylor’s 

theorem with n = 2, 

fix) - /(a) = (x ~ <*)/'(<*) + (Z 2 ^ 



(x - ay 
2! 


no 


for some * between a and x, since /'(a) = 0. We have supposed /"(*) 
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continuous throughout b £ x £ c; hence, since 

/"(a) * 0 

there must be some interval a — h. ^ x ^ a + h throughout which f"(x), 
and therefore /"(£), has the same sign as /"(a). Furthermore, since 
(x — a) 1 is always positive (except at x = a when it is zero), f(x) — /(a) 
has the same 6ign as /"(£) throughout the interval a — h ^ x ^ a + h 
(it is, of course, zero at x = a). Hence, /(a) is a maximum if /"(a) < 0 
and a minimum if /"(a) > 0. This agrees with the rule, already given 
in Sec. 34, whose development was made to depend largely upon geomet¬ 
rical intuition. 

Case III (General Case). Suppose that 

/'(a) = /"(a) = • • • = /<"~ l >(a) = 0 
but that / (n '(a) ^ 0. Applying Taylor’s theorem as before, we have 

m - /(a) = (I 

for some £ between a and x. Again, since/ (n) (:r) has been supposed con¬ 
tinuous, there is some h such that, throughout the interval a — h ^ x 
S a + h, f M (x), and therefore / (n) (£), has the same sign as/ (B) (a). Con¬ 
sequently, if n is even, (x — a) n is positive (for all x a), and /(x) — /(a) 
has the same sign as / (n) (a). Therefore, /(a) is a maximum if / (n) (a) is 
negative, a minimum if / (n, (a) is positive. On the other hand, if n is odd, 
then (x — a) n will be negative for x < a and positive for x > a, and 
therefore f(x) — /(a) will have one sign for x < a and opposite sign for 
x > a. Therefore, /(a) is neither a maximum nor a minimum. These 
results are embodied in the following test: 

Calculate the successive derivatives (supposed continuous throughout 
an interval containing the point x = a) of /(x), and evaluate them for 
x = a. If the first of these derivatives which is not zero at x = a is of 
even order, then /(a) is a maximum if this derivative is negative, a mini¬ 
mum if it is positive. If the first nonzero derivative is of odd order, /(a) 
is neither a maximum nor a minimum. 

Example 1. If y = /(x) = x* (Fig. 103), find any maximum or minimum points. 

We have 

/'(*) - 4x* 

/"(x) - 12x* 

/'"(x) = 24x 
/<4>( X ) = 24 

Hence, all the derivatives are continuous, and 

/'(0) - f"( 0) - /"'(0) - 0 

Hence, the first derivative that does not vanish for x —0 
is/ <4) (0) -24. This is of even order (fourth); and since it 



Fm. 103. 
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is positive, x «= 0 gives a minimum value. Note that it would have been equally 
simple to observe that /'(x) changes sign from minus to plus as x increases through 
zero and that, hence, x = 0 gives a minimum. 

Example 2. If y = fix) = x 5 (Tig. 104), find any maximum or minimum points. 
We have 

fix) = 5x« 
fix) = 20x» 
fix) = G9x* 
fix) = 120x 
fix) = 120 

The first four derivatives are all zero for x = 0, and the first 
nonzero derivative,/ <4, (0) = 120, is of odd order. Hencex = 0does not give a maxi¬ 
mum or minimum. Furthermore, since fix) is continuous for all x and zero only 
for x = 0, there can be no other possible maxima or minima. 



MISCELLANEOUS EXERCISES 


Investigate the following functions for maximum and minimum values by the 
method of Art. 81 (Ex. 1 to 7). 


1* y =■ x* 

3. fix) ~ |x‘ + 2x* + 6x* + 8x + 1 

4. fix) = x + sin x 

6- fir) = 3r« - 8r> + Gr* + 4 


2. y = |x* - §x‘ + {x< + 1 

5- fiO) = J0 1 + cos e 
7. /(u) = u — sinh u 


8. Suppose that the first derivative of /(i) that docs not vanish at x = a is of odd 
order n. Show that f(z) is increasing at x — a if f ln) (a) is positive and decreasing if 
/ (n) (o) is negative. 


Evaluate the following limits (Ex. 9 to 22): 
0 — sin e 


9. lim 
*-*0 

11. lim 
x—*0 


IS. lim 


e* 

- l 


In x 


10. lim 


COS X — 009 a 


12. lim 


a X — a 
cot 0 + CSC 0 — 1 


r cot 0 — esc 0 + 1 
^2 


14. lim 


16. lim 


• e M 

In sin 0 


*0* In tan 0 

17. lim --—) 

v-o \y l - &/ 

19. lim x sin ( k/x ) 

x—♦ «o 

21. lim (sec x) 004 m 

w ~ 

z ~* 2 


In cosh x 


16. liin (see * — tan 

w ~ 

18. lim x In sinh x 
x-+0* 

20. lim x Uo * 
z— o* 

22. lim (coth x)* lBh • 
0* 


28. Show that x* n x -♦ e k for x -♦ for z —► 0+, and for x —♦ 1. 

24. Assuming e 9 ■» 7.3891 to be known, find e x • by using four terms of Taylor’s 
expansion. Check by reference to a table of powers of e. 
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25. Assuming cos 30° = 0.86603 and sin 30° - 0.50000 as known, use four terms 
of Taylor’s expansion to find cos 32°. Check by reference to a table of cosines. 

28. Approximate sinh x by a polynomial of seventh degree. 

27. Use the result of Exercise 26 to calculate sinh *. Check by reference to a table 
of hyperbolic functions. Estimate the remainder. 

28. Approximate cosh z by a polynomial of sixth degree. 

29. Use the result of Exercise 28 to calculate cosh 1. Check by reference to a table 

of hyperbolic functions. Estimate the remainder. 

80. Let f(x) — (a + z)“, where a is any constant. Use Maclaurin’s expansion to 

prove the binomial theorem for n a positive integer. 



CHAPTER 12 


INTEGRATION, STANDARD FORMS 


86. Integral of a Function. So far, we have been concerned largely 
with problems whose solution involved finding the derivative of a given 
function. The student has very likely thought of the question “If the 
derivative is given, can we find a function having this derivative?” In a 
large number of cases, the answer is in the affirmative. For example, if 

= 5x\ then we may take y = x \ Instead of asking for a function 

whose derivative is given, we might ask for a function whose differential is 
given. For instance, if dy = 5x‘ dx, then we may take y = x s . 

Now it is perfectly clear that if g = 5x 4 or if dy = 5x 4 dx, then we may 

take y = x s + 2. Or we could take, in fact, y = x b + C where C is any 
constant whatever. In any case, we get 5x 4 for the derivative with 
respect to x, or 5x 4 dx for the differential, since the derivative (or the 
differential) of a constant is zero. Since the value of C is perfectly 
arbitrary, we call C an arbitrary constant. We employ the following 
notation to mean that x s + C is a function whose differential is 5x 4 dx 
(or whose derivative with respect to x is 5x 4 ): 

/5x 4 dx = x b + C 

Similarly fe u dl = ?e 2 ‘ + C 

means that + C is a function whose differential is e u dt, or whose 
derivative with respect to t is e u . In general 

J/(x) dx = F(x) + C 

means that F(x) + C is a function whose differential is /(x) dx, or whose 
derivative with respect to x is /(x). For any particular value of C, say 
C = C u F(x) + Ci is called an integral of /(x), a primitive function for 
/(x), or an antiderivative of /(x), and C is called the constant of integration. 
The symbol / is called the sign of integration, f{x) is called the integrand, 
and the process of finding F(x) is called integration. The symbol J/(x) dx 
is itself termed the integral of f(x) dx. 

Example 1. Find / ain 2 1 dx. We must find a function whoso differential ia 
oin 2x dx, that is, one whose derivative with respect to x is sin 2z. Evidently, we 

209 
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must differentiate cos 2x to get an expression involving sin 2x. But the derivative of 
cos 2x is -2 sin 2x. So, to avoid the factor -2, we take 

J sin 2x dx *= — ^ cos 2z + C 

Let the student check this by differentiating cos 2x + C. 

Example 2. Find / We must find a function whose derivative ia 

J V* 

\/y/x = x - ** 

Evidently, we must differentiate x>* to get an expression containing x~*. But the 
derivative of x” is Hence, wetakeJ-^=-2V^ + Cto avoid the factor 

Let the student show by differentiation that this result is correct. 

From these examples, two things are clear. First, integration involves 
as an essential feature guessing correctly the function whose derivative 
will be the integrand. Second, the result can be checked by differentia¬ 
tion. It is therefore necessary for the student to be thoroughly familiar 
with the formulas for differentiating the various functions already studied. 
He will do well to make a review of these before taking up the study of 
integration. However, it will be necessary to “guess" the function whose 
differential is given in only a few cases. These will provide us with cer¬ 
tain standard forms, and our study of integration will then consist of a 
systematic treatment of methods by which given integrands can be trans¬ 
formed to standard forms. But we must not expect success in every case, 
for only certain classes of integrands can be so transformed. For exam¬ 
ple, no transformation will reduce fe~ x ’ dx to a standard form or to a 
combination of a finite number of standard forms. Yet the integrand is a 
comparatively simple function. In other words, there are functions 
whose primitive functions, or antiderivatives, cannot be expressed m 
finite form in terms of the so-called elementary functions, that is, in terms 
of algebraic, trigonometric, inverse trigonometric, exponential, and log¬ 
arithmic functions. 

Before taking up these standard forms, we shall establish certain 

important fundamental properties of integrals. 

86 . Fundamental Properties of Integrals. (1) It has been noted that 
J/(x) dx = F(x) + C. Hence, the difference between any two of these 
integrals of /(x) is a constant. For example, x s + 5 and x 6 - 11 are 
both integrals of 5x<, and their difference is (x 5 + 5) - (x‘ -11) - 16, 
a constant. The question arises, “Could there be any other integral of 
f(x) that is some entirely different function and that could not be obtained 
by assigning some special value to C? ” That the answer is no is guaran¬ 
teed by the following theorem: If two functions of x have the same deriva¬ 
tive in an interval a ^ x ^ b, their difference is a constant throughout that 

interval. 
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In other words, if F i(x) = J/(x) dx and F 2 (x) = f/(x) dx, then 

Fi(x) - F t (x) = k 

a constant. The proof is as follows: 

Given that, for all a ^ x ^ b,F\(x) = F',(x) = /(x). 

Let <p(x) = F i(x) - F 2 (x) 

Then *>'(x) = F'j(x) - F' t (x) = /(x) - /(x) = 0 

throughout the interval. Hence (page 189), v>(x) is a constant, that is, 
Fi(x) — F 2 (x) = k, as was to be proved. 

(2) The converse of the theorem just proved is sometimes useful, 
namely: If the difference of two functions is a constant, they have the same 
derivative, provided that the derivative exists. For let F i(x) — F 2 (x) = C 
throughout an interval a ^ x ^ b. Then F\(x) — F' 2 (x) = 0, and 

F\(x) = F,(x) 

(3) If du is the differential of a function, then 

fdu = u + C 

This is simply the definition of integration expressed in symbols. 

(4) fk du = kf du = ku + C (k constant) 

Here we assume that the arbitrary constants of integration are properly 
adjusted; for 

fk du = ku + C x 

kf du = k(u + Ci) = ku -f kC 2 

If we take C x = C and C 2 = C/k, the formula is established. It asserts 
that any integral of k du is k limes an integral of du. This formula allows 
us to take a constant factor outside the sign of integration. The student 
must, however, be very careful never to take a variable factor outside the 
sign of integration. 

(5) If du, dv, ... ,dw arc the differentials of a finite number of func¬ 
tions, then 

/ (du + dv + • • • + dw) = / du + / dv + • • ' + f dw 

= u + w+ • • • -f u> + C 

Again, we assume that the arbitrary constants of integration are properly 
adjusted. For, by the definition of an integral, the first member is 
u + v + • • • + w + Co, and the second member is 

(u + Cx) + (V + Ct) + • • • + (W + Cn) = U + V + • • • 

+ 10 + (Cl + C t + * • • + Cn) 

If we take C 0 => C and C x + C 2 + • • * + C n = C,* the formula is 

- C n - C/n. 


• For instance, let C\ — C* — • • 
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established. Stated in words, we have the following: An integral of the 
sum of a finite number of functions is the sum of their integrals. 

Example 1. Find J17x* dx. Since 17 is a constant factor of the integrand, we may 
take it outside the sign of integration. The integral then becomes 

J17x*dx - 17/x* dx = 17(ix> + C') - V** + C 

Example 2. Find /(3x* + 5x - 11 V*) dx. By (5), this is equal to 

J3x* dx + /5x dx + /( —11) y/z dx 

But J3x* dx - x* + Ci, J5x dx - 5/x dx = £x* + C», and 

/(—11) \/x dx - -11/ y/xdx = (-11) -lx” + Ci 

Hence, the original integral equals 

x* + Ci + &x* + Ci - Vx* 1 + Ci - x* + £x* - ^x» + C 

EXERCISES 

Find by inspection the following integrals. Check by differentiation (Ex. 1 to 22). 


1. 

J 4z 1 dx 

2 J 

3 dx 

8. 

J 7x* dx 

4 - / 

x* dx 

5. 

/ (x + 3x») dx 

*■{ 

e* dx 


f 

o f 

dx 

7. 

/ c‘* dx 

J 

X* 

L L 

9. 

[ -L 

10. j 

y/ydy 


J v 




f dz 

f 

dz 

11. 

/v? 

12 J 

1 + 2 


/* dr 

„ f 

dx 

13. 

/.+- 

r 

* 

r 

H 

1 

> 

16. 

/ sin x dx 

10. / 

* 

cos 3x dx 

4 

17. 

y sec 1 d dO 

18. 

esc* 0 d0 

19. 

J sec a tan a da 

20. J 

A 

sinh f dt 

» 

21. 

1 cosh t dt 

J 

22. / 

sin x cos x dx 

23. 

Show that the functions x * — 8x* - 

- 1 and (x* — 4)* differ by a constant. 

24. 

Show that the functions 2 ain* x — 

5 and 3 

— cos 2x differ by a constant. 
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87. The Constant of Integration. In expressing the antiderivative, or 
integral, we have seen that an arbitrary additive constant is involved. 
Now, it may very well happen that the function to be found must satisfy 
another condition besides the requirement that it possess a given deriva¬ 
tive. In general, this condition can be met by assigning a suitable value 
to the constant of integration. This is best made clear by examples. 


Example 1. The slope of a given curve at any point is equal to twice the abscissa 
of that point. Furthermore, the curve passes through the point (3,5). Find the 
equation of the curve. We have, at any point (x,y) 

of the plane, = 2x. Therefore, y is a function 

ax 

whose derivative with respect to x is 2x. In our 
integral notation, y - J2x dx. Hence 


V - x* + C 


(1) 



*P 


Therefore, the curve is a parabola, and with each value 
of C we have a different parabola. Equation (1) 
represents, in fact, a family of parabolas with axes on 
the y axis (Fig. 105). But only one of these parabolas 
passes through the point (3,5). So we must pick out this particular parabola, and 
this is done by a proper determination of a value for C. The coordinates (3,5) must 
satisfy equation ( 1 ); consequently, 5 = 9 + C, and C *= — 4. Therefore, y ™ x’ — 4 
is the required curve. 

Example 2. A projectile is thrown vertically upward with initial velocity of 256 ft. 
per second. Assuming that its acceleration due to gravity is j “ — 32 ft./sec.* and 

neglecting all forces other than gravity find how high it will go and 
when it will strike the ground. Let y represent the distance of the 
projectile above the starting point t sec. after starting (Fig. 106). 
Note that the acceleration is negative since gravity imparts an 
acceleration downward. 

We have certain initial or starting conditions given, namely: (1) At 
time t - 0, the velocity is 256 ft. per second (positive since the pro¬ 
jectile starts upward). (2) At time t = 0, the projectile is at the 
O starting point, and y - 0. Briefly stated, at l - 0, a - 256, y - 0. 

Fia. 106. N ow since j — — ■ the velocity is a function of t whose derivative 

dt 

is -32. Consequently i/ - j(-32) dt - -32/ dl - -32/ + C,. But, in addition to 
this requirement, v must have the value 25G when / » 0. lienee 256 ■■ (—32) • 0 + C%, 

dy 

and Ci - 256. Therefore v - -32< + 256. Now — - t>, and consequently y is a 

function of l whose derivative with respect to t is v. In integral notation, we have 

y - fvdt - /( — 32/ + 256) dt - —16/* + 250< + C, 

However, y must satisfy the additional condition that, when t « 0, y ™ 0. Sub¬ 
stituting, we obtain C* ™ 0. Therefore 

y - —161* + 2561 

This is the law of motion of the projectile. 

It is easy to answer the remaining questions. To find when y will be a maximum. 
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we set v - 0, so that -32 1 + 256 = 0, which gives t - 8. The maximum value of y 
will be, therefore 

-16 • (64) + 256 • (8) = 1024 ft. 

Also y = Oif -16** + 256* = —16*« - 16) = 0, that is, when * = 0 or when* - 16. 
Hence, the projectile will rise to a height of 1024 ft. and will strike the ground 16 sec. 

after starting. . , , . .. 

Example 3. A projectile is fired from a gun into the air at an angle of elevation « 

and with an initial velocity (muzzle velocity) v 0 . Taking the origin at the muzzle 

of the gun (Fig. 107) and the positive direction of the y axis 
upward, find the path of the projectile. Ignore forces other 
than gravity. 

We shall first describe the initial conditions. Let the 
vector OB represent the initial velocity v 0 . Then vectors 
0.1 = t'o cos a and OC = r 0 sin a represent, respectively, the 
horizontal and vertical components of the initial velocity. 
Measuring time from the instant when the projectile leaves 
the point 0, we also have the following: When * = 0, x = 0 
and y =* 0. 

Let P(x,y) be the position of the projectile at any time t. Siuce gravity is the 
only force acting, the horizontal component of acceleration* is zero, and the vertical 
component is —g. Thus 

dvj . dv y 

jj = — = 0 and Jv = — - -0 



dt 


Integrating, we have 


Ci and 


dt 


—gt + Ci 


When * = 0, i>, must be t» 0 cos a, and t' v must be v 0 sin a. Therefore 

Ci = t'o cos a and C* = t'o sin a 

Thus — = v, <= v 0 cos a and ~7, = Vy = ~ gl + v ° sin a 

dt dt 

Integrating to find x and y, we have 

x = (co cos a)t + Ci and y = -*y<* 4- (t> 0 sin a)< + C« 

Again using the initial conditions, we see that Ci and C. are both zero. 

Therefore x = vji cos a y = - h'J 1 * + l 'ot sin a 

arc the parametric equations of the path of the projectile. 

It must be emphasized that these equations hold only if air resistance is neglected. 
As a matter of fact, air resistance is of major importance. These equations alone 
would give a quite erroneous description of the (light of a projectile fired from a gun 
into the air, but this complicated problem of exterior ballistics cannot be taken up here. 


EXERCISES 

1. The slope of a given curve at any point (x,y) is 2x + 1. It passes through 
( — 4,2). Find its equation. 

2. Find the equation of the curve for which ^ * x* — 1 and which passes through 
(3,8). 

* See Art. 67. 
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dy 

8 . Describe the family of curves for which — — 3x* at any point. 

dz 

dy 1 

4, Describe the family of curves for which — = - at any point. 

dx x 

d l y 

6 . Find the equation of the curve for which —- = 1 and which has slope —2 at 

dx 1 


(3,-1). 


d*y 

6 . Find the equation of the curve for which — •=■ — 2 and which is tangent to the 


line 3x — y — 5 = 0 at (2,1). 

7. Find the equation of the curve for which y" = 6 j and which is tangent to the 
line 2x + y — 6«0at (1,4). 

8. Find the equation of the curve for which y" » 4 and which has a horizontal 
tangent at the point (-2,-1). 

9. Find the equation of the curve for which y" = 6x - 4 and which passes 
through the points (1,2) and ( — 2,5). 

10. Find the equation of the curve for which y" = 2 - 12x and which passes 
through the points (2,-2) and (1,3). 

11. A projectile is thrown vertically upward from the ground with initial velocity 
of 128 ft. per second. If ; - g = -32 ft./sec.» and no forces other than gravity 
are considered, find the law of motion, the height to which the projectile will rise, and 
the speed with which it will strike the ground. 

12. Same as Exercise 11 with initial velocity 512 ft. per second 

13. An object falls from a window 144 ft. above the ground. How long will 
it take to reach the ground, and how fast will it bo going when it strikes the ground? 

14. A stone is hurled straight downward from a window 256 ft. above the ground 
with an initial speed of 96 ft. per second. Find the law of motion. When will the 

stone strike the ground, and at what speed? 

16. A stone is thrown vertically upward from a window 144 ft. above the ground 
with initial speed of 128 ft. per second. How high will the stone rise? How fast 

will it be going when it strikes the ground? 

16. A ball is thrown vertically upward from the ground with initial speed of 96 ft. 
per second. Will it reuch a window 150 ft. above the ground? 

17. Use the results of Example 3, Art. 87, to find the cartesian equation of the path 
of a projectile fired at an angle a with the horizontal. 

18. Using the results of Example 3, Art. 87, find the point where the projectile 
strikes the ground (assumed level with the muzzle of the gun), and so determine the 

range. What angle gives maximum range? 

19. In Exercise 18, find the height to which the projectUe will rise. 

20. In Exercise 18, find the time of flight of the projectUe. 


88. Integral of a Power of a Function. We begin our study of the 
standard, forms with consideration of 


(I) = ^Tl +C n *~ l 

The formula is established at once by differentiating the right-hand side; 


its differential is 
except n = — 1, 


(n + l)u_ _ u n Note that this holds for any n 
n - 1-1 

since the denominator n + 1 = 0 for n = -1. If 
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n = — 1, we have 

(II) j ^ = In M + C 

To verify this note that, if u > 0, then d(ln u + C) = —■ If u < 0, let 
u = — v where y > 0. Then 

_ dv — du du 

d(ln |u| + C) = d(ln v + C) = — -— - — 


We shall refer to (I) and (II) as the power form. 


Example 1. Using formula (I), 


/ 


X* X• X’ X- , X' - 

(*»+*«-*• -* 1 +x-l)dx--+----- + 2- a: + C 


Example 2. Using formulas (I) and (II) 


/( 


17x« - 6x* + - 


^ dx - 17 J x* dx - 6 J 


x* dx + 5 




17 • ^ — 6 - ^ + 5 In |x| + C 
5 o 


Example S 


- V-x‘ - 2x* + 5 In |x| + C 

. Find / (x* + 16)*x dr. If we first multiply out, we get 
/«- + 16)11111 ’ / (x« + 32x* + 256)x dx 

- J (x* + 32x> + 256x) dx 

= - + 8x‘ + 128x* + C 
6 


Now suppose we wish to find J(x 2 + 16)“x<fx. This integrand 
could, of course, he expanded by the binomial theorem as was done in 
Example 3. However, this would require prolonged eal ulations. Notice 
that (x 2 + 16) is a function of x which is raised to the eleventh power. If 
we were to let u = x 2 + 16, then (x 2 + 16)“ = u“. Furthermore, 
du = 2x dx. Fortunately, the integrand contains the factor x dx. This 
could be replaced by its equal, i du. The integral becomes 

u“ • g du — 

Now, writing for u its value in terms of x, we have our final result 

J(x* + 16)“x dx = *V(x 2 + 16) 12 + C 


J (x 2 + 16)“x dx = J 


i/« 


11 


1 u 


It 


11 


iu = r i2 + c = 


u 
24 


+ C 
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Let us apply this method to the integral of Example 3, as follows: 

J (x* + lC) l x dx = j u' }^du = ^ J u* du = ^ • y + C" 

= W + C' 

= £(x* + 16)* + C' 

This result is easily checked by differentiation. Y.'e may compare with 
the result given in Example 3 by expanding 

i(x> + 1G) 3 + C' = *(x 6 + 48x 4 + 768x* + 4096) + C" 

= £x # + 8x* + 128x* + C 

where C = + C'. 

In these examples, note particularly that in each case the original 
integrand was the -power of a function, times a factor which differed from 
the differential of the function only by a constant factor. If we had 
had J(x J + 16) M dx, we could not have called this fu n du, since, if 
u = x* -J - 16, du — 2xdx. The presence of the factor x was what made 
possible the use of formula (I) without expansion by the binomial the¬ 
orem. Note that the constant factor 2 played an unimportant role. 
Since we had only x dx instead of 2x dx, we had £ du instead of du; but 
the factor £ could be taken outside the sign of integration. 

Example 4. Find Jx* y/x* + 8 dx. Evidently we cannot reduce this to a stand¬ 
ard form by expanding (x* + 8) w by the binomial theorem, for this expansion gives 
a never-ending series. But we do have the £ power of a function. Is this multiplied 
by the differential of the function? To find out, set u - z* + 8; then du - 3x* dx. 
Fortunately, we have x* dx. Hence, ^ du = x* dx, and 

Jx* y/x* + 8 dx - Ju w • ^ du — yju w du 


This is easily integrated by (I), and we obtain 

I. ^ + C - \ u” + C - ? (x» + 8)” + C 


as our result. Again notice that having x* dx instead of 3x* dx is unimportant. 

Example 6. Find J sin 30 cos 4 30 c/0. This is evidently a power form, for we have 
a power of cos 30 times a constant multiple of -3 sin 30 d6, the differential of cos 30. 
In fact, if u - cos 30, then du - -3 sin 30 do, and we have -y du - sin 30 do. 


Hence 


/sin 30 COS 4 30 dO 



u 1 

• 

5 


+ C 


The student should check this by differentiation. 

dx 


Eumple 6 


. Find J 


y/2x ■+■ 5 

du — 2 dx 


Here, if u - 
£ du 


2z +5, 
■ dx 
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f **. - 1 f f **du-\-£ + C- VI+ C 

J y/2x + 6 2 J Vu 2 J 2 i 


- y/2x + 5 + C 


Example 7 


, [ 5xdx 

■ Fmd ] JT3T5 


Here if u — x* — 16, 


du — 2x dx 


4 du — xdx 


and we have 


f 5x t 

J * r= 


dx 5 
16 " 2 


fH-1* 

J u 2 


|u| +C - -In |x* - 16| +C 


/ 3x* — 2x , , 

- dx. We are here confronted with an integral that 

x + 4 

is certainly not, as it stands, of the form / u* du. But we can reduce it to a sum of 
such integrals by carrying out the indicated division, thus 


We then have 


/ 


x + 4 Z + 4 


^-— dx - - X* - 14x + 56 In |x + 4| + C 

x + 4 2 


o r 2 O„ _ 

We note that - : —7— is a rational fraction (Art. 6). We state the 

following rule which will have frequent application: Asa preliminary step 
toward integrating any rational fraction in which the degree of the numerator 
is the same as, or higher than, the degree of the denominator, carry out the 
indicated division until the remainder is of lower degree than the denominator. 


EXERCISES 


Find the following integrals, and check by differentiation: 


"/ 

•/ 

6. / (Vv - 9l/’ 4 ) dy 

7 - /(^ + i) * 


(3x‘ — x* + 5x* — 1) dx 
(15x* + 7x* - 1 lx + 17) dx 
dx 


6 


■ /("♦$) 
• y \/2ydy 

y (r + 4)*dr 


dy 
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9 . 


“7 

“•/ 
16 . J 


23 . 

26 . 

27. 

29 


7 


“7 


87 

39 


J 

7 
4i 7 
“7 


46 . 


"7 


(1 - t)'dt 

10. 

• 

j ((* + 1)* dl 

1(1* + l) 1 A 

12. 

j yj x — 6 dx 


• 

w 

f x dx 

x(x* - 9)* dx 

14. 

• 

1 x* + 16 

dy 

16. 

f ydy 

1 

<N 

> 

J (y* + 25)* 

(2l + 1 U 

18. 

/ (8 - x)»* dx 

x> + X + 3 

« 

/ 

x* + 4 . 

-ax 

20. 

f * * 

X 

ml 

I x* + 4 

ft 

dx 

22. 

/ cos* 0 sin 0 d0 

x 1 - Ax + 4 

J 

f 

sin 20 
- d0 

24. 

f cos 30 

—- do 

cos 4 20 

J 

I \/6in 30 

r 

tan ^0 sec 1 *0 dQ 

26. 

J 

f \/cot 0 esc* 0 d0 

sec 0 tan 0 d$ 

28. 

f sin^ a COS a da 

1 + SPC 0 

J 

r 

soc* 0 d0 

SO. J 

j u du 

(1 + tan ey 

(a* - u*)* 
r 

t* dl 

32. i 

J f(2l> + l) 4 dl 

l* + 16 

1 


—- r, - dx 

34. 

( (x^ + a**) 1 y/x dx 

x* J 

J 


In x . 

- dx 

36. 

f 

X 

J 

' X 

dx 

38. 

f t* 

X In x 

J 

' x In* x 

(1 + In x)* ^ 

40. , 

f In In x 

1 —:- dx 

X 

J 

x In x 



f «- 

c*(l + e*)'dx 

“'J 

- dx 

' 1 + «** 

V 1 +. 

“J 

f e* dl 

e* 

(1 + c 4 )* 

x* + 4 . 

- dx 

46. 1 

ri+ “dz 

x — 1 

J 

x - a 

(x* + 3x + 4) ^ 

48. I 

r 

tan 0 do 

X + 3 

J 

j* 



/ (x* - a*)* 

cot da 

i0 * J 

f X. * 

A 

(x* + 3x* + 2x - 7) dx 

62 . , 

I CSC* 20 

T-1-- d0 
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53. 

j 

f Bin rj[Cx da 

54 . 

j 

f arcsin x ^ 

1 (1+5 cos ^a ) 1 

1 Vi - *» 

** 

55. 

f arctan 2 x ^ 

1 1 + 4x* 

56. 

J 

/ sinh y cosh* y dy 

67. 

f COSh V dy 

1 sinh* y 

68 . 

J 

[ In 9inh z dz 
f tanh z 

69. 

f tanh 5x dx 

6 °. j 

f sech* x 

f --— dx 

1 + tanh x 


89. Integral of the Exponential Function. The standard formulas 

(III) Je“ du *- e u + C 
and 

(IV) J a u du = + C = a u logo e + C 

are easily verified by differentiation. Note that the exponent of e (or 
of a) is a function whose differential appears in the integrand. 

Example 1. Find /e* x dx. If we let u *= 2x, then du = 2 dx. Since the integrand 
contains only dx, we have £ du ~ dx, and so 

Je 1 * dx = yfc u du “ je* + C ■= 4- C 

Example 2. Find fxe "** dx. Here, if we set u - -x», then 

du — — 2 x dx 

We have x dx, which is just — ^ du — x dx. Hence 

Jxe"*' dx “ — 5 / 6 “ du “ —^c M + C *• —ye -x * 4- C 

Example 3. Find -■ This is simply the power form. Let u >= 1 + e*. 

Then du = e* dx, and our integral is 


/ 


— = In |u| + C - In |1 4 e*| 4 C = In (1 4 e*) + C 
u 


The student should be constantly alert to recognize the power form in any given case. 
Example 4. Find / ——Note the difference from the integral of Example 3. 

J 14 c* 

This is not a power form. Neither is it of the form / e u du. But a simple trans¬ 
formation will reduce it to standard forms. Carry out the indicated division, obtain- 
1 c x 

irjrr - =1 -The process should be stopped as soon as a remainder 

6 l+f 1 +f' 

occurs that can be integrated. We have 


U 


dx 


+ €• 


/( 


dx =* x — In (1 + e*) + C 
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Example 5. Find J Write this fraction as and carry out the 

indicated division until a remainder appears that can be integrated, 

e u e* 

«■ + 1 e’ + 1 

We obtain 

J dx - - e* + In (1+ e») + C 

Example 6. The Law of Natural Growth. Suppose bacteria are allowed to grow 
naturally in a culture that provides a sufficient food supply. Then the increase per 
unit of time in the number of bacteria in a unit of volume (that is, the rate of growth) 
is proportional to the number present in that unit. If i represents the number of 

bacteria present* at time t, then this rate of growth may be represented by -• This 

law of growth of the population of the culture can therefore be expressed in the follow- 
mg way : 

dl 

To get all expressions containing x on the left-hand side and those containing t on the 
right-hand side, we multiply both sides of this equation by we get - - k dl. 
Integrating, In |x| - kt + In C, which reduces to 

x - Ce* 

This is often called the law of natural growth. 



EXERCISES 


Find the following integrals, and check by differentiation (Ex. 1 to 24): 
dx 2 - f ze ' l<ix 


■ I- 

l. J e*' 

5 . j !/’«'* 


_1 dx 


dy 


dx 

In 


■ ( ei ‘ d: 
J 4 + e 

'■ / K 


dx 


J e l ~ ia dx 


•/ 


6. / f* ,D 9 cos y dy 


•f- 

J 4 + 

• ( ~ 
J 1 + 


dx 


e a 

dx 

e u 


• Wc shall assume x U) vary continuously, although, in interpreting the final result 
of the calculation in a given problem, we shall take the appropriate integral value of r. 
Compare the remarks in Example 4, Art. 37. 
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e*(l + e-)'dx 

12 . 

j 

1 (1 + «-)* dx 

e* dx 

14. 

/ (e*‘ + 16)xe*' dx 

c*‘ + 1 

J 

f 

l 

dx 

i6. , 

f fix 

1 + e** 

J 

1 I* 
r 

e un*» gee* 26 do 

18. 

J 

/ 10*1 dx 

a b * dx 

20. 

w 

/ 10 * + 1 

(a* + x*) dx 

22. 

J 

/ 10~‘ CSC* 30 do 

(e«* - 2e»* + 5e* - 2) dx 

24. 

4 

[ C ’A- 

e* + 1 

1 Ve l + 8 


25. One hundred bacteria were present in a certain culture. Three hours later 
the number was found to have increased to 280. If the rate of increase was propor¬ 
tional to the number present, find the law of growth. 

26. Sugar decomposes at a rate proportional to the amount present. If 100 g. 
becomes 40 g. in 3 hr., find when 0.1 g. will remain. 

27. A town had a population of 10,000 in 1940. By 1950, this had increased to 
17,000. If the population growth follows the law of natural growth, find the popula¬ 
tion (nearest thousand) that may be expected for 1960. 

28. If a principal of P dollars is invested at an interest rate r (that is, lOOr per cent) 
per year compounded k times per year, the amount A to which the investment will 
accumulate at the end of t years is 

Show that, if interest is compounded continuously, or “instantaneously" (that is, if 
k —* oo), then A = Pe". For this reason the law of natural growth is sometimes 
called the compound interest law. 

29. An endowment fund is increasing continuously at the rate of 2 per cent per 
year. In what time will the amount be doubled (see Exercise 28)? 

30. What rate of interest continuously compounded is equivalent to 4 per cent 
compounded annually (sec Exercise 28)? 

81. The deceleration of a ship in still water is proportional to its velocity. If the 
velocity is v» ft. per second at the time the power is shut off, show that the distance 

the ship travels in the next t seconds is « “ ^ (1 - e~ kt ), where fc is a constant of 

proportionality. 

90. Integrals of Trigonometric Functions. The following standard 
forms are suggested by the formulas for derivatives and are easily verified 
by differentiation: 


(V) 

(VI) 


J sin u du = —cos u + C 
/ cos u du = sin u C 
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(VIII) 

(IX) 

(X) 
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/ sec* u du = tan u + C 
f esc 2 u du = —cot u -f- C 
f sec u tan u du = sec u + C 
f esc u cot u du = —esc u + C 


It is not difficult to find the integrals of the tangent, cotangent, secant 
and cosecant. We have 

/ , f sin u , 

tan u du = / - du 

J cos u 

Here we may set v = cos n; then dv = -sin u du, and 


j tan u du 

We therefore have 
(XI) 



— In M + C = —In |cos u| + C 

= In |sec u| + C 


f tan u du = In |sec u| + C 


Similarly, the student can show that 

(XII) / cot u du = In |sin u| + C 


To find / sec u du, multiply the integrand by 

sec u + tan u 
sec u + tan u 


This gives 
(XIII) 


J sec u du 


/ see 2 u + tan u sec u 
tan u -f sec u 
= In |sec u + tan u| + C 



Similarly, 

(XIV) 


the student can show that 

/ esc u du = —In (esc u + cot u\ 4* C 
= In |csc u — cot u\ + C 


Since the correctness of any integral can be tested by differentiation, 
the student should verify each of these results, and also the following, in 

this way. 

Example 1. To find / ain 4x dx, notice that we have the aine of a function times 
the differential of that function; for if u - 4r, du - 4 dx, and | du ~ dx. Hence 

/ ain 4x dx a -j-/ 8 * n u du ** — \ cos u 4- C 
= — -J coa 4z + C 


Example 2. To find / acc* ^ dx, note that, if u ” ^ + ”■ then du ™ ^ dx, 


and 2 du - dx. Hence 

dx - 2 


J acc* ^ dx - 2 J BCC* udu - 


2 tan u+C = 2 tan 


(m) 


+ C 
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Example 8. To find Jx esc* (3x* 4* 1) dx, note that, if « « 3x* + 1, then 

du — 6x dx 

and i du =* x dx. Therefore 

Jx CSC* (3x* + 1) dx = *J CSC* u du - cot u + C 

= cot (3x* + 1) + C 


EXERCISES 

Find the following integrals, and check by differentiation: 


cos 30 do 


3 


dx 


6 


-/ 

• / c8ci (i + 0 

• / csc (f + i) cot (t + i) 

y x si 

■/ 


sec (a/*-) tan (a/*-) da 
2a 


dot 


3 

sin x* dx 


9. J e* cos e* dx 


“7 


cot (x/fc) dx 


13 


/ sin z dz 
cos 1 z 

/■ . 

. X 81 


sin* x* cos x* dx 


17. y csc ^50 4- 

f 


de 


19 


21 


23 


cos d cot 0 

sin z 


/ cos z 4 si: 
sin* z 

•/ 

■/ 


dz 


csc 1 2x cot 1 2x dx 


26. / x 5 cos 5x 4 dx 


✓ 

,/* sin’ x* 

■/ 


dx 


29. / x 1 tan (x*/2) dx 


i. y si 


sin (0/2) d0 


sec* (2x + l) dx 


8 


10 


12 


dx 

dx 


( 1 . * 

• J 7* sin x 

/ tan 

^7T 

T dy 
J cos’ 1 / 

/ 

■/ 

. y sin 30 cos* 30 d0 
J 811 


14. / tan 30 sec 1 30 dO 


10. / sec (3x/4) dx 


18 


ein 20 


f Bin z + cos z 

22. / -:- dz 

J 8 in z 

■/ 


24 


26 


28 


x sec x* dx 


. y x* si 

■/ 

■/. 


sin 2x’ dx 

sec 40 tan 40 dO 
d9 


Bin 30 tan 30 
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31. f (1 + ein by)* cos by dy 
tan 2z)* 


• f ^ 

J cos* 

/ cos* X 
1 + sin x 


INVERSE TRIGONOMETRIC FUNCTIONS 

82. I cos (3x/2) esc (3x/2) dx 

dx 


dz 


tan* x 
sec x — 1 


dx 


dx 


36 


38 


■/ 

/ COS X** 

/ sin* 


dx 


/ cot* X 
1 — CSC X 


dx 


91. Integrals Leading to Inverse Trigonometric Functions. The fol 
lowing standard formulas are easily verified as indicated: 


(XV) 
for 

Evidently, 

(XVo) 

(XVI) 
for 

Evidently, 
(XV la) 

(XVII) 

for 

Evidently, 
(XVI la) 


/ 


du 


u 


Tu ( arcsm 


_ = arcsin —h C 

y/a 1 - u* a 

1/a 1 


. u\ 1 /a 

in - ) = . = 

•' J‘-S 


ya 2 — u 


/ 


du 


u 


y/a 7 — u 2 
du 


/ 


a 2 + u 
d /I . U\ 
du\a a J 


— arccos - + C 

a 

- arctan - + C 

a a 


1 

a 


1/a 


1 


a 2 + u 2 

1 + a 2 


f ^ t = — - arccot - + C 
J a 2 + u 2 a a 


du \a 


J u \/u 2 - 
1 u\ 

a 7 

1 

a a 

1/a 

i 

— arcsec — l — 
a a J 

a u 
““ * 
c 

\l<£ ~ 1 

u \/u* — a* 

f du 


i 

— — flrppsp 

? + c 

J u Vu 2 ~ 

- a 7 

c*L 

a 


In each of the above formulas, the principal value of the function is to be 
used. 

The student should verify by differentiation the results in the following 
examples. 
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Example 1. To find 


/ 


dx 


\/l 6 - 25x* 
Example 2. We have 
dx 


/ 

■ 1 / 


V16 - 25x* 
du 


[Chap. 12 

* let u = 5x, du = 5 dx, -y du = dx. Then 


INTEGRATION, STANDARD FORMS 
dx 


1 u 1 5x 

_= = - arcsin —I- C <■* - arcsin-h C 

V16 - u* 5 4 5 4 


/ 


ll+7x* ^ 

1 


1 _ f du 

/7 J 11 + u* 


^ 7 = arc tan — 7 = + C => — 7 = arc tan * + C 

V" Vll Vll V77 


If we let u = \/7 x, du = *\/7 dx, and — 7 = du =* dx. 

v 7 

Example 3. We have 


I" dx _ j" 7 du _ du 

J x \/ 4x* — 49 J -ju \/u* — 49 J u \/u* — 

1 u 1 2 x 

<=* - arcsec - + C = - arcsec — + C 
7 7 7 7 


49 


if we let u = 2 x, du = 2 dx, and 5 du = dx. 

dx 


Example 4. To find 


I V* 


we note that the expression under the 


+ 12x - 9x* 

radical sign can be made the difference of two squares by adding and subtracting 4, 
thus: 

21 + 12x - 9x‘ = 25 - 4 + 12x - 9x* = 25 - (4 - 12x + 9x*) 

= 25 - (2 - 3x)» - 25 - (3x - 2)* 


Hence, the integral becomes 
dx 


/ 


- 2 )* 3 / 


du 


1 • “ , „ 1 . 3x - 2 

= - arcsin - + C = - arcsin-h C 

1 o i) o 5 


■s/25 - (3x - 2 ) J 3 J v '25 - u 

if u = 3x — 2, du = 3 dx, and -5 du = dx. Notice that we reach the same result if 


we use 


f *• 1 r 

J \/25 - (2 - 3x)* 3 J 


dv 1 . v 

5 arcsin - + C 
V 25 - v* 3 5 

1 • 2 — 3x 1 . 3x - 2 , „ 

3 5 3 5 


Example 6 . To find 


/ 


dx 


• we 6 rst remove the factor \/2 from the 


V 3 - ox - 2x* 

denominator, thus: y/2, \/y — §x — **. Next, we complete the square: 

3 3- . _ 3 , . , 5 , a 5v , 23 _*0 /_ , 5 n, 

S ~ I 1 — 1 - T ~ (x + + Tff) + n 3 Tff “ (1 + t) 

Hence, our integral becomes 


1 f _dx 

\/2 J VtTJ — ( 


(x + f)» 


1 • 

arcsin —;-h C 


7 

T 


1 • 4x + 5 

arcsin —-— t- C 


V 2 
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Art. 91] —----- 

Observe that, in Examples 4 and 5, we were able to reduce the expres¬ 
sion ax* + bx + c to the form k* - u 2 because a was negative. 

Example 6 To find / -—-- we first factor 3 out of the denominator and 

v ' J 3x* + 4x + 5 

then complete the square, obtaining 

1 r dx if dx 

3 J ? 




W 

*/ 


(l* -I- yX + £) — ^ + f 
dx 1 3 


(X + §)* + V - 3 y/Tl 


arctan 



+ C 


1 3x + 2 

arc tan-:=—h C 


vn — x/n 

In this integral, fractions can be avoided as follows: Multiply numerator and 
denominator by 3. 

3 dx f 3 dx 


/ 


dx _ 

3z* + 4x + 5 


/ 


9x* + 12x 


+ 15 “ / (9x* + 


12x + 4) + 11 


/ 3 dx f du 

(3x + 2)* + 11 " J u* + 11 


1 . « 
arc tan 


„ 1 3x + 2 

+ C = — 7 = arc tan- -=■ + C 


- M. V- V-- /- I ^ /- — VV ~“ /- 

\/n vn vu Vii 

Such preliminary transformations are often very effective in reducing the work of 
computation. 

It was possible, in Example 6, to reduce the quadratic expression 
ox} -f -f- c to a sum of squares because b 2 — 4ac was negative. In gen- 

era1 ' / SmTFc 


is an arctangent if 6* — 4 ac < 0. 


EXERCISES 


Find the following integrals and check by differentiation. 


1 . 





9. 


11. 



dx 

"J 

f * 

y/l6 - x* 

f 25 +*» 

dy 

4. 

f <** 

y/ 1 —4 y 1 

j 

' \/25 - 36x* 

dz 

8 . 

J 

f dy 

10 + 81z* 

' Vn - 6y» 

dx 

8 . 

J 

[ & 

X y/x' - 9 

f 12 + 5x* 

z 1 dz 

10 . 

f * 

y/§\ " 9z * 

j 

f « V^x* - 25 

«** dx 

12 . 

J 

f dy 

25 + «** 

< V \/49y* - 36 
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1S -J 

j e* dx 

14. 

J 

j x l dx 

' Vi - «** 

1 33 + 49x* 

16. 

J 

f dx 

16. 

j 

f to 

\/ 4x — x* 

I y/Z + 2x - x* 

17. 

J 

f dZ 

18. 

j 

/* rfy 

j X* +2x + 5 

t- 

1 

00 

1 

*« 

1 

> 

19. 

J 

f dy 

20 . 

j 

i x dx 

1 V 9 + 7y + 15 

1 y/ 16 - 5x* 

21 . 

J 

f dx 

22 . 

j 

f dx 

1 y/x — x* 

1 4x* + 12x + 1J 

23. 

J 

f 3x* + I2> - 2 

24. 

j 

f d * 

1 ** + 4 * 

1 X \/x — 1 

26. 

J 

[ ^ 

26. 

J 

f (x — 1) dx 

' y/l - 6 x - 9x* 

1 y/ 3 + 2 x - x* 

27. 

J 

f ^ 

28. 

J 

r ^ 

' (i + 1 ) V* 

f ^/f** _ i 

29. 

J 

r (x - 1 ) dx 

80. 

J 

f ( 2 i - 1 ) dx 

1 X* + 6x + 13 

1 y/Z - 2x - x* 


92. Integrals Leading to Logarithmic Functions. The following for¬ 
mulas resemble those of the preceding section. They are readily derived 
by methods to be considered in the next chapter; but, for the present, we 
content ourselves with their verification. 


(XVIII) 

for 


f 7 = ■ = In (u + v u* + a 2 ) + C 

J V« + a 1 


1 + 


u 


y/u 2 4- a 2 


(XIX) 


as [ln Cu + + a!)l = r+ v + «■ 

/ = !n+ v “’ - a!| + c 


Let the student verify this result. 

/ A - Ta 

< XXa > / p^p - k ln 

Let the student verify these results. 



+ C 


+ C 


Example 1. We have 

dx 


/ 


V 16x* + 25 


i/ 




Vu* + 25_ 

- i In (4x + + 25) + C 


7 In (u + Vu> + 25) + C 
4 


where we take u 4z. 
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Example 2. To find / . =* - we may factor y/l out of the denomi- 

J y/ 3x* + 4x + 5 

nator and complete the square, obtaining 
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Example 2. To find 


1 f dx _ 1 _ f dx 

V3 ] V* f + + * V 3 J \Z(** + 4* + ») - » +1 

1 f dx _ 1 _ f du 

" V3 J Vl* +!)* + ¥■ V3 j VuHx 


V3 

1 


In (u + \/li* + V - ) + C 


7S ta (* + I + V(* + O’ + t) 


+ c 


V5 \ 3 >/\ 3 / 9/ 

- _L i n (3x + 2 + V(3x + 2 )* + 11 )- 7 = log 3 + C 

V 3 _ V3 2 

_L i n ( 3 x + 2 + y/^V +• 12 x + 15) + C' where u = x + - 

\/3 

Computation will be simplified if we first multiply numerator and denominator by 
y/%, obtaining 


f . — - y 3 f 

J VDx* + 12 x + 15 J 


J \/<Jz* + 12x + 15 ’ J y/ (Ox 1 + 12x + 4) + 11 

D - /J f - dx = \ \/3 f - where v «* 3x + 2 

V J V(3x + 2)* + 11 3 J Vv* + 11 

~ _L in (i» + \Z*'* + n) + c 
Vs 

- _L |n (3x + 2 + ‘v/Ox* + 12x + 15) + C 

V3 dx 

Examples. To find / we may factor 2 out of the denominator and 

complete the square, obtaining 


1 f _ .1 f _ 

2 ) r* + fx-i 2/ *» + 


6 .36 3 8 1 

2* + T* ~ T* “ 


1 f _ dx 

~ 2 J (x + i )» - 


2 ; (x +*)’-.f 3 * 

5 -- 7 * In -4= +C 

2 ^33 , B , V33 

x+ T + — 

1 .n 4 x+5- VT3 +c 
V*3 4x + 5 + V33 


Or wc may multiply numerator and denominator by 8 , and thus avoid fractions. 
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Note that an expression of the form ax * + bx c can be expressed* as the differ¬ 
ence of two squares if b* — 4ac > 0. 


EXERCISES 

Find the following integrals, and check by differentiation: 


•/ 


dx 


y/ 9.x* + 16 
dx 


V 16 “ ** 
dy 

y/2by* - 1 


y/4x* - 25 
dx 


r_*_ 

' J 5 — 3i* 


7. 

•< 

j dy 

8 

f * 

1 Vw + 7 

j 

Vll** - 6 

9. 

J 

f du 

10 -j 

f * 

1 9u* - 17 

' Vll + 3** 

11. 

J 

f ** 

“•j 

f dy 

I 6iz* + 81 

' \/25 - 4y* 

13. 

•* 

r dx 


f dx 

1 y/2bx + 36 

14. j 

' x* + 4x +3 

16. 

•» 

f _ dz 

16. ^ 

f dy 

1 y/x* + 2x + 2 

y/ y* — 4y 

17. 

•i 

f ^ 

18. j 

f dy 

1 \/Gx - x* - 8 

' y/ V* + 6y + 25 

19. 

» 

f x dx 

20. j 

f x dx 

1 3x* - 16 

y/x* + 1 

21. 

• 

f e * dx 

22. j 

C e* dx 

/ V«*' + 16 

' y/3e* 4- 4 

23. 

f x dx 


f dx 

) x< - 9 

> V3x* 4- 2x + 1 


f dx 



26. 

• 

/ 11 + 3x - 2x« 




93. Hyperbolic and Inverse Hyperbolic Functions. The following for¬ 
mulas are readily verified by differentiation: 


(XXI) 


(XXII) 


• For ax* + 6x + c 


J sinh u du = 

/ 


cosh u + C 


cosh udu = sinh u + C 


( 


a l x* + - x + 
a 


c\ 

4a* 4a* a) 


V b V - 4acl |Y 6 Y 1 

[\ X+ Ya) --^-J" a K X+ W "5?^H 
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(XXIII) 

j sech 1 u du = tanh u + C 

(XXIV) 

J csch* u du = — coth u + C 

(XXV) 

/* f sinh u , 

J Unhudu- J CQshu du 

(XXVI) 

J coth u du = In |sinh u| + C 

(XXVII) 

J sech u tanh udu = —sech u + C 

(XXVIII) 

f csch u coth u du = —csch u + C 


The integrals of Art. 92 can be expressed in terms of inverse hyperbolic 
functions in the following way (see Art. 54): 


(XXIX) 


r du _ 

J Vu 2 + a* 


= argsinh — + C 


(XXX) / = arecosh « + c 
(XXXJ) j = - \ argcoth \ + C 

or ( ■ 7 ^ —i = - - argtanh ^ + C 

OT J u 2 — CL 1 O O 

(xxxio) J ^rrrv* “ 5 arECOth ; + c 


for u l > a : 


for u* < a* 


argcoth ~ + C for u* > a 


f ———- = - argtanh - + C 
J a 2 - u* o a 


for u* < a* 


EXERCISES 

Find the following integrals, and check by differentiation: 

1 . J einh 2 x dx *■ f cosh 4x dx 

8. J cschM3* + I) dx ■1 tanh (x/3) dx 

6 . J z secur'd* «• J x einh x* dx 

f acch V* tanh y/z . / _ <** 

7 * -^-* 8 J W-l 


1 . ^ einh 2 x dx 

8 . y C8ch’ (3x + I) dx 

b. J z acch" z* da 

/ acch y/z tanh y/z 
9 . ^ ainh (y/3) dy 


f tanh 3x , 
1 °. / ——— dx 
y cosh 3x 
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13. 



17. 


19. 


21 . 



tanh y/x 

d?/ 


y/lOy J - 9 


z 3 coth z A dz 
x dx 

y/x* + a* 
x * dx 
16 - x* 

cosh (y/2) dy 



14. 



18. 

20 . 

22 . 



dx 

x* + 2x 
»* cosh c* dx 

y csch* (y* — 9) dy 
x* sinh x* dx 

_ dz 

sinh z tanh z 
e» dx 
a - c*' 


94. Integration by Parts. A type of integral that appears very fre¬ 
quently has for its integrand the product of one function of x by the 
differential of some other function of x. Thus, if u and v are functions of 
x, we wish to find a means of evaluating Ju dv. We recall that 


d(uv) = u dv + v du ■ , 

Therefore uv = Ju dv + Jv du 

and consequently 

*(XXXII) Judv = uv - Jvdu 

We are therefore able to find the integral of u dv provided that we can 
find the integral of v du. The method is best made clear by some 
examples. 


Example 1. Find Jx sin 2x dx. This is clearly neither the power form nor a 
standard trigonometric form. We can, however, regard it as Ju dv where u = x and 
dv = sin 2x dx. We then have du ~ dx and v => cos 2x. Hence, by applying 

(XXXII), 

Jx sin 2 x dx a cos 2x + yf cos 2x dx 
=> -TJX cos 2x + T sin 2 x + C 


Two important points should be noted: 

1. In choosing “parts,” that is, in deciding what is to be called u and 
what dv, it is essential to take for dv a differential whose integral can be 
found. 

2. With this first condition in mind, we should, if possible, choose u so 
that Jv du can be evaluated by some means or other. For instance, in 
Example 1, if we had chosen dv = x dx, we could find v = ±x 7 easily 
enough, but then u = sin 2x, and du = 2 cos 2x dx, so that 

Jv du = Jx 2 cos 2x dx 

which is more complicated than the original integral. When it is not 
possible to choose parts so that Jv du is a standard form, this integral may 
itself yield to integration by parts or to some of the transformations which 
will be discussed in the next chapter. 
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Example 2. Find Jx> arcsin x dx - I. Evidently, a simplification will be effected 
by setting 


u — arcsin x dv = x* dx 

dx 


du 




v =■ lx* 


Then 


1 


/ = - x* arcsin x 

3 


/ 


Clearly ■/ „ du is not a standard form. But integrals of this type often yield to 

[ x'dx f x dx 

integration by parts. Consider j ^ - J 1 ^ _ x ,‘ 


we set 


dv d 


xdx — we have at once v - - V1 - x*. This requires u = x»; therefore, 
y /1 — x* 
du “ 2x dx. Hence 


/ 


x* dx 




x* • 2x dx 


~ -x* y/\ - x* + J vr= 

-x* \/l - x* - |(1 - x»)H + C' 

- - (x* 4 Id - x*)J + C' 

-1 y/l - x* (x* + 2) + C' 


Therefore, finally 


/ 


z* arcsin x dx = lx* arcsin x + l(x* 4- 2) \/1 — ** + C 


It may happen that fv du cannot be integrated directly. In such cases, 
it is sometimes possible to express this integral in such a way that the 
original integral can be found by solving an equation. 

Example 8. Find /«*■ sin x dx - /. If we choose 


we have 


u — e iM dv ~ 6in x dx 

du « 2e** dx v - — cos x 
I mm — e tM cos x + 2 fe* M cos x dx 


( 2 ) 


Evidently, fe u cos x dx is of the same type as /, and no more readily integrated. 
However, ’if we apply integration by parts to this integral, choosing 

u — t la dv — cos x dx 

du — 2e ls dx v — sin x 

we obtain /«** cos x dx - sin x - 2/<“ sin z dx 

Hence, from (2), 

J mm —e** cos x 4- sin x — 4Je** sin x dx 

— — e u cob x 4- 2e*» sin z — 4/ 4- C' 


It should be noted that the integral fe u sin z dx that appears on the right-hand side 
may differ by an arbitrary constant from the integral written on the left-hand side; 
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hence, the introduction of the constant C'. Therefore 
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57 •= — e ,x cos x + sin x + C' 

=» e**(2 sin x — cos x) + C' 

I = -ye**(2 sin x — cos x) + C 

Alternative Method. Another method, which is often convenient, is as follows: 
ChooBe parts as before, obtaining equation (2) as before: 

/ =. — g** cos x + 2 /e * 1 cos z dx ( 2 ) 

Now, in the original integral, fe iz 6 in x dx, let 

u = sin x dv = e 1 * dx 

du = cos x dx v = -je 1 * 

This different choice of parts leads to a second expression for /, namely, 

I = -je 11 sin x — 7 /e 1 * cos x dx (3) 

Now, eliminate /e 1 * cos x dx between (2) and (3), remembering that this integral in 
(3) may differ by a constant from the integral in (2). It is sufficient to multiply (3) 
by 4 and add to (2), thus 

5/ => —e 1 * cos x + 2e** sin x + C' 

I = ye lx (2 sin 1 — cos x) + C 

The student may have wondered why the arbitrary constant was not 
introduced during the finding of v from dv. That this is unnecessary is 
clear; for if we use v 4- C instead of v only, we have 

Ju dv = u{v + C) — f(v + C) du 
= uv + Cu — jv du — Cj du 
= uv -f- Cu — fv du — C(u + C') 

= uv — fv du + C" 

The constant C" may be combined with the constant arising from integrat¬ 
ing fv du. 

Example 4. Find / In x dx. 

Let u =» In x dv = dx 

dx 

Then du = — v ~ x 

x 

and / In 1 dx = z In x — f dx = xln x — x + C 

— x(ln x — 1) + C 

Observe that the method of integration by parts enables us to reduce 
the problem of integrating the transcendental function In x to the prob¬ 
lem of integrating an algebraic function (in this case, simply 1). Inte¬ 
grals involving transcendental functions having algebraic functions for 
their derivatives, namely, the inverse trigonometric, inverse hyperbolic, 
and logarithmic functions, can often be very advantageously handled by 
integration by parts. Simply let the transcendental function be the part 
that is differentiated (that is, u). 
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EXERCISES 


Find the following integrals: 


.. j 0 si 

I. J xe* dx 


ain 0 do 


5. J XB& 
7. J xe •' 
9. J y * c 

11 . J x" 

18. J x* c 
16. J x at 


x sec* x dx 


* cos ydy 


:» Vz* + 1 dx 


x l cosh x dx 


x sech* x dx 


. f. x ' d 

' J (X* + 


1 >»‘ 


I. J arc tan x dx 
L. J x In x dx 

/ In* x dx 
— 

f x 1 dx 

5 ' J 

7. j argsinh x < 

9. J c* sin x dx 

il. j cos 0 c 

13. J «•* sin bx 

14. / cos bx 

J 6 . J X* In x dx 
37. J esc* * dx 


argsinh x dx 


sin x dx 


b * 0 


"/ 


0 cos 0 d$ 


4. I x*e u dx 


I. J x esc* 3z dz 

i. y **«-•* dx 

). J x y/x 4- 1 

5. / z* sinh 2z 

V. j x tanh z* i 

[ x%dx 

8 ‘ J (4 + z*)» 

8 . y arcsin z d 
0 . y z arcsec z 

! 2 . y In* z dz 

, f x» dz 

!4 * J (z* + 8 )* 
f z* dz 

t6 ' J (l- z*)» 

J 8 . y argtanh a 
JO. y e** sin 2z 
32. y e~ kt cos 5 


i*e - *’ dz 
z V^TT dz 
i* sinh 2 z dz 

i tanh z* dz 

z* dz 
(4 + z»)» 

arcsin z dz 
x arcsec z dx 
In* z dz 


argtanh z dz 


e** sin 2 z dz 


*» cos 30 dfl 


a and 6 not both zero 


n ^ —1 


"/ 


sec* x dx 


esc 1 x dx 
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Summary. The following are the most frequently employed standard 
forms (the numbers correspond to those in the text): 


(I) 

(II) 

(III) 

(V) 

(VI) 

(XI) 

(XII) 
(XIII) 

(XIV) 

(VII) 

(IX) J 

(XV) 

(XVI) 
(XVII) 
(XVIII) 

(XIX) 

(XX) 
(XXXII) 


/*■ 


du = 


u 


n+l 


+ c 


n+l 

where n ^ — 1 ) power form 


/ 


/ $ - '■ M 


+ c 


e“ du = e u + C 


du = —cos u + C 


J sin u 
J cos u 
J tan u 
J cot u du = 

J sec udu = 

J esc u du = In |csc u — cot u| + C 
J sec 5 udu = tan u + C 


du — sin u + C 


du = In |sec u| + C 


In Isin u[ + C 


In Isec u + tan d + C 


sec u tan u du = sec u + C 


f du _ 

J s/a* — u 1 

f du _ 

J a 3 + u* ~ 

f du _ 

J u \/u a — a 2 

/ VV + a- " ln <“ + V*’ + a>) + C 
/vfe^ = ln| “ + V*>-“'| + C 


arcsin - + C 
a 

- arctan - + C 

a a 

1 u _i_ n 

- arcsec —h C 

a a 


[ du _ 
7 u 2 — a 2 


1 , u — a 

In -:- 

2a u + a 


+ C 


J u dv = uv — j v du (integration by parts) 
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MISCELLANEOUS EXERCISES 

Find the following integrals and check by diflcrentiation (Ex. 1 to 43) 


X y/x* + 16 dx 



f y/l + In 

17 ' J * 


e * cos e 


21 

23 

25 

27. 

29 


■ 

. I V * Vv 

■f 

‘ / V25 - x* 

. J argtanh 2y dy 

• / 


+ 1 dy 


sec (20 + 1 ) 

tan* 30 see* 30 do 
(z» 4- 4* + 3 ) d: 

i* + 1 

(z + 1 ) <*z 


31 

33 


2 cosh Z* dz 


f (2y 4- 1) dy 

sc- j 

• / 8in 30 sec 30 dO 

f^ldx 

■ J e* + 4 


37 

39 


■I 

f In* z 
L - 

•h 


V5 - 3z : 
dx 


dy 

+ 8y + 20 


8 


l)’ 4 

1) dy 
4y + 5 


[ ** dl 
' J a 4 - i 

j y* - 4 
12 . / z sin 3z dx 

14. J log ( 2+2 ) dx 

f sin y/x dx 

16> J 

. J" sin 4 0 cos 0 d0 

f (t - 2) dx 

' J z* + z + 1 

. J yVy* + 1(1 v 

. y scch* (4-r — 1 ) dz 

■/‘"f 


18 

20 

22 

24 

26 

28 

30 


8z + 15 
arcsin 3y dy 


■ hri 

■I 

f e* dx 

J2 ' J 4e* + 1 

■/ 

•/ 

■/ 

■ 


34 

36 

33 

40 


e* sinh z dz 

2 ( 10 *) dx 
cot* 0 d0 


esc 0 — 1 
2 * arccos z dx 



238 


INTEGRATION, STANDARD FORMS 


[Chap. 12 


/ 


41. I z* orcein 3x dx 


42 


i 


i 


sec 4 0 dd 


48. / esc 1 0 d0 


! 


44. Verify that / 8ec*- + ‘ 9 do = — Bee *"" 1 9 tan 0 + (2n 




-/ 


sec ** -1 




In Exercises 45 to 47, find the integral by first transforming the integrand to an 
immediately integrable form as suggested. Find such transformations for Exercises 
48 to 50. 


«./ 


48 . f e '’^ - 

J e* + 1 


f (, + «>-« <5 r_ r 

(x + 4)‘ J 4-e*« j 


f z 9 dx 

J (x 9 - 4) 1 


60. 


z dx / 

( x + 4)-4 

(z + 4) 4 7 

(x + 4)‘ * 43 ' 

x dx 

f I 6 - (W - «•) 

i 

s 

i 

to 

> 

J 3 \/l6 - 3x 

e ta dx 

49. 

e* + 1 


x dx 



x dx 

J V5x + 1 
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METHODS OF INTEGRATION 


96. Trigonometric Integrands. Various types of integrals whose inte¬ 
grands contain trigonometric functions can be reduced to standard forms 
by use of familiar trigonometric identities. We shall consider three types. 

1. Integrals of the type / sin" x cos” x dx where either m or n is a posi¬ 
tive odd integer. Suppose, for instance, that n is a positive odd integer 
greater than 1 (if n = 1, we may integrate at once). We may then write 

sin” x cos" x = sin" x cos" -1 x cos x 

Now, n — 1 is even; hence, cos”- 1 x can be expressed as some positive 
integral power of cos 2 x. Since 

cos 2 x = I — sin* z 

sin m x cos" -1 x becomes a sum of powers of sin x. Hence, the integrand 
becomes a sum of powers of sin x each multiplied by cos x dx, and the 
integral can be evaluated at once. If m is a positive odd integer, similar 
treatment reduces the integrand to a sum of powers of cos x each mul¬ 
tiplied by sin x dx, and the integral is readily evaluated. If both m and 
n are even integers, either both positive, or one positive and the other 
zero,* other identities must be used [see (3)). Integration by parts can 
also be used effectively for integrals of these types (see Art. 102). 

Example 1 

/ am* x cos* lit = / sin* x cos 4 x cos x dx 

= / 8in* x(l — sin* x)* cos x dx 
■» / ain* x(l — 2 sin* x 4- sin 4 x) cos x dx 
■=• /(sin* x — 2 sin 4 x + sin 4 x) cos x dx 
— ^ sin* x — £ sin* x + y sin 7 x + C 

Example 2 

/ sin* x cos** x dx «* / sin* x cos** x sin x dx - /(I — cos* x) cos** x sin x dx 

-■ / (cos** x — cos** x) sin x dx 

- — £ cos** x + tt cos 1 ** x + C 

2. Integrals of the type / tan"* x sec" x dx or / cot" x esc" x dx can be 
integrated readily by use of one of the identities 

sec 2 x = 1 + tan 2 x esc* z =» 1 + cot 2 z 

• Zero ia an even integer. 
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provided that n is any positive even integer, or m any positive integer and 
n zero, or m and n both positive odd integers. 

Example 3 

/ tan* x%x = / tan 1 x tan x dx = /(sec* x — 1 ) tan x dx 

= / tan x sec* x dx - / tan x dx - -j tan* x + In |cos x| + C 

Example 4 

/ cot* x dx => / cot* x cot* x dx « / cot* x(csc* x - 1 ) dx 
= / cot* x esc* x dx — / cot* x dx 

= --g- cot* X — /(esc* X - 1) dx *= —cot* X + cot X + x -f C 

Example 6 

/ tan* x sec 4 x dx ■= / tan* x sec* x sec* x dx 

■= / tan* x(l + tan* x) sec* x dx 
~ / tan* x sec* x dx + / tan* x sec* x dx 
=■ -j- tan 4 x + x tan* x + C 

Example 8 

/ tan* x sec* xdi « J tan* x sec 4 x tan x sec x dx 

■= /(sec* z — 1 ) sec 4 x tan x sec x dx 

=* / sec* x tan x sec x dx — / sec 4 x tan x sec x dx 

■= | see 7 x — z sec* x + C 

If we have a positive even (or zero) power of tan x multiplied by a 
positive odd power of sec x, this method will not reduce the integral to a 

standard form. 

Example 7 

/ sec* rdx = f sec* x sec x dx 

which does not reduce to standard forms by using sec* x - 1 + tan* x. However, 
this can be integrated by parts* as follows: 

Let u = sec x dv — sec* x dx 

du = sec x tan x dx v = tan x 
Then / eec* x dx = sec x tan x - / tan* x sec x dx 

= sec x tan x — /(sec* x — 1 ) sec x dx 
** sec x tan x + / sec x dx — / sec* x dx 

Therefore, solving for / sec* x dx, we have 

2 / see* x dx = sec x tan x + / sec x dx 
/ sec* x dx = 5 sec x tan x + z In |sec x + tan x| 4 - C 

3. Integrals of the type J sin m x cos’* x dx where both m and n are even 
integers, either both positive or one positive and one zero. Such integrals 
may be handled conveniently by use of the identities 

sin* x = £-(l - cos 2 x) cos’ x = £(1 + cos 2x) 

sin x cos x = 3 sin 2x 

Example 8 

/ Bin 4 xdi = /(sin* x)* dx 

= |/(1 - cos 2 x)» dx - t /(1 - 2 cos 2 x + cos* 2 x) dx 
• See Exercise 36, page 235. 



Art. 95] trigonometric integrands 

But since cos* 2x ■=> 7(1 4- cos 4x), we have 

J sin 4 x dx = t/( 1 - 2 cos 2x + 7 + 7 cos Ax) dx 

- 1/7 dx - 7 / cos 2x dx + 5 / cos Ax dx 

— gx — 7 sin 2x + 77 sin Ax + C 

Example 9 

/ sin* x cos 4 x dx = /(9in x cos x)* cos* x dx - Jg sin* 2x • g(l - 

- 7 / sin* 2 x dx + gj sin* 2 x cos 2 x dx 

“ tV/(! “ cos 4x) dx + 7 / sin* 2 x cos 2 x dx 

- tVx — sin Ax + 77 sin* 2 x + C 


Find the following integrals: 


*• J 

sin* 0 dO 

3 -J 

^ cos 1 2x sin 2x dx 

e -J 

f 6in J 0 cos** 0 dO 

7 -J 

f tan* 30 dO 

J 

f tan* 0 dO 

J 

f cot 1 2x esc 4 2x dx 

13 ' J 

(^ tan 7 a 8CC 4 a da 

16. 

J 

j' cot 6 0 esc 6 0 dO 

17. 

j 

^ cos 1 u du 

19. 

j cos 7 3x dx 

21 . 

•> 

^ sin 1 x cos 1 x dx 

23. 

• 

^ ein 4 x cos 4 x dx 

26. 

• 

j sin 4 3 0 cos 30 dO 

27. 

f x sin 1 x dx 


EXERCISES 




6 . 



10 . 


12 . 


14. 


16. 


18. 


20 . 


22 . 


24. 


26. 


28. 



sin’ 0 cos* 0 dO 

cos 4 x dx 

cos* 0 dO 
sin 54 0 

cot* (0/2) dO 
tan x sec 4 x dx 
tan* a da 

tan* AO sec AO do 

sin* u du 

cos 4 x dx 
Bin 4 3x cos* 3x dx 
cos*x dx 
cos** 20 sin 20 dO 
tan 5x sec’ 5x dx 
x cos* x sin x dx 
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cos 2x) dx 
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31 . 

33 . 


35. 


87. 

39. 



x sin* x dx 
cot 1 2x dx 
e* sin* x dx 
sin mx sin nx dx 
sin mx cos nx dx 
sin 5x sin 3x dx 


m* n* 

m* n 1 



82 . 


34 . 



38 . 


40 . 



x tan* x dx 
x sin 2x cos 2x dx 
x sin x* cos x 1 dx 
cos mx cos nx dx 
sin 2x cos 4x dx 
cos x cos 7x dx 


m* «* 


96. Integration by Substitution. If J/(x) dx is not readily integrated 
by the methods so far discussed, it may be possible to transform the 
integrand to a form that can be so integrated by replacing x by some func¬ 
tion of a new variable, say z. Of course, dx must also be expressed in 
terms of z and dz. Thus we write 


x = <p(z) dx = ip'(z) dz 

and //(x) dx = ff[v(z)W(z) dz = Ji£(z) dz 

= *(z) + C = F(x) + C' 

We express 'I'(z) in terms of x by means of the equation x = <p(z), and we 
have the desired result. 

In our work so far, we have actually been making use of the method of 
integration by substitution, for we have determined by inspection what 
function of x should be called u. But many cases arise in which a suitable 
substitution is not so easily recognized, although it is still possible to 
reduce the integral to a standard form by a proper choice of a new var¬ 
iable. A successful choice depends largely upon the ingenuity and expe¬ 
rience of the worker; though no rules can be given that cover all cases, it 
is worthwhile to suggest various substitutions that prove desirable in the 
situations illustrated. Frequently, several different substitutions can be 
used, any one of which will succeed. It is hardly necessary to emphasize 
the importance of first making sure that the given integral is not already 
in a standard form before trying a substitution. Careless students waste 
much time in making totally unnecessary, though perhaps not incorrect, 
substitutions. 

97. Algebraic Substitutions. An important use of the method of sub¬ 
stitution is in the rationalization of irrational integrands. The resulting 
integral may then be in a standard form or may be integrated by the 
method to be discussed in Art. 99. We consider four such cases and add 
gome remarks about two other types of integrals. 
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Art. 97] 

1. Integrand containing fractional powers of a + bx. Substitution of a 
suitable power of z for a + bx will rationalize the integrand. 


Example 1 


f - J - 

' ) (2 + 


dx 


3x)S* 


If we let z* — 2 + 3<r, then z* — (2 + 3x)W, 


3z* dz =* 3 dx, and z* dx =* dx. Furthermore x - ^(z* — 2), and thusx* = y(z* — 2)*. 
Consequently 

(.i f <*-”»■* -1 f ^_- u .+ 4 ,* 

J (2 + 3*)H 9 7 z 1 9 7 

- 5 0 z? “ 2 ‘ + 42 ) + C “ <1 (z< ~ 7z ’ + 28) + c 

We must replace z by its value in terms of x, thus 

z - (2 + 3x)M 

Therefore 

x*dx (2+3x)H 


/ 


(2 4- 3x)*4 63 

(2 4- 3z)H 


63 


[(2 4- 3x)* - 7(2 4- 3x) 4- 28J + C 


(9z* - 9z + 18) 4- C 


|(2 + 3x)W(x* -x+2) + C 


Example 2 
Therefore 


h 


dx 


+ V 4 + 5x 


Let z* - 4 + 5z, 2z dz = 5 dx, £z dz =* dx. 


/ 


dx 


!/7£-t/(-rr> 


4 4- V4 4- 5z 

- - 4 In |4 4- z|) 4- C 

- I V* + 5z - f In (4 4- vT+li) 4- C 

2. Integrand containing fractional powers of a + bx n . Substitution of 
a suitable power of z for a 4- bx n may rationalize the integrand. 

(z* - a’) M 


Example 3 


•/ 


dx. Let z 1 - x* - a*; then z dz = x dx. But we need, 


dx 


not x dx, but — • To get this, divide both sides of z dz - x dx by x>, noting that 

z dz dx 

x* - z* 4- a*, thus: —-—; “ — Now 

Z J + x 


/ (z* — a*)** f z l • z dz f z 4 dz 

X X J z* + a* J z* + a* 

-/(..-«•+ <T ^) j. 


— - z* — a*z + a* arctan - + C 
o a 

•§(**“ a *)’ 4 - «* V** - «* 4- o» arctan V** ~ n> + C 


a 
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If desired, we may write (Fig. 108) 



x^-a* 


v/ 1 * — a* ax . a 

arc tan —- - arccos - — - — arcam - 

a x 2 x 

The x/2 may be included in the constant of integration, 
giving as a result 

1 ( z » — a »)H — a 1 y/x* — a* — a* arcsin - + C' 

3 ^ 


Example 4. Jz» y/2 + z* dx. Let z* - 2 + z>; then, 2z dz - 3z* dx. But we 
want z 6 dz; so multiply both sides of this last equation by *z*, remembering that 
x> = z* - 2, thus: f (z* - 2)z dz =- z» dz. Therefore, 


/x* \/2 + z* dz - |/z(z* - 2)z dz 

- f/(z 4 — 2z*) dz = §(£z‘ — ¥ 2 *) + C 

- - ( 3Z * + C ~ z*(3z* - 10) + C 

3 \ 15 / 45 

- A(2 + z*)«l3(2 + z») - 101 + C 

= -^(2 + z*)H(3z* - 4) + C 

3. A general theorem for binomial differentials. A differential of the 

P 

form x m (a + &x B )« dx where q > 0, n 9* 0, m, and p are all integers is 
called a binomial differential. We have the following theorem: If, in 

p 

fx m (a + bx")« dx, q is a positive integer and p, m, n are any integers (n ^ 0), 

P 

tficn x m (a -f- 5x n )« dx mil be rationalized by the substitutions listed below: 
Case I. The substitution z* = a + 6x", provided that m is an 


integer (positive, negative, or zero). m + i 

Case II. The substitution z«x" = a + 6x", provided -b ^ is an 

integer (positive, negative, or zero). The proof is left as an exercise for 
the reader. 

If the integral in question has a binomial differential for its integrand, 
the suggestions of (1) and (2) are included in this theorem. The preced¬ 
ing examples would be included as follows: 


Example 1. m — 2, n *■ 1, p 


m + 1 

— 2, g - 3; therefore, - 

n 


3, and we use 


- 2 + 3x. 
Example 2. 

Example 3. 

** ~ z* — a*. 

Example 4 . 

z* - 2 + **• 


Not a binomial differential, 
m — — 1, n — 2, p — 3, g 

m - 5, n - 3, p - 1, g - 


m + 1 

2: therefore, - 

n 


ui + 1 

2: therefore, - 


0, 

2, 


and we use 


and we use 
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Example 
n - 4, p - 


/* 


dx 


'• Find ■ W+x-)« 

— 3, q = 4; therefore 

m + 1 + p 

n q 


/- 


J (16 + x 4 )~** dx. Here, tn « — 2, 


1-2 —i 

4 4 


So we use z*x* = 16 + z 4 . This gives 


x* = 16(z 4 - 1)"> 

Hence 16 + x 4 = z*x' = 16z 4 (z 4 - 1)"' 

Also x* ~ 4(z 4 - l) - *, and x = 2(z 4 - 1) - H, so that dx = -2(z 4 - l)~»*z* dz. Our 
integral becomes 

-;i(z 4 - 1)1* • gz - ’(z 4 - 1) M • 2(z 4 - 1)~ 5 ‘ • 2 * dz 


_±/■*_ > + c = -<li±^ + c 

16 J 16 lGx 


4. Integrand of the form 


1 


Let hx + k = \/z. 


(hx -J- k) \fax 2 + bx + c 

/ dx 1 

- -■— = “ /, we let 3x + 2 ~ — 

(3x + 2) V7x* + 6x + 1 2 


Then, dx 


- — • and z ■=• J (- - 2^) ■=■ 1 -- This gives 

3z* 3 \z / 3z 


Therefore 


/ - 


7x* + Gx + 1 

dz 

37* 


z* - lOz + 7 
9z» 


- • — V 2 ’ - 10z + 7 
z 3z 


rfz 



dz 


\f z’ — lOz +25-18 



V(z - 51* - 18 


- In |z - 5 + V 2 ’ - 10z + 7| + C 


this reduces to 


Replacing z by its cquul, ^ 2 ' 

(— 3)(5x + 3 - \Z“x* + Cz + 1) 


/ - - la 
— In 


3x + 2 
3z + 2 


+ C 


ox + 3 - y/lx* + 6x + 1 


+ C' 


where C - C — In 3. Let the reader check this result by differentiation. 

5. Integrand rational. The substitutions suggested in (1), (2), and (3) 
are often useful when the integrand involves a + bx or a 4- bx n rationally. 
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Example 7. To find 


let * - 2 * - a*; then, dz - 2xdx, and 


i(o l + z) dz *» x* dx 


Hence 


f z'd x = 1 f 

J (x* - o*)* " 2 J 


(a* + 


ft+il 




--+ l In |x* - a*l + C 

2 (x* - a*) 2 

This integral can also be found quickly by integration by parts, by letting u ■» x*, 

a - The rea( j er should complete the work and compare the results. 

(x* - a*)* 


Example 8 . The integral J — 
substitution,” x = a/z. We have 


can be evaluated by using the "reciprocal 


and 


dx 

x*(o* + **) 


dx •=• — 
a dz 


a dz 


/ 




—-- z -j- — arc tan z + C --—f- — a re tan - + C 

(j* CL*X fl s X 

6. Other types of integrands. Sometimes a substitution will reduce an 
integrand involving transcendental functions to standard forms. As 
already remarked, no rule can be given to cover all cases, but it is always 
possible to try out a substitution that seems promising. If one does not 
avail, another may perhaps succeed. The following two examples illus¬ 
trate the method: 

Example 9. To find / — 7 -— we may try z* «= e** 4- 1. This choice is 

J y/e** + 1 

prompted by the hope of eliminating the radical. We have z dz = e ix dx. To find 
dx, divide both sides of this equation by e* M — ** — 1 , obtaining zi _ ^ dz = ^ x ' ^ e 

have 


we may try z 1 *=* e** + 1. This choice is 


^ ln 


— +C 

e 1 * 4-1+1 2 t 


— In 


+ 1 - 1 


+ C = In (\/e*' + 1 - 1) - x + C 
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/ sin x cos x dx 
5 + 4 sin x 


Example 10. To find 1 . -• we may let r =* 5 + 4 sin x. Then 

J 5 + 4 sin x 

dz 4 cos x dx so that \ dz = cos x dx. Wp also have sin x = \(z — 5 ). Hence, 
our integral becomes 

1 f (z - 5) dz iff, 5\ , 

16 J ^ = I6 A */ = " T<lln W + C 

= tV(5 + 4 sin x) — In (5 + 4 sin xj + C 
— T 9 ‘ n x ~ A 1° (5 + 4 sin x) + C' 

combining ys with the constant of integration. 


EXERCISES 


Find the following integrals: 


1. 

•1 

f d * 

2. 

M 

j x dx 

1 i + V* 

1 y/x + 3 

3. 

J 

f x dx 

a 

f x dx 

1 3 + yfx 

4. 

J 

1 (1 + 2x)J* 

6. 

j 

\ 

H 

T 

1 

6. 

J 

f x* dx 

I 

f X 

/ (1 + x)» 
r 

7. 

j 

/ x(l + *)» dx 

8. 

J 

/ x*(a + x)M dx 

9. 

J 

f x dx 

! (3 4- 6x)« 

10. 

j 

[ x \/a* — x 1 dx 

u -j 

r - 

ia - j 

f . AT- 

f y/ o 1 + x* 

[ X* Va* - X 1 dx 

13 -j 

[ Va ’ - ** dx 

“•j 

f Vi'-a' . 

- dx 

X 

“•j 

f <*’ - “*>’ 4 dx 

16. 

I X* Vl + X*dx 

17 'J 

f X 9 y/l + x* dx 

•* 

18. 

J 

f x 4 dx 
f x* + 4 

19 'J 

f x 2 dx 

20 j 

f x 1 dx 

' (x* + 4)* 

' (** + 4)« 

“•J 

f x* dx 


f x*dx 

f (x* - a*)' 

' (2 + 3x*)H 

23. 

f p _ 

24. 

f dx 

J 

26. j 

x * VI + X* 

( 

J 

(ZX - 1 ) Vl6x> - 12x + 3 
^ x* dx 

(3x + 1) V®** + 4x + 1 

(a* - Z *)H 

27. j 

/* dx 

— fTjpf 2 a Jl/* \ 

28. j 

f dx 

' (x* + 

■e*(x* + 4) 
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29. J 

f dx 

80. j 

f dx 

x‘ (x 1 + a*) 

' ** V** - «• 

0b 

31. J 

f dx 

4 + \A + * 

sa ‘J 

f y/4 + y/xdx 

J* 

33. j 

f * 

Vi + V® 

34. 

j 

/ (i + V*) w 

36. 

j 

^ C08 y/x dx 

36. 

• 

I sec 1 \/x dx 

37. 

j 

f tan y/x 

1 1 

38. 

• 

\A* + 9 dx 

39. 

r «** dx 

40. 

• 

1 

1 y/e* - 4 

/ V4 - e* x 

I sin x cos x dx 

41. 

/ e* x V e * + 1 

42. 

/ 2+3 sin x 

• 

43. 

46. 

F 

I sin x cos 1 x dx 

44. 

C esc 1 0 cot 1 0 d0 

1 1—2 cos x 

f sec 1 0 tan* 0 d0 
/ \/9 4- tan* 0 


/ 1 - cot* 0 


98. Trigonometric Substitutions. Many integrals can be reduced to 
standard forms by substituting a trigonometric function for the variable 
of integration. The three following are especially helpful since they 
serve to reduce a sum or difference of two squares to the square of a single 
function: 

If the integrand contains a* — x*, try x = a sin 0. 

If the integrand contains a 2 + x 8 , try x = a tan 0. 

If the integrand contains x 1 — a i , try x = a sec 0. 

There are many other possibilities for effecting an integration by use of a 

trigonometric substitution, and some of these will be illustrated. 

/ ( x ! — a S)M 

--- dz, set x = a see 0: then 

dz ■» a sec 0 tan 0 do 

and the integral becomes 



(a 1 sec 5 0 — a 1 )** 


a sec 0 tan 0 do 


i 


(a* tan* 0 )M tan 0 do = a* / tan 4 0 do 


/ 


/ 


* / tan* 0(sec* 0 — 1) do 


-“■/ 


tan* 0 sec 1 0 d0 




tan 1 0 d0 


a sec 0 
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a 1 I tan 5 6 see 5 6 do 


~ a 'f 
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(sec* 0 - 1 ) do 


— tan* 0 — a 3 tan 0 + a 3 0 + C 

O 


Since sec 0 = x/a, we have 0 = arcsec (x/a) = arccos (a/x) = r/2 — arcsin (a/x), 
as is easily seen by reference to the triangle, Fig. 108. Hence, referring to Fig. 108, 
we have 


tan 0 


Vx 5 — a 


aud 


/ 


(x* - a*)« 


a 3 / y/x 3 — a*V y/x 3 — a* /i a\ 

<fa "3V-a- ) -a- + - arcsin -J + 

= “ (x 2 — a*)** — a 2 \/x 2 — a 5 — a 2 arcsin - + C' 

3 x 


where we include a s (:r/2) in the constant of integration (compare with Example 3, 
Art. 97). 

f dx 

Example 2. To find / - - — we observe that the sum of squares 

J x 3 v 25x* + 10 

25x* + 1(3 will be reduced to the square of a single function if we set 25x* = 10 tan* 0 
that is, 

x = 5 tan 0 dx = i sec* Odd 


Therefore 


/ 


+ 16 


/ 


a a 

/ 

/ 


0+16 


0 dO 


0 sec 0 


/ 


0 dO 

JT 


° TU J cot 0 CSC 0 do = 

Since tan 0 = 5x/4, it is easily seen from Fig. 109 that 

y/ 25x 2 + 16 


A esc 0 4 - C 


esc 0 


5x 


We therefore have 

dx 


/ 


V25x* + 16 


x* -s/25x* + 10 


lOx 


+ C 



Sx 


f y/a — x 

Example 3. Find / -—-</x. W 


e may reduce a - x to the square of a single 


function by setting 


and therefore 


x = a sin 2 0 
dx 2a sin 0 cos 0 d 0 
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f Va - x 
J xK 


dx 


/ 


y/a cos 0 • 2 a sin 0 cos 0 dS 
a** sin* 0 


/ 

/ 


o 


e 


do 


i 


cot* 0 do 


(esc 1 0 — 1 ) dO = —2 cot 0 — 20 + C 


d fl 

esc* 0 = -i and therefore cot* 0 —-1 

i * 


y/xfn\ also (regarding 8 as a first 

° X Consequently 


/ 


■\fa- 


xH 


4 


a — x 


— 2 arcsin 




+ c 


Example 4. Find 

dx 


i*~- 


/ 



ode 

! 4 e 


4x + 13)* J (z* - 4* + 4 + 9)* j [(i - 2)* 4- 9]* 

Here we may set x - 2 =* 3 tan 0, dx = 3 sec* 0 d0, obtaining for our integral 

/ 3 sec* 0 do _ _1 /* se 

(9 tan* 0 + 9)* “ 27 J s 

=» — / cos* 0 d0 =» — / (1 + cos 20) rf0 
27 J 54 y 

= yj(0 + 4" 8 * n 20) + C’ 
so that sin 0 and cos 0 are easily found from Fig. 110. 


r-2 


i-2 


Fio. 110. 

Note that tan 0 

o 

However, to express sin 20 in terms of x, we use the identity sin 20 = 2 sin 0 cos 0. 
Hence 


/ 


-—- = — (sin 0 cos 0 4- 0) + C 

(x* — 4x + 13)* 54 


x - 2 


18(x* - 4x + 13) 54 


1 . x - 2 

+ — arc tan —--h O 


EXERCISES 

Find the following integrals by use of a trigonometric substitution (Ex. 1 to 32): 
dx ~ I dx 


1. 


3 


x* y/4 - r* 

. J V? — x 1 dx 
J X* VV + X* 


(25 - x*)’* 


4 

f yj a 1 * 

■i^ 

-/ 


dx 


(a 1 + x 1 ) 1 
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7 . j -\Ja} + x* dx 

9. 


x(x* — a*) 


13. 


15. 


(9x* + 25)« 
y /5 — 3x* dx 
dx 

(x* + 6x + 34)* 


19. 

21 . 

23. 

25. 

27. 

29. 

31. 

32. 


y/ a — x 


/ 

/ 

/ 

/ 

/ 

/ *= 

J dx 

/ 

/ 

/ 

/ 

/ 

/ 


dx 


(x + a) 


10 . 


x(9 + 4x*) 
x* <fx 


x*)« 

dx 


20 . 


x y/Ax + x 
dx 


26. 

28. 

30. 

(Let x = 4 tan* 0.) 


/ 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

f y/l + 

f — 

/ x*(a* -+• X* 


dx 


(x* - 2x + 2)* 

_dx_ 

(x* + 4x + 8)* 
y/x dx 
a + x 

dx 

x*(x + o) 

y/x - a , 

-dx 

x 

dx 

r+ e to 

dx 


x y/ 4x — x* 

Find the following integrals (Ex. 33 to 35) by use of a ''hyperbolic substitution" 
as indicated (6ee Chap. 7). 


S3 J 

' (a* + x*)»* 

(Let x = a flinh z.) 


f y/ x* — a* 


34. j 

f X* 

(Let x - a coah z.) 

86. j 

/ dx 

a* - x* 

(Let x «= a tanh z.) 


99. Integration of Rational Fractions. We recall (Art 6) that a 
rational fraction is a quotient of two polynomials, 6ay 

box- -h t,X— + • • • + b._,T + b. P.M 
aoz" + a,x— + ■ ■ • + a ^ t x + o, = P^xV 
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Keep in mind that we are dealing only with real functions, so that the 
polynomials are assumed to have real coefficients. Suppose that P n (x) 
and Pn(x) have no common factor other than 1. The fraction is then 
said to be in its lowest terms. If the degree of the numerator is greater 
than or equal to the degree of the denominator, we may carry out the 
division so that P m (x)/P„(x) is expressed as a polynomial plus a rational 
“proper” fraction in which the degree of the numerator is less than the 
degree of the denominator. 

p M - P(x) + «C®) 

P^X) ~ ^ + Pn(*) 

We can integrate P(x) at once, and so we need consider only the integra¬ 
tion of proper rational fractions that are in lowest terms (see closing 
paragraph, Art. 88). 

In order to effect the integration of such a rational fraction, we shall 
express it as a sum of simpler so-called ■partial fractions. To do this, we 
express the denominator P„(x) as a product of real factors of the forms 
(x - a) and (ax 2 + bx + c) where b 2 - 4ac < 0. That this is always 
possible when we can solve the equation P„(x) = 0 and that the partial 
fractions are uniquely determined is shown in algebra.* A factor of the 
type x — a is called a linear factor and, of course, corresponds to a real 
root of Pn(x). If a is a root of multiplicity r, then (x — a) r will appear 
in the factorization of P„(x), and we say that (x - a) is a repeated linear 
factor. A factor of the type (ax 2 + bx -\- c) where b 2 — 4ac < 0 corre¬ 
sponds to conjugate complex roots of P„(x) and is called a quadratic factor . 
If (ax 2 + bx + c)’ occurs, we say that ax 2 + bx + c is a repeated quadratic 
factor. We proceed to indicate, chiefly by examples, methods by which 
partial fractions can be found. 

1. All the factors of the denominator linear and none repeated. Corre¬ 
sponding to each factor (x — a), assume one partial fraction of the form 

—-— where A is some constant to be determined. If the degree of the 
x — a 

denominator is n, there must, therefore, be assumed n partial fractions, 
and there will be n constants to be determined. Such a fraction is inte¬ 
grated at once, thus: 

[ ——— dx = A In |x — a\ + C 
J x — a 

Example 1. Find / — 2 - —-— dx. First, find the factors of the denominator. 
r J x* — lx + 6 

To do this, we use the factor theorem; recall that any integral roots of x* — lx -4* 6 
must be divisors of 6. Trying x = 1, we get 1* — 7 • 1 + 6 = 0; hence, x -* 1 is a 

• See, for example, G. Chrystal, Algebra, Chap. 8, A. & C. Black, Ltd., London, 
1904. 
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— la factor of z’ — lx + 6 . It is easy to see that 


Therefore 


z» — lx + G = (z — 1)(z - 2)(z + 3) 

_ 2z + 1 _ /I B C 

(z - l)(z - 2)(z + 3) " z - I z-2z+3 


where A, B, and C must be determined. Since the left- and right-hand members 
are to be equal for all values of z (except z ■= 1, x = 2, z = —3 for which the fractions 
are not defined) we must have 


_ 2z + 1 _ 

(z - 1)(z - 2)(z + 3) 

A(x - 2)(z + 3)+ B(x - l)(z + 3) + C(z - l)(z - 2) 

(z - 1)(z - 2)(z + 3) 

Hence 

2z + 1 = A(x - 2)(z + 3) + B(x - l)(z 4- 3) + C(z - l)(z - 2) 

for all values of z including x = 1, 2, —3 since the two sides of this identity are 
polynomials. Therefore, coefficients of like powers of z on the two sides of the 
identity must be equal. Thus 

Coefficients of x* 0 = A + B + C 

Coefficients of x 2 = A 4- 2B — 3C 

Coefficients of x° 1 = -6/1 - 3B + 2C 


Solving simultaneously for A, B, and C, we obtain 


A = —t 


B 


C = —i 


Therefore 


[ 2z + 1 _ 3 f dx f dx _ 1 f dx 

J x* - 7z + 6 dX = 4 J x - 1 J x - 2 4 J z+3 


+ 3 

- - ^ In |z - 1| + ’n |z - 2| - £ In |x + 3| + C' 
4 4 


4 


(z -2)* 


(x - l)’(z + 3) 


+ C' 


Alternative Method. A convenient device for determining A, B, and C uses in a 
slightly different way the fact that 

2z + 1 «= A(x — 2)(z + 3) + B(x - l)(z + 3) + C(z - 1)(z - 2) 


for all values of x. 

If we set z — 1, we get 

3 = —4/1 and 

1 

0 

If z = 2, then 

5-5 B 

and 

B ~ 1 

If z-3, then 

-5 - 20C 

and 

c ~ —i 


2. All the factors of the denominator linear but sotnc repeated. For each 

repeated factor (x — a)', assume partial fractions -— - 1 - — _ 

(x - a) (x - a ) J 
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+ 


9 « • 


-1 - - — where A, B, R are constants to be deter- 

(x - a) r 


mined. In general, they are different from zero, although some, but not 
R, may be zero. With each nonrepeated linear factor (x - 0), assume a 

partial fraction — — as before. Note again that, if the degree of the 

x — p 

denominator is n, we assume n partial fractions and we must determine 

R 

n constants. The fractions such as ^ give integrands of the power 

, f Rdx R . r 

form ’ J l^aY - ' (r - 1)( X - «)'-> + 

Example 2. Find / —~r~ * .t, 1 dx - Assume partial fractions as follows: 

J (z - 2)(x + 1)* 


Ax* - 2x* + x + 1 


4- 


B 


4- 


D 


(x - 2)(z + 1)» x - 2 z 4- 1 (x +1)* (x 4- 1)* 

Note that the degree of the denominator is 4 and that four partial fractions are 
assumed. We must have 


4x J - 2x* + x + 1 

= A(x + 1)» + B(x - 2)(z + 1)* + C(z - 2)(z 4- 1) 4- D(x - 2) 

= A{x * + 3z* + 3z + 1) + B(x * - 3z - 2) + C(z> - z - 2) 4- #(x - 2) (1) 


Equating coefficients of like powers of z, 


4 = A + B 
-2=3/1 + C 

1 = 3/1 - 3B - C 4- .D 
1 = A — 2B — 2C — 2D 

Solving these equations, we find A = 1, B = 3, C = —5, D ■= 2. Our integral 
therefore reduces to the sum 


/AW*-/ 


dx 


(x + n* 


+ 2 


/ 


dx 


(x + 1)» 


In |z - 2| + 3 In |z + 1| + 


In |(z - 2)(z H- 1)»| + 


x + 1 (x 4- D* 
5z + 4 


4-C' 


(z 4 - n* 


+ C' 


Alternative method for finding A, B, C, D. Since (1) is true for all values of z, set 
x = 2. This gives 27 = 27.4, and .4 = 1. Set z = -1. This gives -6 = -3D, 
and I) = 2. No choice of x will reduce all terms on the right except those containing 
B or C to zero. But any two convenient values of x may be used to secure two 
equations involving B and C. For instance, take x = 0. Then, 

1 = A — 2B — 2C — 2D 


and since A and D are already known, this reduces to 


54C--2 


(2) 



Art. 99] integration of rational fractions 255 

Now let i = l. This gives 

4 = 8.4 — IB — 2C — D 


which reduces to 


2B + C = 1 


(3) 


Solving (2) and (3) simultaneously, wc get B = 3, C = —5. 

3. Some of the factors of the denominator quadratic but not repeated. For 

each factor ax 2 + bx + c, assume the partial fraction - c " 

This is, in fact, the sum of two essentially different fractions, one with x 
in the numerator, the other with a constant numerator. As a matter of 
convenience, we shall assume the two partial fractions 


A (2ax + b) 


+ 


B 


ax- -f - bx + c ax 2 + bx + c 

to correspond to each nonrepeated quadratic factor of the denominator of 
the original fraction. The first of these partial fractions integrates into a 
logarithm and the second into an arctangent. Note again that, if the 
degree of the denominator of the original fraction is n, we assume n partial 
fractions and must determine n constants. 


[ 7z* + 2 

Example S. Find I — x *\it 


20x* + 35i - 13 


+ 4x + 13) 


follows: 


dx. Assume partial fractions as 


D 


7x* + 20Z 1 4- 35x - 13 _ A C(2x + 4) _ 

i*(x* + 4x + 13) x x* x* + 4x + 13 x* + 4x + 13 


Therefore, we must have 


7x* + 20x‘ + 35x - 13 


Ax(z 1 + 4x + 13) + B(x* + 4x + 13) + C(2x + 4)x l + Dx* 


Equating cocfTicients of like powers of x, 


7 = A +2C 

20 - 4/1 + B + 4C + D 
35 = 13/1 + 4 B 
13 = 13B 

Solving these equations, wc find A =3, — 1, C = 2, = 1. Therefore, our 

integral reduces to 


f dx f dx , o f (2x + 4) dx f 

) x J x* 2 J x« + 4x + 13 + J x* 


dx 


+ 4x + 13 


The last of these integrals is 


[ dx f dx 1 x + 2 

J x‘ + 4x + 13 “ J (x + 2)* + 9 “ 3 afC “ 3 


+ C' 


3 
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3 In |x| 4 - ~ + 2 In (x* 4* 4x 4- 13) + ^ arctan + C" 

- - + In |z*(x* + 4x + 13)*| + l arctan + C" 

X 6 0 

4. Some of the factors of the denominator quadratic and repeated. For 
each repeated quadratic factor 

(ax 2 + hx + c)* 

assume 2s partial fractions, 


A (flax + b) 


ax 2 + bx + c + ax 2 + bx + c^ (ax 2 + bx + c) 2 ~ r (ax 2 + bx + c) 2 

R(2ax + b) S 


B 


+ 


C(2ox + b) 


1 + 


D 


+ 


+ 


+ 


(ax 2 + bx + c)* ' (ax 2 + 6x + c)* 

All the partial fractions whose numerators are multiples of 2ax -f b give 
integrands of the power form. For k = 1 the fraction ///(ax 2 + bx + c) k 
integrates into an arctangent; for k > 1, it can be integrated by use of a 
trigonometric substitution, as will be indicated in Example 4. Again 
note that, if the degree of the denominator of the original fraction is n, we 
assume n partial fractions and we must determine n constants. 


Example 4. Find j — * )(j , +^+2)'. 


x* - x 4- 4 


Bax + 2 ) + 


.Assume partiul fractions 

C 


(z - l)(x* 4 - 2 x + 2 )* x - 1 z> + 2 z + 2 


+ - 


x* 4- 2x 4- 2 
D( 2 x + 2 ) 


+ 


(x* + 2x + 2)» (z* + 2x 4- 2)* 


Therefore 
x* - z + 4 


/i(x* + 2x + 21* 4- B{ 2z 4- 2)(z - l)(x* 4- 2x + 2) 

4- C(z - l)(x* + 2z + 2) + D{ 2z 4- 2)(x - 1) + E(x - 1) 

Equating coefficients of like powers of z, 

A + 2 B =0 

4.1 + \B 4- C =0 

8.1 + 2B + C + 2D =1 

8.-1 - All + E = -1 

4.1 - \D - 2C - 2D - E - A 

Solving these equations, wo find 

*4 = 5 3 B = -ifs C = -ipy D 
Hence, our integral reduces to 

2z + 2 8 f dx 


1 

TTT 


£ = --Sr 


4 f dx _ f _ 

25 / z - 1 25 J x* 


4- 2x 4- 2 
4- 


-i/p 

4 / 


4- 2z 4- 2 
2r 4 2 


(z* 4- 2x 4- 2) 


/ 


c£r 


(x* + 2 x + 2 )* 
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Here the first two and the fourth integrals are of the power form, and the third 
integral gives an arctangent. The fifth integral remains for further consideration. 
We have 



dx 

(x* + 2x + 2)~* 


Let x + 1 = tan 0; then dx 



dx 

(x* + 2x + I + 1)* 



dx 

\U + l;* + l|* 


sec* 0 dO, and the integral becomes 



6 ec’ 0 dO 
(tan* 0 + 1)* 


f sec* 0 dO f 

J sec * 0 J 


cos* 0 dO 


if 


(1 + cos 20) dO 


£(0 + * sin 20) + C' - i(0 + sin 0 cos 0 ) + C 

Z + 1 z+C' 


l »rctan (x + 1) + \ ■ —— 


(See Fig. 111.) The final result is 

~ In |x — 1| — ~ In (x* + 2x + 2) - ^ arctan (x + 1) 


25 


1 


1 


10 x* + 2x + 2 

1 (x - 1)* 


_ i3 r i 

5 2 


25 ln (x* + 2x + 2) 


arctan (x + 1) + 
81 


1 x + 1 

2 i» + 2x + 2 


+ C" 

13x + 14 


- — — arctan (x + 1)-1- C" 

*50 10(x* 4- 2x + 2) 


Compare Example 4, Art. 08. 

The above discussion serves to establish the 
following general theorem: The integral of every 
rational Junction can be expressed in terms of 
algebraic, logarithmic, and inverse trigonometric 

functions. 

If the real linear and quadratic factors of the denominator can be deter¬ 
mined, we can evaluate the integral. It should be remarked that if we 
were to consider complex as well as real numbers, we could express the 
denominator as a product of linear factors and resolve into partial frac¬ 
tions, some of which would have complex denominators. 



x+l 


EXERCISES 


Find the following integrals (Ex. 1 to 48): 
dx 


1 

3 

4. 

6 

8 


■b 


■ f —— 

J I* r 2x - 


+ 3 x J x 1 -r 2x - 3 

[Compare formula (XX) of Art. 92.] 


f dx - ' 6 . / -^- 

J x(x* - 4) J X* - Gx - 7 

f -—- 7. f - 

J x» + x* - 4x - 4 J x* - 

f 6x» + 10x_-f_2 ,, 9. f -— 

J x' + 3x‘+2x J x* - ■ 


2x* - 5x* + 6x 
dx 


4x + 3 
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10 . 


12 . 


14. 


15. 


16. 


18. 


19. 


21 . 


23. 


24. 


25. 


27. 


29. 


31. 


33. 


36. 


37. 


39. 


41. 


43. 


44. 


METHODS OF INTEGRATION 
(z 4 + x* — 8x* — 5x + 6) dx 


j 
/ 
/ 
/ 


x 3 + x 2 - lOx + 8 
dx 


5x 3 + 6 
sec 5 0 dd 


■/.-T 

/ COS < 

sin 5 0 - 


2 tan 0 + tan 5 0 


sec 0 d6 
esc 0 dd 

dx 

e* - 1 

( 

j i s +1 4 


(Note: 


cos 5 


: sec 6 


( 


Note: 


cos 0 cos 2 0 

17 


>s* 

/ 


0J*0_ 

5 sin 0 


cos 0 \ 

1 — sin* 0/ 


e* dx 


e** + - 2 


c* - 1 


€** — e* 


: now let u *= e 


/ 

/ 

i 

/ 

/ 

/ 

/ 

/ 


’ J X(x - l) 5 

"/ 


■) 


(X + l)*(z - 2) 


(z 4 + 3z» - 5x* - 4x -f 17) ^ 
x* + z* — 5z + 3 


(2z‘ + 3z 4 - x» + 6x* - 3z + 2) J 

X 4 + 2x 3 

U4> 

dx 

26. 

z 2 (x 2 - 2x + 1) 


cos 0 dO 

28. 


(2 - sin 0)*(1 - sin 0) 


(2x 4 - 2z + 1) dx 

30. 

r-* 

1 

cS 

H 


dx 

32. 

e*(c x + 1)* 


tan 0 do 

34. 

1 — sin 0 


x dx 

36. 

(X - l)(x 5 + 4) 


dx 

38. 

x* + 2x* + 2x 


(6z* + 2z J + 18x - 1) dx 

40. 

x 4 + 5x 2 + 4 

dx 

42. 

x* + 1 


— dx — [Hint: x 4 + 4 =■ 

z 4 + 4x* 

x 4 + 4 


dx 

46. 


x(x* + 1)* 

(7 + 9z + 9x» + x* - z 4 ) rfx 
(z - l)(x* + 2z + 2)* 


/ 

{ 

1 

+ 4 

/ 


cos 0 do 


Bin* 0(1 — sin 0) 

(3x* - 22x + 19) dx 
(z + 2)(z - 3)* 


1 ) 


tan 0 do 
L — cos 0 


+ 1 ) 


dx 


+ 9x* 


dx 


fix* + 17x - 13 
- x* + 2x + 4) dx 


+ 4x 


dx 


8 


16) dx 


47. 


dx 


x*(x* + 1)* 
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f < l4 

48. / — 


- 5 *» - 30i* - 73x - 1) dx 


(x + 2)(x* + 4x + 13)* 

49. Let P(x) be a polynomial of degree n with roots on, a,, . . . , a., no two of 
which are equal. Let 1 /PM be expressed as a sum of partial fractions: 


1 


+ 


PM X — on X — a t 
Using Taylor’s theorem (Art. 82), we have 

(x — «*<)* 

P(x) = P(a<) + (z — a<)P'(a { ) H-— 

= (x - a.)P'(ai) + (X - a { )*Qi(x ) 


+ 


+ 


X — a n 


P"(«i) + 
where P’(a t ) ^ 0 
I 


+ p'-><«,> 


n! 


for * - 1, 2, . . . , n. Now show that A { ~ 

50. Let be a rational function in lowest terms where the degree of F(x) is loss 
PM 

than that of PM, and where PM has the properties described in Exercise 49. If the 
expansion in partial fractions is 


show that Bi 


FM 

PM 

FM) 


Bi 


x — a i 


+ 


Bt 


B, 


X — a t 


X — a n 


P'(c*i) 


for « 


1 , 2 , . . . , n. 


100. The Integrals of Rational Functions of x and \/p + qx + x 2 and 
of x and \/p + qx — x l . It is clear from the theorem of Art. 99 why we 
wish to rationalize a given integrand. In Art. 97 we sought to find 
substitutions that would rationalize certain types of integrals. Though 
it is not advisable to 1 ry to discuss in great detail the conditions that will 
ensure the expressibility of an integral in terms of elementary functions, 
there are three types of integrals that deserve attention. This and the 
following section will be devoted to these integrals. 

1. Suppose the integrand contains no radical other than y/p -f qx + x*; 
that is, suppose it is rational in x and this square root. Let the reader 
show that the integrand reduces to an expression rational in z by use of 
the substitution 

(z — z)* = p + qx + x 2 

/ dz 

- 7 ====- We let 

X y/x* + 2x + 2 

(2 - x)» = x* + 2x + 2 


by .simple calculation^ this gives 

1 2 * - 2 

Z " 2 2 + 1 


dx 


1 2 * + 22+2 


2 (2 + n* 


dz 
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Substituting into the integrand, we get 
1 z* + 2z + 2 

dz 

2 



(z + l) 1 


1 2« - 2 1 z» + 2z + 2 

2 ' z + 1 ’ 2 ' z + 1 



dz 


** - 2 V2 


In 


- 

+ V2 


+ c 


V~2 


In 


X - \/2 + -y/x* + 2x + 2 

x + V2 + V** + 2 z +2 


+ C 


2. Suppose the integrand contains no radical other than y/p + qx — z*. 
We shall confine our discussion to the case where the factors of p + 
qx — x 1 are real.* 

Let x — a and 0 — x be the real factors of p + qx — x 2 . The reader 
may show that the substitution 

(x — a) 2 z‘ = p + qx — x* 
will rationalize the integrand. The substitution 

(0 — x)V = p + qx — x 2 

would serve equally well in the reduction of this integrand to a rational 
form. 


Example 2. Find 


/ 


x y/2 - x - x* 

(x + 2)*z> = 

By simple calculations, this gives 

1-2 z* - 62 dz 


1 


dx 


x vT* + 2)(1 - x) 
2 - x - x* 


We let 


dx 


- z* +1 (Z* + 1)* 

Substituting into the original integral, wc have 
f _ o f _ dz C dz 

J x \/2 — x — x 1 J 1 “ 

2 — 


\/ 2 — x — 


3z 


z* + 1 


2z« 


•1 _ 


1 


V2 


In 


1 

V2 


z + 


1 


V2 


+ C 


1 


V"2 


In 


3 

\/2 z - 1 

V 2 * + 1 


+ C 


Vi 


hi 


V 2 


Vi 


1 — X 


\ 2 + 


- 1 


l - x 


+ 1 


+ C 


Vi 


= In 


\/2 - 2 x - \/2 4- x 
\/2 - 2x + \/2 + * 


+ C 


\2+x 

• For if the factors arc complex, the expression must be 

— (x* — qx — p) = — (x — h — H)(x — h + ki ) = — |(r — A) 1 + &*] 

which is negative for all values of x, and therefore p + qx — x s is imaginary for 
all x. 


ART. 101] TRIGONOMETRIC INTEGRAND 20J 

101. Integrand a Rational Function of Sin x and Cos x. If the inte¬ 
grand is a rational function of sin x and cos x, the substitution z = tan (x/2) 
will transform it into an integrand that is rational in z. For, since 

x/2 = arctan z, dx = y+T* Furthermore ’ 2 = tan 2 = 1 + cos x 

1 — 

from which we find cos x = We also have 

_ . X x 2 tan ( s/2) _ 2z 
sin s - 2 sin 2 cos 2 sec * (x/2) x + z j 

Therefore, the transformed integrand is a rational function of z, and the 
integral is expressible in terms of elementary functions. Since tan x, 
cot x, sec x, esc x can be expressed rationally in terms of sin x and cos x, 
the substitution z = tan (x/2) will transform a rational function of tan x, 
cot x, sec x, esc x into a rational function of z, and the integral is expres¬ 
sible in terms of element, y functions. 

Example. If we set z = tan (x/2), then 



EXERCISES 


Evaluate the following integrals: 
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16 -J 

f esc x dx 

i6. 1 

j 

cot x dx 

1 — COS X 

l7 -J 

f dx 

18. J 

f dx 

' 1 + sin x — cos x 

4+2 cos 3x 

19 -J 

f sin 3x dx 

20. J 

sin 6r dx 

5 + 4 sin 3x 

1—2 cos 6x 


102. Reduction Formulas. In addition to the methods of integration 
illustrated in this chapter, many integrals can be very conveniently han¬ 
dled by means of so-called reduction formulas. Such a formula expresses 
the given integral in terms of a simpler integral. We list eight such 
formulas and indicate their use. 

1. Trigonometric integrand. Consider 

I = J sin" x cos" x dx 


Integrate by parts, letting 


u = cos" -1 x dv = sin" x cos x dx 


du = — (n — 1) cos" -1 x sin x dx v = 


1 


sin 


m + 1 


Then, 




in-1 


_ sin mTA x cos*" 1 x n_ 
— m + 1 m 


1 


sin m+ * x cos" -2 x dx 


But 


/ 

/ 

/ 


x cos" -2 x dx 


/ 


x cos" x dx 


= / sin" x cos" -2 x dx — I 


This gives 

/ = —-—- sin"* 1 x cos" -1 x 4- — 
m + 1 m 


/ 


x cos" -2 x dx — ——;—\ • / 

m 4- 1 


Solving for 7, we get 


(I) 


/ 


sin" x cos" x dx = 


sin" +1 x cos" -1 x 


m + n 


+ 


m 


/ 


sin" x cos" -2 x dx 


Note that this formula expresses the given integral in terms of a similar 
integral in which the exponent of cos x is reduced by 2. The formula 
fails when m + n = 0. But, in this case, we have an integral of a power 
of tan x or cot x that may be integrated by other methods. 
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Let the student show that by using u = sin— 1 z and dv = cos- x 
sin x dx and integrating by parts the following formula results: 

sin" -1 x cos" +1 x 


(II) 




sin” x cos- x dx = — 


m + n 
+ 


m 


m 


— / sin" - 

« J 


2 x cos" x dx 


This formula expresses the given integral in terms of a similar integral in 

which the exponent of sin x is reduced by 2. 

Now solve (I) for the integral on the right-hand side, obtaining 


I s ' 


sin m x cos" -2 x dx = — 


sin m +‘ x cos" -1 x , m 


n - 1 

If we now replace n by n +2, we get 


+ 


m -+■ n f 

-T 1 S1 

n — 1 J 


sin”* x cos" x dx 


/ sin" +1 x co; 
sin" x cos- xdx - - 


x cos- +l X 


-+ m n 2 [ sin" x cos n+l x dx 
n + 1 J 


This formula expresses the given integral in terms of a similar integral in 
which the exponent of cos i is increased by 2. It is, therefore, useful if n 
is negative. It fails when n + 1 - 0. In a similar way, from formula 

(II), we get 


'(IV) 


/si 


sin" x cos- x dx = 


sin— 1 x cos "* 1 x 

m + 1 

m +- 


+ 


+ n + 2 [ . m 
- i —i- / Sln 

m + 1 J 


+1 x cos" x dx 


This fails if m + 1 — 0. 

Example 1. Using m - 3, n - f in formula (II), we gel 

f • • i dx = _ sin x cos** J - / 8 j n x cos *i ^ ^ 

/ wn* x cos** zdx - 3 + 2 T 3 + 5 J 

= — ^ a in* z cos-* x — • § cos** x + C 

= — TT-Kl — COS* x) cos** z + f cos** x) + C 
= — § cos'* X + tt COS'W X + C 

Compare with Example 2, Art. 95. 

Example 2. If we use m = 0, n = -3, formula (III) gives 


/ 


Bee* x dx 


■i 


cos"”* x dz ° — 


sin x cos 


— 3 + 


«=> £ tan x sec x + -j / 8CC X dx 
- \ tan z sec x + £ In Isec x + tan z| + C 
Compare with Example 7, Art. 95. 


* x -3+2 r 

— + iJTi J (cos I) “ 111 



264 


METHODS OF INTEGRATION 


[Chap. 13 


Example 3. If we use m = 2, n = 4, formula (I) gives 

/ sin* x cos 4 x dx =» ^ sin* x cos’ x + sin* x cos* x dx (4) 

Now, if we use m = 2, n =» 2, formula (I) gives, for the integral on the right-hand 
side, 

/ sin’ x cos* x dx = \ sin* x cos x + */ sin* x dx (5) 

Next, with m = 2, n = 0, formula (II) gives 

/ sin* x dx - — -j sin x cos x + dx 

=» sin x cos x + ?x -+• C 

Combining this with (4) and (5) gives 

/ sin* x cos 4 x dx = £ sin* x cos* x + i sin* x cos x — sin x cos x + iV* + C' 

This may be reduced to the result of Example 9, Art. 95, as follows: 

i sin’ 1 cos* x = ^ 5(2 sin x cos x)* =■ xff sin’ 2x 
} sin’ x cos x — -pff sin x cos x = sin x cos x(2 sin* x — 1) 

= — TT sin 2x cos 2x = — sin 4x 

Hence, the above integral can be written 

Tff x + ts sin* 2x — sin 4x -|- C' 

Notice how conveniently integrals involving trigonometric integrands can be handled 
by use of these formulas. 

2. Binomial differentials. We list four reduction formulas that are 
helpful in working with the integration of binomial differentials. They 
may be established by integrating by parts, although we shall omit the 
proofs. We consider the integral 

fx m (a + bx n ) r dx 

where m is an integer, n a positive integer, and r = p/q, a rational num¬ 
ber. This is the integral of (3), Art. 97; but we use r instead of p/q for 
case in writing. 


*(V) / x m (a + bx n ) T dx = 


T m—n-fl( q _J_ fany+l 

(nr -f m + 1)6 

(m - n-fl) 


Tb I 


(nr -I- in -f 1)6 

This reduces m by n but fails if nr + m + 1 =0. But then 

m + 1 


(a + 6x") r dx 


r + 


n 


= 0 


That is, —~— -f ^ is an integer, and we can use the method of Art. 97. 


(VI) f x m (a + bx n Y dx = — M(o + bxn)T 
J nr + m + 1 


+ 


anr 


nr + m + 


-j 


x m (a -f 6x n ) r_1 dx 
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This reduces r by 1 but fails when nr + m + 1 = 0. However, in this 
case, the method of Art. 97 applies. 

r . x m+l (a + bx n ) T+l 

*(VII) j x-(a + bz'Y dx = - (m + 1)a - 

_ (nr + n + m + 1)6 f xm+ „ (a + bx ny fa 

(m + l)a J 

This increases m by n but fails if m + 1 - 0. However, since, in this 
casC) 771 + 1 = o, an integer, we can use the method of Art. 97. 


- J x m 


(a + bx n ) r+l dx 


C x m *-'(a + bx n ) r+l 

★(VIII) I x m (a + bx n ) r dx =- n ( r + l )a 

nr + n + m + 1 f + bx ny+i fa 

+ n(r 4- l)a J 

This increases r by 1 but fails if r + 1 - 0, that is, if r = -1. But then 
the integrand is rational. 

EXERCISES 

Use the reduction formulas of Art. 102 to evaluate the following integrals: 

1 . f sin’ 0 cos* 0 d 0 2. f Bin* 0 cos* 0 d0 


I. J sin 

3. J sir 

6 . J ta 

7. J cs 

9. J sii 

II. J si 

13. J si 


Bin* 0 cos* 0 do 


sin' 0 cos’ 0 dO 


tan 1 0 sin 0 do 




4. / ein* 0 dO 


esc* 0 dO 


j 

I. J cc 

i. j si 


cot 1 o cos 0 do 


sin 4 i cos* z dx 


6in* x dx 


sin 4 x dx 


). j see 4 x dx 

J. J bin** 


0 cos* 0 dO 


ain* 0 cos** 0 dO 


x l dx 

y/a* ~ x * 

(Use formula (V).) 

\Ya 7 + x * dx 

(Use formula (VI).) 

dx 

X* \/x* — a* 

(Use formula (VII).) 


17 - / «5T5T* 


(Ubc formula (VIII).) 
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18 . J 


x* V a* — z* dz [Use formulas (V) and (VI).J 


19. 


C x 6 dx 

J Vi -*• 


*>■ / 


dx 


103. Tables of Integrals. The methods for evaluating integrals that 
have been studied in this and the preceding chapter will enable the stu¬ 
dent to handle most of the integrals that he will ordinarily encounter in 
practice. For other integrals, he should consult a table such as Peirce’s 
A Short Table of Integrals* in which the integrals have been either eval¬ 
uated or expressed in terms of simpler integrals. But even in using such 
a table, which is, after all, merely an extended list of standard forms, he 
will find it necessary to apply many of the principles and methods of 
integration studied in this and the preceding chapter. He should also 
remember that there are integrals which cannot be expressed in terms of 
elementary functions. One such has already been mentioned, namely, 

fe-^'dx (Art. 85). Another is f — . . — (0 < k < 1) 

J V (1 - * 2 )(1 ~ W ) 

which, in fact, defines a new kind of function; it is called an elliptic integral 

- k 2 x 2 


of the first kind. The integrals 




dx and 


/ 


dx 


(x 2 - a) V(1 - I 2 )(l - k°-x 2 ) 
are called elliptic integrals of the second and third kinds, respectively. 


MISCELLANEOUS EXERCISES 


Evaluate the following integrals: 


. J cos 


cos 1 (x/2) dx 


* 

I. ^ sin \/x 


dx 


6 . 


x* dx 


\/l + z 

7. J tan** x sec 4 x dx 
x * dx 


11 


/x* - n* 

. J x J (l + 2x*)*4 dx 


cos* 5x dx 


6 


8 


-I 

•/ 

■/ 

f y/ x* + a* 

‘ J 

-I 


6ec 4 3x dx 


x(2 + z)*dx 


dx 


10. I cotH x esc 4 x dx 
dx 


12 


■ 


x*(l +x*)9* 


* B. O. Peirce, A Short Table of Integrals f Ginn & Company, Boston, 1929. 
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16. J si 

17. J x 

19. j - 

J ( 


' a + x 
a — x 


sin* x cos 6 x dx 


Q — X 

a + x. 


a — x 


x tan 4 x dx 


16. J 81 

18. J x 

20 . J > 


a + x 


sin 4 x cos 4 x dx 


x cos 1 x dx 


e* - 25 dx 


’ J (1 + v ,, 

f e** dx 22 f f * - --- 

• J ' e ” 

/• I see 4 

i. / Vi + 2 ein 0 cos 0 sin 0 J0 24 ’ / "v 

i. f du - (Formula (XVIII) of Art. 92) 

J y/u* + a* 

5 f du - (Formula (XIX) of Art. 92| 

/ V u * “ a * 

T. f x J \A 6 - x * 28 ‘ / (a* 


sec 4 0 tan 6 dO 
*v/see 1 6 + \ 


I X 5 \/l6 — x 3 dx 

f ^ ^ X 

K / (x* + a*)* 


+ **)* 


[ 

J y/iT^T 


/ dx 

’ J (a + 6*) 
t. f — 

/ x vx 1 — 2. 


= (Let x = 2a sec* 0.» 


f (2x + 1) dx 

L J x* - 5z* + 6x 

/■ dx 

k J 2x« - 3x - 
/* dx 

r - J x(z* - 4x -) 

9 r_£i*L 

J (x - 4)(x J 


dx 

4x + 4) 


/ (x 3 - 2x 4- 2) dx 

34 j z>+ 2x> - 5x - 6 
f (3x* - 13x - 59) 

36 - j “■ 

f x» + 4x - 4 

38 - J x> ( x - TT 


4)(x + 3)* 


f du 
J u* — a* 

L / tt(u* +"a>) 


(Formula (XX) of Art. 92| 




+ 4x> 


[ d£ 

1 ‘ J x* 4- a• 

f (2x» + 5z 

J x* +• 2x* 


x* + 3x* + 3x + 2 


5x* 4- 26x + 15) dx 
x* + 4x» - 2x - 6 


‘/S: 


— 3x) dx 
3x* + 1 
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+ l)dx 


49 


61. 


+ x 4- 1 
dx 


63 


65 . 


’ J V? 

j X \f x' + 2z — 1 

1 ^ 

•/ 


+ 4x 


4 + cos x 
dx 

1 -f cos x 



60. 

62. 

64. 


66 . 



_ dx _ 

x y/x* + 3x + 25 
dx 

(6x - x*)H 

_dx_ 

y /2 4- x — x* 
dx 

2 + 8>n x 
(1 + cos x) dx 
cos x(l 4* sin s) 



CHAPTER 14 

THE DEFINITE INTEGRAL 


104. Area under a Curve. Suppose we have the graph of the function 
„ _ x , _ f(x) (Fig 112) and ask what is meant by the urea bounded by 

IZ curve the r axis, the ordinate at x - 1, and the ordinate at x - 3. 
We know what is meant by the area of a rectangle; we measure this; area 
by the product of the base by the altitude A definite meaning can be 
attached to the measures of areas of figures bounded by strcnghl hncs such 

as triangles, parallelograms, and other poly¬ 
gons. But as yet we have no definition of the 
area of a figure one (or more) of whose bound¬ 
aries is a curve. We shall proceed to develop 
such a definition for the above figure. 

Let the interval (Fig. 112) from * = 1 to 
x = 3 be divided into 10 equal subintervals, 
each of length 0.2, by points with abscissas 
x„ x,.X„ For Simplicity, we shall 

speak of the points h, x 2 , . . • ■ or c ° n 

venience, designate 1 by x 0 find 3 by xio- e 
note the length of each subinterval by Ax, so that 



Xi 


- Xo = Xi - 1 = 

x 2 - X, = Ax 


£10 


_ X9 = 3 - x 9 = Ax 


Let ordinates be erected at each point of subdivision and draw horizontal 
line segments forming two sets of rectangles, as indicated in the figure. 
In one set of rectangles so formed, the left-hand side of each ,s an ordinate 
of the curve, and we observe that the entire rectangle is below the curve. 

The area of the first rectangle is 

f(x 0 ) Ax = /(1) Ax = 1 2 (0.2) 

The area of the second rectangle is 

fix i) Ax = /(1.2) Ax = (1.2) J (0.2) 
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and so on. The total area of this set of rectangles is 
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s(10) = fix 0 ) Ax + fix i) Ax -f- /(x 2 ) Ax + • • ■ + /(x 9 ) Ax 

9 

= ^ /w to* 

»°0 

We shall call this a lower sum. The symbol s(10) shall mean a sum of 
rectangles calculated for a division of the interval from 1 to 3 into 10 sub¬ 
intervals. Each of the rectangles is called an element of area. 

In the other set of rectangles, the right-hand 6ide of each is an ordinate 
of the curve, and we observe that a small portion of each rectangle extends 
above the curve. The area of the first rectangle is 


fixx) Ax = /(1.2) Ax = (1.2) 2 (0.2) 

The area of the second rectangle is 

fix 2 ) Ax = /(1.4) Ax = (1.4) *(0.2) 
and so on. The total area of this set of rectangles is 

S(10) = fixi) Ax + fix 2 ) Ax + fix 3 ) Ax + • • • + fix 10 ) Ax 



Ax 


We shall call this an upper sum. It is easy to calculate these two sums, 
as indicated in the table: 


y = x* = fix) 

3(10) S(10) 


X 

/(X) 

/(•r) Ax 

X 

/(x) 

/(x) Ax 

1 0 1 

1 00 

0.200 

1.2 

1 44 

0.288 

1 2 1 

1 44 

0 288 

1.4 ' 

1 96 

0.392 

1 1 

1 1 06 

0 392 

1.6 

2 56 

0.512 

1 6 

1 2 56 

0.512 

1.8 

3 24 

0.648 

1 S 

3 24 

0 648 

2.0 

4.00 

0.800 

2 0 

t oo : 

0.800 

2.2 

4.84 

0.968 

2 2 

4 84 j 

0 968 

2.4 

5.76 

1.152 

2 1 

5 76 

1 152 

2.6 

6.76 

1.352 

2 6 

0.76 

1 352 

2.8 

7.84 

1.568 

2.8 

7.84 

1.568 

3.0 

9.00 

1 800 

3(10) =! 

7.880 


S(10) = 

9.480 


• The meaning of this notation is evident: First, let i =« 0, then i = 1, then i =» 2, 

etc., and finally stop with i = 9; then add the resulting expressions. The symbol 
9 

V f(xi) Ax is read “The sum, i running from 0 to 9, of /(x<) Ax” 
w 

t-0 
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Suppose we take 20 subdivisions, each of length 0.1, and calculate the 
lower and upper sums. We have 

s(20) = (1.0)*(0.1) + (1.1) 2 (0.1) + • • • + (2.9) 2 (0.1) 

= 8.270* 

5(20) = (l.DHO.l) + (1.2) 5 (0.1) + • • • + (3.0) 2 (0.1) 

= 9.070 


If we take 200 subdivisions, each of length 0.01, and calculate the lower 
and upper sums, we get 

$(200) = (1.00)*(0.01) + (1.01)*(0.01) + • • • + (2.99j I (0.01) 

= 8.G2G7 

5(200) = (l.Ol)-(O.Ol) + (1.02) 2 (0.01) + • • * + (3.00) 2 (0.01) 

= 8.70G7 


For purposes of comparison, these are listed in order, together with 
$(2000) and S(2000) calculated for subdivisions of length 0.001: 


s(10) = 7.880 
*(20) = 8.270 
s(200) = 8.G2G7 
s(2000) = 8.GG21G7 


5(10) = 9.-180 
5(20) = 9.070 
S(200) = 8.7007 
5(2000) = 8.G701G7 


Note that every lower sum is less than any upper sum; this fact can be 
established in general. We shall define the area A bounded by this 
curve y = x 2 , the x axis, the ordinate at x = 1, and the ordinate at x — 3 
in the following way: It can be proved that, while s(n) < 5(n), these 
two sums approach the same limiting value as A.r is made to approach 
zero, while, at the same time, n is made larger and larger. The area A is 
defined to be a quantity equal to this common limit. Also, it can be proved 

that 

$(n) < A < S(n) 


for every n. These matters will now be discussed in more general form. 

To this end, we consider a function f(x) that is (1) continuous in the 
interval a g x S b, (2) increasing in the interval [that is, for u ^ Xi < 
h ^ b, f(xi) < f(xi)\, and (3) positive or zero at x = a (and hence posi- 


* The formula 


n 


I- 

1 




+ n' 


n(n + l)(2n + D 
6 


can be used to make this particular cumulation as follows: 

s (20) - (1.0* + 1.1* + 12* + • • • + 2.9>)(0.1) 


( 10 * + 11 * + 12 * + 
20 0 


+ 29*) (0.001) 


( £ a* - £ a*) (0.001) 
a — 1 a » 1 
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tive throughout the remainder of the interval). Note that/(x) = x 2 has 
these properties in the interval 1 ^ x 5= 3. We shall let y = fix) be the 
graph of this function (Fig. 113) and shall explain what is meant by the 
area bounded by the curve, the x axis, the ordinate at x = a, and the 
ordinate at x = b. 

We first divide the interval from a to b into n subintervals by points 
whose abscissas are Xi, x 2 , . . . , x*_i. Denote a by Xo and b by x». 
Although, in the example already given, we made these intervals equal 
in length, there is no necessity for doing this. We denote the lengths 
of the subintervals as follows: 


Xi — xo = Xi — a = Aix 

Xj — Xi = A 2 x 
x 8 — xi = Ajx 


X n Xn—1 — A„X 

Let ordinates be erected at each point of subdivision. Consider the 
element of area consisting of the rectangle ACDE (Fig. 113) whose base 
is Ajx and whose altitude is /(a) = /(x 0 ), the ordinate at the left-hand end 

point of the subinterval. The area 
of this rectangle is/(x 0 ) Aix. Simi¬ 
larly, the area of the rectangle whose 
base is A 2 x and whose altitude is 
f{x 0 is f{x i) A 2 x. Continue until 
the rectangle with base A„x and 
altitude /(x„_i) is reached; its area 
is /(x„_i) A„x. Note that the tops 
of these rectangles all lie entirely 
below the curve since fix) is an 
^ x ^ b. Add these areas, obtain- 

n 

+ /(x„— i) AnX = £ /(Xf_l) AiX 

i- 1 

( 1 ) 

In the same way, consider the rectangle ACFG whose base is Aix and 
whose altitude is/(xi), the ordinate at the right-hand end of the subinter¬ 
val. Its area is/(xO Aix. Continue until the rectangle with base A„x, 
altitude/(x„), and arca/(x„) A n x is reached. Note that, the tops of these 
rectangles all lie above the curve. Add these areas, obtaining an upper 
sum Sin), thus: 

n 

Sin) = fix 0 Ajx + /(x 2 ) A 2 x + • • • 4- /(x„) A„x = ^ /(x,-) A<x (2) 

i-i 



increasing function in the interval a 
ing a lower sum sin), thus: 

*(») = fix o) AiX + fix i) A : x + • • • 
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It can be shown, although the proof will not be given here that the 

lower sum for any subdivision is less than the upper sum for the same or 

any other subdivision. Let the number of subintervals, n, increasesind- 

initely, and at the same time so choose the points of -Um»> ‘hat the 

length of tno greatest subinterval approaches zero. It can be shown 

although the proof will not be given here, that a(n) and S(n) approach a 

S v it This limit is called the area A bounded by the curve, the x 
common limit, ihis limn is mif-u . : t oossible 

axis, the ordinate atx- a, and the onhnatc at x = 6. Again, it .s poss.ble 
to show that s(n) < A < Sin) for every n. 

Thus, we may write 

n 

A = lim S J(Xi-i) A.x = lim £ /(*.) *0 

n- •> A, n t - 1 

the limits being taken for the maximum A.x 
approaching zero and therefore for n increas¬ 
ing indefinitely. . , 

It should be remarked that we might choose 

points of subdivision of the interval from a 
to b and form a sum in the following way 

any point between . = .. and x,;let f, be any point between 
X! and zj; and so on. Form the sum 

• • + /(*«) = £ /(€<) W 

.■ _ • 



/(€i) Aix + /(«j) + 


t-1 


a 1 rifallv as the sum of the areas of the rectangles 

Krto. r J ?i s 

reduces to .(n) if ix -\ f thc length of the greatest subinterval 
b made to approach ze"ro and, therefore, » is made to increase indefinitely, 
we have 

(4) 


A = lim y /(&) Ai£ 

- .-1 


We can remove the restriction that /(*) be an increasing function. 
Suppose /(x) to bc.m^creexm 9 that ,s or rx^x,. / x,^ 

^at? c”t n rhmughout the interval * S x S h, then 

‘Yuppie /(*) to be a decreasing function, that is, for x, < x„ /(*,) 
> f(x^ llere we note that the sum (1) gives a sum of rectangles whose 
tops lie above the curve y = fix). Hence, sin) is now an upper sum. 
Similarly (2) gives a sum of rectangles whose tops are below the curve 
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y = fix). Hence, S(n) is now a lower sum. We also have s(n) > A 
> S(n). Otherwise, the discussion is the same as for an increasing func¬ 
tion. If fix) is a nonincreasing function, that is, if for X\ < x 2 we have 
fix 0 ^ /(x 2 ), we need only observe that, for/(x) a constant in a ^ x S b, 
sin) = Sin). 

Finally, suppose/(x) to have a finite number of maxima and minima in 
a ^ x ^ b. The interval can then be divided into a finite number of 
subintervals in each of which fix) is either nondecreasing or nonincreas¬ 
ing, and our argument applies in each subinterval separately. 

We can remove the requirement that fix) be positive or zero in a ^ x 
^ b. Suppose fix) is negative in this interval. Then, the curve y = fix) 

lies below the x axis. Form rectangles 
as indicated in Fig. 115. Here the 
measurement of area of the first rec¬ 
tangle is j/(£i) Aix|. Since/(x) < 0, we 
have /(£i) AiX < 0. Similarly for the 
remaining rectangles. Hence 



n 

lim ^ /(&) A % x 


i-i 

is negative, but its numerical value is 
the measure of the area bounded by the 
curve, the x axis, and the ordinates at x = a and x = 6. The negative 
result is due to the area’s being below the x axis. 

We have, therefore, ascribed a meaning to an “area” one of whose 
boundaries is a curved line, and we have seen that this area is the limit of 
a sum of suitably chosen rectangles. 


EXERCISES 

In Exercises 1 to 11, find approximately the areas described by considering in each 
case the sum of rectangles, as indicated. Draw a figure in each case. 

1. Bounded by the line y = 2x, the x axis, and ordinates at x = I and x = 2. 
Compute lower and upper sums, using rectangles with base 0.2; compute the area 
by elementary geometry, and compare results. 

2. Bounded by the line y = 3x -h 1, the x axis, and ordinates at x = 2 and x = 3. 
Compute lower and upper sums, using rectangles with base 0.1; compute the area by 
elementary geometry, and compare results. 

3. Bounded by the curve y = 1/x, the x axis, and the ordinates at x = 1 and 
x = 3. Compute a lower sum, using rectangles with base 0.1. 

4. Bounded above by the curve y = x a , below by the x axis, and on the right 

by the ordinate at x = 2. Compute a lower sum, using rectangles with base 0.1. 

6. Bounded by the curve y = In x, the x axis, and the ordinates at x = 2 and 
x = 3. Compute a lower sum, using rectangles with base 0.1. 

6. Bounded above by the curve y = 8x — x 1 2 3 4 * 6 , below by the x axis, and on the 
right by the ordinate at x = 4. Compute a lower sum, using rectangles with base 0.2. 
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7. Bounded by the curve y = e"', the j axis, and the ordinates at r = 0 and i 

Compute a lower sum, using rectangles with base 0.1. 

8 . Bounded by the curve ;/ = cosh x, the x axis, and the ordinates ait x = 0 and 
x =■ 1 Compute lower and upper sums, using rectangles with base O.Oo. 

9. Bounded by the curve y = Vi, the 1 axis < and thc ordinates at x = 1 and 
x = 2 Compute lower and upper sums, using rectangles with uase O.Oo. 

10. Bounded by the x axis and the arc of the curve y = sin x from x = 0 to 
x = v Approximate the area, using r ectangl es with base 10° - x/18 radian. 

11. Bounded by the curve y = 1/vT^TT, the 1 nxls ' a " d ,h ? P I ? mat f S 1 at * " 
and x = 3. Compute lower and upper sums, using rectangles with base 0.1. 

12. Rewrite the discussion of the area under a curve given in Art. 104, assuming 

fix) to be a decreasing function. 

105. The Definite Integral. We have a definition for area under a 
y = J( X ). We now proceed to find the connection between this 

area and a function whose derivative y 
is f{x), seemingly two quite different 
things. To this end, let fix) be a con¬ 
tinuous function of x; for the sake of 
simplicity, we assume, in addition, that 
it is positive and nondecrcasing in the 
interval a 6, that is, that 0 </(x,) 

£ fix,) for a £xi<x,£b. We wish 
to calculate the area EFGH (Fig. 116) 
bounded by the graph of y = fix), the* 

axis, the ordinate at x = a, and the ordi- 

nate at x = b We have an understanding of the term area in this case 
based on the discussion in Art. 104. Now, let P be any point whose abscissa 
x is between a and b. Draw the ordinate PS at the point P. The area 
EPSH (shaded in the figure) is then a function of x which we shall denote 

by A(x). We next find an expression for Let x be increased by an 

amount Ax The area A (x) is increased by an amount A A represented in 
the figure by the area PQRS. Since fix) is nondecreasing, a rectangle 
POTS whose height is PS = fix) and whose base is Ax is not greater than 
A a " Similarly, A A is not greater than a rectangle PQRU whose height 
is fix -+- Ax) and whose base is Ax. That is, 

fix) Ax ^ A A ^ fix 4- Ax) Ax 

Dividing by Ax (Ax > 0), 

/(*) s ^ S /(X + Ax) 

If we now let Ax approach zero,/(x + Ax) will approach/(x) since/(x) is 
continuous. Hence, 

fix) ^ lira — S lim fix + Ax) = fix) 



Ax—*0 AX 


Ax—*0 
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and therefore -j- = lira — = fix) 

dx Az 

Consequently, A(x) turns out to be a function whose derivative is/(a;). 
That is, A(x) is what we called in Art. 85 a -primitive function, an anti- 
derivative, or an integral of fix) and for which we had the notation //(x) dx. 
This proves the existence of such an integral, that is, of a function whose 
derivative is /(x). As we have seen, this function is determined except 
for an additive constant. Let F(x) be a function for which F'(x) = fix). 
Then A(x) = F(x) + C. We can determine C; for when x = a, the area 
EPSH vanishes, that is, A (a) = 0. Hence 

0 = A(a) = F(a) + C 

so that C = — F(a). Thus 


A(x) = Fix) — F(a) (5) 

If we wish to calculate the area EFGH, we set x = b in (5) obtaining 
A (6) = F(b) — F(a). This is, of course, identical with the area defined 
before. 

As in Art. 104, we can remove the condition that/(x) be nondecreasing. 
In fact, although the proof will not be given here, it can be shown that 
every continuous function /(x) has an integral; that is, that there exists a 
function of which f(x) is the derivative. 

We now observe that, since the area described here is given by the 
limit of the sum (4) of Art. 104, we may write 


n 

lim y /(&) AjX = Fib) - Fia) 

n —* 


i- 1 


Although we have appealed to the idea of area in forming the sum 

n 

y /(*,) A,x and in showing that its limit is F(b) - Fia), the sum can be 
» - 1 

set up without reference to area, and the proof that its limit is F(b) - Fia) 
can be given in analytic form without referring to any geometrical inter¬ 
pretation. The limit of the sum is called the definite integral of fix) and is 
denoted by the symbol 

f* fix) dx 

which we read, “the definite integral from a to b of fix) dx ” 

We combine the results of this and the preceding section in the funda¬ 
mental theorem of the integral calculus: Let fix) be continuous in the 
interval a ^ x ^ b. Divide the interval into n subintcrvals A&, A 2 x, . . . , 
A„x, such that the length of the maximum subinterval approaches zero as n 
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Let be any point of the subinterval A&. 


Them 


lim f Mi) = P/(x) dx = F(b) - F(a) 
n - “ , - 1 


where F(x) is a function whose derivative with respect to x is f{x). 

In the symbol | b fix) dx the numbers a and b are called, respectively, 

the lower and upper limits of integration. The interval a ^ x ^ b is called 
the interval of integration. The function fix) is called the integrand, and 
x the variable of integration. It is convenient to make use of the symbol 



the following way: 

J* /(*) dx 


= F(z)]* = F(b) - F(a) 


Observe that, for constants a and b, f* fix) dx is a number, not a function 

of x. That is, f b f{: r) dx is a function of its upper and lower limits, and 

its value depends only upon a and b and the form of the function /. 

Let the student note carefully that the argument of this and the pre¬ 
vious sections holds whatever the physical or geometrical meaning of the 
function fix) For whatever this function may represent, it can always 
be interpreted as the ordinate of a point on a plane curve. Consequently, 
whenever a quantity can be expressed as the limit of a sum of elements of 
the type /(&) A.z, where fix) is continuous and where the maximum A** 
approaches zero’ as the number of elements in the sum increases indefi¬ 
nitely that quantity can be found by calculating 


f o b f{x) dx = Fib) - F(a) 

Here F(x) is a function whose derivative with respect to z is/(z), and the 

numbers a and b arc to be suitably chosen . 

If we wish to express the area bounded by the curve, the x axis, the 
fixed ordinate at z = a, and the ordinate at a variable point z, we may 

write [from (5)] 

A (x) = Fix) - F(a) = J * fix) dx 


The right-hand member could as well be written 

f‘m dt = F(l)]' = F(x) - TO 

since the variable appearing in the integrand is replaced in the final result 
by the limits of integration. The integral j‘ fit) dt is known as the 
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indefinite integral of f(x). This is what was denoted in Art. 85 by F(x) 
+ C and called an integral, a primitive function, or an antiderivative of 
f(x) and also written J/(x) dx. 

Note the difference between the definite integral and the function 
F(x) -f C. The former is the limit of a swm, whereas the latter is simply 
a function whose derivative is the integrand, f(x). The definite integral, 
which solves the problem of quadrature mentioned in Chap. 1, suggests 
the notation for integrals, the / being a conventionalized form of “S” 
for “sum.” 

We can now calculate the area under the parabola y = x 2 from x = 1 to 
x = 3, which we sought in the development of Art. 104, by using the 
connection between the area and the primitive function. 

f, 3 dx = i*»]| = 4(27 - 1) = V = 8f 

This is evidently much simpler than the previous calculation; further¬ 
more, the result is the exact area. 

Certain important facts about definite integrals follow. As a defini¬ 
tion, we write 

J a b f(x) dx = - J° f{x) dx (6) 

This is in accordance with the previous rule; for if 

jf(x) dx = F(x) -(- C 

(0) is simply the identity F{b) - F{a) = ~[F(a) - F(6)J. It should be 

remarked that, in defining f(x) dx, we supposed a to be less than b; 

that is, we supposed the lower limit to be less than the upper limit. We 
therefore regard (6) as giving a definition for a definite integral whose 
lower limit is greater than its upper limit. 

We also define 

f° Ax) dx = 0 (7) 

Let the student demonstrate that, for a <C c <C b and f(x) continuous 
in a ^ x ^ b, 

J* Ax) dx = f‘ f(x) dx + / V(x) dx (8) 

Let m be the minimum and M the maximum of the continuous function 
f{x) in the interval a ^ x ^ 6, that is, m ^ f(x) g M. Then 

m(b - a) g f* fix) dx ^ M{b - a) (9) 

The proof follows evidently from geometrical considerations (Fig. 117). 
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For m(b — a) is the area A BCD, and M(b — a) is the area ABEF. 

These inequalities may be expressed by saying that dx is between 

m(b — a) and M(b — a) or that it is equal to nib — a), n being a suitable 
value between m and M. Since, as noted in Sec. 11, the continuous 
function fix) must assume the value n for some value x = £ between a and 
b, we have the mean value theorem: 

J b fix) dx = (6 — a)/(£) where a < £ < 6 

As a special application of this theorem, we see that, if /(x) ^ 0, then 

f'm ** § o. 




Fio. 118. 

We next note that, if /(x) has a graph such as is shown in Fig. 118, then 
j e J(x) dx < 0 while f* /(x) dx > 0. Since 

f' fix) dx = f‘f{x) dx + j b fix) dx 

if we calculate J b fix) dx, we get the algebraic sum of the areas shaded in 
Fig. 118. If the number of units of area is required, we must calculate 

j e fix) dx | and J* fix) dx and add. 

/ 2 

^ z 9 dx . Wc have 

X* dx - ix‘] 2 ( - i(16 - 1) = ¥ 


This is the algebraic sum of the areas shaded in Fig. 
119. 

Example 2. Find the number of units of area shaded 
in Fig. 119. Wc note that x 9 < 0 for x < 0 and x 9 > 0 
for x > 0. The area to the left of x =* 0 is the numerical 

value of x 9 dx - T x4 ]_ x " “T# that is, The 

area to the right of x -» 0 is x 9 dx ■» *1 - 4- 
The required result i a, therefore, 4 + \ - -V-. 
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EXERCISES 

Evaluate the following integrals, and compare results with those of correspondingly 
numbered exercises on pages 274 and 275. Interpret geometrically. 


3. 


2 xdx 

2. 

(3x + l)dx 

f 2 

dx 

X 

4. 

Jo XidX 

r* 

In x dx 

6. 

1 (8x - x*) dx 

r 

r* dx 

8. 

« 

I cosh x dx 

Jo 
r «■ 

■%/x dx 

10. 

1 sin x dx 

Jo 


• A • A 

"• r vfc 


Evaluate the following integrals (Ex. 12 to 33): 


“• /.' ■ - 
“ /; 


3 )*dx 


16 


20 


22 


. I sin* x cos’ 

Jo 

f 2 dx 

' Jo 4+^' 

. J xe x ' dx 
f 2 e* + 1 

Jl «• - 1 


tan* {0/3) see* {0/3) dO 
x dx 


fr/3 

Jo 


tan 0 dO 


>/4 

15. / sin* 20 dO 

Jo 

». r 

J 2 x y/x * - 1 


dx 


yr-fl* dx 


24. I x sin x dx 
0 

i 20 
26. , 

O 

a 

28. I a cosh (x/a) dx 
•a 
r/4 

30. I tan* 0 dO 
w/A 


J w 

/: 

82. J (x + a) 


27 


29 


o P_ 

Jo V16 - 9y* 

fin 3 . . 

i. / 

; 0 i h 

*r 

• L* 


+ e* 
xe* dx 


\Zx* — a* dx 


sinh (x/a) dx 
lni dx 


* dx 


■P 

“fvrb 

33. / (x* + a*) dx 

.lo 
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Evaluate and interpret geometrically the following integrals (Ex. 34 to 40). Make 


a sketch in each case. 




f,/2 


f r/2 

34. 

1 sin x dx 

86 . 

/ cos x dx 


J-w/2 

<* 

J-w/2 

36. 

P a* dx 

37. 

I y/ a* — x* dx 


J -a a* + X* 


J-O 


P 


f z 

88. 

/ (1 - x) dx 

89. 

1 x 1 dx 


Jl 


Jo 


P' 



40. 

/ sin* xdx 




Jo 




106. Evaluation of Definite Integrals. The student must note care¬ 
fully that, in the symbol f(x) dx, a and b are the lower and upper 

limits for the variable of integration x, that is, for the variable whose dif¬ 
ferential dx appears in the integrand. If, in order to evaluate the integral, 
we change the variable by some substitution, x — <p(z), it is essential 
either (1) to express the resulting primitive function in terms of the orig¬ 
inal variable before substituting the limits or (2) to change the limits to 
correspond to the change in the variable of integration. The required 
new limits can be found from the equation of substitution. 


P dx 

Example 1. Find 

Method 1. We first find the primitive function by the use of the substitution 
x — a tan 0, dx — a sec* 0 dO, thus 



dx 

(a* -f **)H 



a sec* 0 dO 
a 1 sec* 0 



cos 0 dO 


_ x _ 

a* y/a % + x 1 


+ C 


\sin 0 + C 
a* 


Substituting first x - a, then x - —a, and subtracting, 


/ 


dx 


— a 


2 a 


_ a (a* + x*)» a * y/ 2 at a « y/^x a i yfi 



Method 2. Using the substitution x - a tan 0 t we note, that when x - —a, 
6 — arctan ( — 1) — —t/4. As x increases continuously from —a to a, 

0 — arctan 

Increases continuously from —t/4 to t/4. We therefore have —t/4 and w/ 4 as the 



282 THE DEFINITE INTEGRAL [CHAP. 14 

lower and upper limits, respectively, for the transformed integral. Thus, 


f dx . i r 

1 - a (a* + x*)** a* J-,/4 


cos 0 d6 


- [»“ *] 4 _. 


a* \y/2 yfi) 


V2 


That care must be taken in making substitutions and changing the 
limits to correspond is indicated by the next example. 


Example 2. Let us try 


/: 


i di 

-by use of the substitution x = a/z, 

a (a* 4-x*)*4 

dx *» -a/z'dz. Then, when x = -o, z = — 1; and when x = a, z 
would appear to give 


1. This 



dx [' z* dz __1 f 1 |*1 dx 


- ~ <** + 


2'/ 

i)-wl + - t (z* + i)-wl = ^ (1 - Vi) 

J-I a* J3 o 


The reason why this substitution cannot be used is that, when x varies continuously 
from —a to a, z ■» a/x docs no* vary continuously from —1 to 1. In fact, z is not 
even defined for x = 0, one of the points within the interval of integration. Though 
a full discussion of the conditions that must be satisfied by the functions involved if 
such transformations are to be valid is beyond the scope of this book, it may be 
remarked that, if f{x) is continuous in a ^ x ^ b and if the inverse function of 
z — <p(z) t say z «■ ^(x), has a continuous derivative in a g i ^ 6, then 


/. 


/(*) dx 


/: 


/[*«! ■ *'(z) dz 


Here, a «■ ^(a) and 0 = ^(6). Note that the function $ «= arctan ( x/a) =* ^(x) 

a 


do a 

satisfies this condition since — = H(z) “ —-- 

dx x* + a* 


but that the function 


* - - - Hz) 

X 

does not (since it is itself discontinuous at x — 0). 

We shall frequently have occasion to evaluate an integral such as 

•6 

/(x,y) dx where the variable y is expressed in terms of x by some equa- 


/. 


tion. To do this, we need merely replace y by its value in terms of x and 
proceed. However, it is sometimes convenient to substitute for x and dx 
their values in terms of y and dy, then change the limits to correspond. 
The following examples illustrate these methods: 
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Example 3 


rza 

. Find / y 


1 dx where x* — y* a*. Here we have z and y con¬ 


nected by an equation. Solving for y*, we get 


yt a x 1 — G* 


and therefore 


r u r,» i 3 - 20 

j. (*—-j 


Example 4. Find / y dx where x -» cos 2y. Here we can solve for y in terms of 
x, obtaining 2y « arccos x, and y n i arccos x. Thus 


L •*-*!, 


arccos x dx 


This can be integrated by parts, as follows: Let 


u = arccos x 


du = — 


dt; = dx 


t> “ x 


1 - x l 


Therefore 


. [ ! x [ x dx 

V J arccos x dx = *x arccos x + * J "y-- ^ 


Hence 


/: 


*x arccos x — ^ \A “ + £ 


arccos x dx “ * x arccos x — y/\ 


_' 1 

-x> -* 

Jo 


Alternative Method. Since x - C os 2y, dx - -2 sin 2y dy. Also, when x varies 
continuously from 0 to 1, 2y varies continuously from r/2 to 0, and hence y from */4 
to 0. Therefore 


/: 


V dx 


f° 

y(— 2 sin 2y) dy = —2 / y sin 2y dy 

J*/< 


Integrating by parts, let 


u « y di> = sin 2y dy 
du *= dy v £ cos 2y 


r° o ro 

— 21 y sin 2y dy ■» — 2 — jy cos 2y — I cos 2y dy 

Jr/4 j£ Jr/4 


■■ 0 — i sin 2y 


i- 


It is often necessary to evaluate integrals J* }{x,y) dx where both x and 

y are given in terms of a third variable, that is, a parameter. We then 
express x, y, and dx in terms of the parameter and change the limits 
accordingly. 
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Example 5. 


M Io 


O • 

Find / y 1 dx where x = a cos <p, y — 6 sin <p. 

dx = —a sin ip d<p 


We have 


Therefore, 


[ y 1 dx — —ab* f si 
Jo Jr/2 


sin* f> ■ sin <p dip 


since v varies continuously from x /2 to 0 when x varies continuously from 0 to a. 
Recalling that interchanging the upper and lower limits of integration changes the 
sign of the integral, we have 


/. 


>/2 r la 

ab* I (1 — cos* ip) sin p dip ™ 06 * — cos v> + 7 cos* ip 

- oh*( 1 - £) = §oh* 


T 

] 


EXERCISES 

Evaluate the following integrals by use of a suitable substitution (Ex. 1 to 10): 

1. 


• /.. v “ rr 


X s dx 


■t 


2a 


8 . I x* y/ x 1 — a 1 dx 

a 

f* dx 

Jo 2 + y/x 

7 . r^^dx 

Jo X 

/*'* 

9. I sin y/x dx 
Jo 

Evaluate the following integrals (Ex. 11 to 30): 


r_ 

Jo (9 


V a* — x* dx 


dx 


■ u 
-1, 


4- *»)» 
dx 


y/x 


8. I V l + y/^dx 

r In 5 

10 . I y/ e x — 1 dx 


dx 


u - /:" 
ij - I! - 


18. / x* dy 

o 

o 

14. / xy dx 


j v 

!. 

■ /.. *■» 


dx 


18 - /o 

"’Jo 


x*y dx 


x* dy 


where y 1 => 16x 


where y = x* 


where x l + y* *■ a* 


where x* + y* =» a* and y £ 0 


where x* + y* •= o’ and y ^ 0 


where x* + y* “ a* and y ^ 0 


where x *» sin y 
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18. 

L x ' dv 


where y =» x 9 


19. 

L idv 


where y =» sin x 


20. 

/ xydy 


v here y =■ cos x 


21. 

/> 


where x* — y* « a* 


22. 

f a 

1 zy dx 

Jo 
* _ 


x 1 y* 

where — + — — 1 and y £ 0 
a* 6* 


23. 

L vdi 


where x « a cos *>, y = a sin * 

and y^O 

24. 

f a 

/ x*y dx 

where x - a cos y « a sin v? 

and y £ 0 

26. 

L xydx 


where x ■= a cos y =* 6 sin 

and y £ 0 

26. 

L ydx 


where x — a cos* y — a sin* * 

and j/ ^ 0 

27. 

L x ’ iu 


where x =» a 6cc <p, y a b tan 

and y ^ 0 

28. 


( -V dx 

\dz ) 

where y — \/2ax — x 1 


29. 

/. 

( - Y dz 

\dz/ 

where x** + y** — a** and y ^ 0 


80. 


(-V dx 

\dx/ 

where x » a cos* y » a sin* 

and j/ S 0 


107. Improper Integrals; Integrand Infinite. So far we have con¬ 
sidered only integrals of the form J* /(x) dx where/(x) is continuous over 


the interval of integration. We may well ask, “What happens if/(x) 
becomes infinite either at a or 6, or at one or more points between a and 
6?” We shall extend our definition of a definite integral to take into 
account such improper integrals. 

Integrand infinite at an end point of the interval of integration. Suppose 
/(x) is continuous in the interval a ^ x < b but that, when x —* b~, /(x) 
becomes infinite. If 


lim f fi /(x) dx = / 
/j—6- J ° 


exists, then we define the symbol dx to mean this limit. 
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/: 


Vi - 


[Chap. 14 

Here the integrand becomes infinite at the 
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dx 


upper limit. We calculate 


/: 


dx 


VI - ** 


• T 

arcsm x 

Jo 


arcsin B 


This is represented geometrically by the shaded area in Fig. 120. We next take the 

limit as B —* 1". 

dx 



lim r 

J 0 


vi - 


Therefore, by definition 


n 

ition, I 

Jo 


= lim arcsin B ■» - 
0-+1- 2 

— —zz a Geometrically, 

- z' 2 

this means that the shaded area has a limiting value r/2 units as 
its right-hand boundary is made to approach the position of 
the line x = 1. 

Now, suppose fix) is continuous in the interval a < x ^ b but that, 
when x — » a + , fix) becomes infinite. If 

lim f h fix) dx = I 

— a ♦ 


exists, we define the symbol J* f(x) dx to mean this limit. 


Example 2. Find 


Jo V* 


Here the integrand becomes infinite at the lower 


limit. We calculate [ ~2\/r =4—2 y/a. This is represented geo- 

Ja V* J a 

metrically by the shaded area in Fig. 121. We next take the limit as a —* 0*. 


n. r 

r-0'Ja 


dx 

V* 


lim (4-2 V«) 
o* 


Therefore, by definition 


ition, J 

I o 


dx 


4. Geometrically, 


o V* 

this means that the shaded area has a limiting value as 
its left-hand boundary is made to approach the position 
of the line x = 0. 



Finally, suppose /{j) is continuous in the interval a < x < b and that 
(z) becomes infinite when z —* b~ and also when z —► a + . If 

lim f{x) dx = I 
0 — 6 - 
a—+a* 

exists, we define the symbol f & /(z) dx to mean this limit. 
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/: 


Vi - 


r* dx y 

— lim / —~ — r-. - — lim a resin x 

1- Ja Vl - X % Ja 

a—-1* y a—-1* Ja 

- lim (arcsin 0 — arcsin a) ^ ) 

0-1“ 2 \ 2/ 


Fig. 122. 


Geometrically, this means that the shaded area in Fig. 122 has a limiting value 
as its left-hand boundary approaches the line x =» — 1 and its right-hand boundary 
approaches the line x — 1. ^ 

In each of the above cases, the integral J* f(x) dx is , 

called an improper integral. If the indicated limit / \ 

exists, the integral is said to exist or to converge, and we 

say that/(x) is intcgrablc in the interval a ^ x ^ b. If ||^§ |||||] 

the limit I does not exist, we say that the integral does -1 a pi 

not exist and that the symbol f(x) dx is meaningless. Fio. 122. 

In this latter case the integral is said to diverge or to be divergent. 

Example 4. / — = lim / — = lim (In 1 — In a) which does not exist. 

Jo x a—O' Ja X a— 0 ‘ 

f I J x 

Hence the symbol / — is meaningless. 

Jo x 

Integrand infinite at a point within the inter'al of integration. Sup¬ 
pose f{x) has a point of infinite discontinuity between a and b, say 

at x = c{a < c < b). Then, if both the improper integrals ['fix) dx and 
J* f(x) dx exist, we define 

f* f(x) dx = J* f(x) dx + J* f(x) dx 

The integral f 6 /(*) dx is again called an improper integral, and we have 

defined its meaning in terms of the improper integrals already considered. 
Note particularly that, if either of the two integrals on the right-hand side 

fails to converge, then the symbol f*f(x) dx is meaningless. 


Hence the symbol 


is meaningless. 


Example 6. Find 


( 2 — 

Jo (* - 1)’ 


• The careless student will say that this equals 


(x - 1) Jo 


1 1 

-T + ri "- 2 


This is obviously absurd, since ^ _ — > 0 and therefore the integral (if it exists) 
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ia certainly positive. We must not fail to observe that, when x = 1, the integrand 
is discontinuous. In fact, when x— ► 1, l/(x — 1)* becomes infinite. Therefore 


r_*_-r_*_ + r 

Jo (x - l)* Jo (X - 1)* J 1 




(X - 1)* 

Now, consider the first of the two improper integrals on the right-hand side. We have 


/. 


0 

*= lim 
0 5 — 


5- (rb - ■) 


+ 00 


C2 dx 

We may now say that / -does not exist, no matter what the second integral 

Jo (* - 1)* 

on the right-hand side may be (see Fig. 123 for a geometrical interpretation of this 

improper integral). 

Example 6 



f 1 dx = f° dx f 

J- IX* J-lX» + Jo 

,im r * 

0— 0- J -1 X»* 


4- lim 


Pdx 

j a ^ 
y l 1 

lim 3 xH + lim 3xW 
0—* 0 * . —-1 a—* 0 4 J a 

lim (30 W + 3) 4- lim (3 - 3aW) 

s—0- a—0* 

=3+3=6 

The integral therefore converges with value 6. Let the student interpret this geo¬ 
metrically. 

' dx 

Example 7. Find / — Here we have 

J -l x* 


1 

-l x 1 


-1 x* 


di + I 1 dx 


C x 


lim f — 4- lim J — 

»-•0-./-1X 3 O—0* Ja I s 

lim f-i-4- 1 ) 





_1 
2 


Since — rr: decreases toward — «c as £ —♦ 0 , the first of the integrals on the right- 


/ l dx 

— is meaningless. Sim- 
_ \ x 

ilarly, since the second expression on the right-hand side increases to + =o, the second 
integral does not exist. The student must not be misled by the fact that the first 
integral is — « while the second is + ». We cannot say that the sum is zero—recall 
the discussion of indeterminate forms (Art. 81). Geometrically, the reason why the 
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integral does not converge i s plain. In Fig. 124, neither the left-hand shaded area 
from — 1 to 0 nor the right-hand shaded area from a to 1 has a limiting value. We 
cannot, therefore, speak of their sum. 


It is now evident how we may extend our definition to cover the case 
where the integrand becomes infinite at a finite number of points in the 
interval a x ^ b. Suppose that fix) becomes infinite for x = c x , 
c*, . . . , c„ where a ^ Ci < Cj • • • < c„ ^ b. Then, if each of the 
improper integrals on the right-hand side exists, we define 


[ b f(x) dx = [*' fix) dx -1- f(x) dx + • • • + [ b f(x) dx (10) 

Ja J a Jc i Jem 


If any one of these integrals does not exist 


the symbol f* fix) dx 


is 


meaningless. 

As a first step in evaluating any definite integral, the student should 
search for values of the variable for which the integrand becomes infinite. 
If such values lie in the interval of integration, the integral is improper, 
and it must be handled as indicated in this section. 

108. Improper Integrals; Interval of Integration Infinite. Consider the 

limit lim [ b f(x) dx = / where we suppose that fix) is integrable in the 
6 —• m a 

interval a ^ x S b for all b > a. If this limit exists, we define the 
symbol 



f(x) dx = lim f b f(x) dx = 1 


Similarly, we define 

fl m /(*> dx = ,ir ? / 0 V ( x ) dx = 1 

and [ " fix) dx = lim f b fix) dx = I 

In these three cases, the integral is again called an improper integral. 
In the previous section, the integrals were improper because the integrand 
became infinite. In this section, the integrals are improper because the 
interval of integration becomes infinite. If the limit I exists, the integral 
is said to be finite or to converge, and we say that fix) is integrable in the 
infinite interval. If the limit I does not exist, we say that the integral 
does not exist; in this case the integral is called divergent. 


Example 1 . j ~ - Jim_ f £ - J™_(~ J + ]) - 1. Geometrically, 
this means that the tshaded area from 1 to b, Fig. 125, lias a limiting value 1 as the 
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right-hand boundary at x = b moves indefinitely away to the right. We speak of 
this limiting value as the area bounded by the curve, its asymptote (the x axis), and 
the ordinate at x <=> 1. 



f " dx [ 6 dx 

Example 2. / — = lim / — 

J i x b—+ - J\ x 


lim (In 6 - In 1) 
6—• 4- • 


+ ®. Therefore, 

fc — + 00./1 * 6 — +• 

the integral is divergent. 

Example 3. 

fore, the integral does not exist. Let the student interpret this geometrically. 

f * dx 

Example 4. Find / —• Notice that this integral is improper because the 


sin x dx = lim (— cos b + 1), which does not exist. Therc- 
o &-♦ + • 


integrand becomes infinite as x —* 0 and also because the interval of integration is 
infinite. Therefore 


f m dz f° dx f * dx 

J- - ** J- - x* + JO X * 

f lim />= lim (-1+1) 

0-0- Ja X* 0-0- \ 0 Q/ 


Here 


0 

a—* — «o 


lim 

•—* 0 ' \ Pj 


since lim - 

- . a 


0. But this limit is + ». Therefore 


■ L S 


does not exist. 


EXERCISES 


Evaluate the following integrals if they exist, and interpret geometrically (Ex. 1 to 
31): 



(x - a)» 
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6 . 


f b dx 

J° x ~ 


9. 


* W 

“■ /- 


13 . 


IB. 


17 

19. 

21 . 

23. 

26. 


J U 
■/. 


27. 


29 


31 


J « 
/. 
■/. 


V 4 + x' 


dx 


32. Show that 

Ul. 

33. Show that 

34. Show that 
k S -1. 


/.> 
/. 11 io 


x dx 


x — a 

6 . 

J- 3 V9 - X* 

\nx J 

In x dx 

8 . 


• 

Jo 1 

/2 


f l dx 

tan x dx 

10 . 

J-? 

dx 

12 . 

f * 

a fz - «)* 

, 

J- \ 

dx 


Z-./2 

14. 

1 cot i dx 

1 


J -W2 



f * 

” a'dz 

16. 

/ e~* dx 

x 1 + a 1 


Jo 

30 


f - 

xe"** dx 

18. 

1 ze~* dx 


Jo 

x dx 

20 

f dx 

x 4 + a 4 

• V. 

Jo (4 + *•)« 

dx 

22 . 

P dx 

! I* Vl ~ ** 

♦ 

J-l x(l - x 1 ) 

" dx 

24. 

r ix 

« x* - a* 

J-« (O' + x*)« 

• dx 

26. 

r ^ _ 

. x/a’ + x* 

Ja X Vx* - a* 

r <0 

m dx ^ n 

-- a > 0 

28. 

/ tan x dx 

X> V** - a ’ 

< 

J- - 


f 2 

a > 0 

SO. 

/ c’* dx 

x(x* + a*) 




a > 0 


> a) converges for nil k < 1 and diverges for nil 


> 0) converges for all k > 1 and diverges for all k g I. 


x dx (a > 0) converges for all A; > — 1 and diverges for nil 


36. Show that J dx (a > 0, but ±1) converges for all A: < -1 and 


diverges for all k £ — 1. 
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MISCELLANEOUS EXERCISES 

Evaluate the following integrals (Ex. 1 to 25): 

2 V 2 


/2 


9 


f 2 x ' dx 

" Jo (* 4 + 1G)> 

JO (t - 4) 1 

v 

•• /; 


6 . / cot 3 0 dO 

*/4 

’/2 

7. / cos 4 0d0 




“■ I vrt 


4y + 13 
dx 


Vi 


2 V*y - y* - 3 

3 in 2 c , dl 


16 - f , 

Jo y/i + e 

17. J tV dl 

19. j" y i e~ v> dy 

21* I cos Vi rfx 

Jo 

f */ 3 

23. / 6 <- 

26 ' l 


c s 0 tan 5 0 c/0 


x sinh x dx 


-1. 


x dx 


x 4 + 64 


4. / cos 30 d0 
0 


10 


12 . 


' r 

■i: 

/: 


tan* 30 sec* 30 d0 


x*e -x * dx 
dx 

V25 - 4x* 
dx 




5 (X* - 9)H 
cot* 30 d0 


16. / T/*e» rfy 

0 


'Jo 3 + e’* 
[ " 

' J - ® y* — G 


20 


22 


r m dx 
* J _ . xV- -n 




ar^roah 4 


24. / V cosh * 


csch x 


/: 


26. Show that, if /(x) is an odd function, then j /(r) dx = 0, provided the intc- 
gral exists. 

27. Show that, if /(x) is an cren function, then /..«*>" 2 /„“ 

'2t 


/(x) dx, pro- 


vided the integral exists. 


28. Show that, for m and n any positive integers, 

Jo 

f 2r 

29. Show that, for m and n positive integers, 

Jo 


cos mx sin nx dx = 0. 




cos mx cos nx dx and 

6in mx sin nx dx are both zero if m ^ n and both equal to t if m = n. 
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/* d 

SO. Show that / r(t) dl = /(z) - /(a) if/'(<) => — /(O- 

31. Show that J (z - l)J"(t) dl = /(x) - f(a ) - (z - a)/'(a) by using integra- 

tion by parts. 

32. Show that 


/. 


1 (Z dl = /(z) - /(a) - (z - a)/'(a) - — 


2 ! 


33. Show that 


i. 


(x 0 V">(0 * - /(*> - /(a) - (X - a)/' (a) - 


nl 


2 ! 


(x - a) 1 
n! 




and therefore that Taylor’s theorem can be written 


/(x) = /(a) + (z - a)/'(a) + ^ — /"(«> + 


2 ! 

+ 


+ ——r—-/ ( "’(a) 
nl 


f e 


- O’ 


nl 


/<"* l) (0 dl (n a positive integer) 


(Compare Art. 82.) 
34. Show that 


r*n 

Jo SiU ' 


0 dO 


i C r/2 
n — 1 / . 

- I sin" 

n yo 


*0d0. (Hint: Let 


sin" 0 = sin" -1 0 sin 0 

and integrate by parts.) 

36. Apply successively the result of Exercise 34 to show that 


/. 


*/2 


cos n 6 dO 


i. 


/2 


sin" 0 dO 


(n - \)(n - 3) • • • 4 • 2 

•31 

3 1 * 

• 1 • ““ 

2 


ii(n - 2> • • 

(n - 1)(« - 3) 


n(n — 2) • • 

»/2 rn — 

36. Show that / sin” 0 cos" 0 </0 = 


/. 


1 • 2 


i f W/2 

n Jo 


if n is odd 
if n is even 


sin"'"* 0 cos n 0 dO. (Hint: Let 


sin" 0 = sin"-' 0 sin 0, and integrate by parts.) 

37. Apply successively the result of Exercise 30 to show that for m odd (n even or 

odd): 


/. 


r/2 


sin" 0 cos" 0 d0 


(m - l)(m - 3) • • • 4 • 2 


(m 4- n)(m + n — 2) 


(n + 3)(n + 1) 
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9 C03 n 9 d9 


(m - l)(m - 3) • • • 3 • 1 • (n - l)(n - 3) • • • 3 • 1 r 

(m + n)(m + n — 2) • • • (» + 2)n(n — 2) • • • 4 • 2 2 

for n even 

(m — l)(m — 3) • • • 3 • 1 • (n — l)(n — 3) • • • 4 • 2 

(m + n)(m + n — 2) • • • (n + 2)n(n — 2) • • • 3 • 1 

for n odd 


The formulas of Exercises 35 and 37 are called Wallis’s formulas. 


38. Use Wallis’s formulas to verify that 


(a) 

(c) 

(«) 



. 3t 

sin 4 9 d9 = — 
16 


sin® 9 cos 4 9 dO 



sin® 0 cos 4 0 d9 


3jt 

512 

_ 8 _ 

315 


(b) 

(d) 

if) 



cos* 9 d9 


128 

315 



sin* 9 cos* 9 d9 = 



sin 4 9 cos* 9 d9 = 


24 

_ 8 _ 

315 


CHAPTER 15 


GEOMETRIC APPLICATIONS OF THE DEFINITE 

INTEGRAL 


109. Plane Areas, Cartesian Coordinates. The simplest and most evi¬ 
dent application of the fundamental theorem (Art. 105) is in finding areas 
bounded by plane curves whose equations are 
given in cartesian coordinates. Let us sup¬ 
pose the required area to be that shown in 
Fig. 12G. Draw vertical lines at a distance 
Aw apart, and form n rectangular elements 
of area, as shown in the figure. Let the alti¬ 
tudes of these rectangles be A i, . h n . 

An approximation to the required area is then 

hi Aw + h 2 Aw + • • • + hn Aw = ^ 

»- i 

Furthermore, note that the approximation improves with an increase 
in n and a corresponding decrease in Au;. By the fundamental theorem, 
therefore, the area A is 

n 

A = lim Y h { Aw = / h dw 

n—• - Ju " 

I - 1 

the limit being taken as Aw 0 and n -► «>, and with suitable limits of 
integration chosen to include the entire area. We may, of course, express 
h and dw in terms of the coordinates (x,y) of points on the curves involved. 
It would be possible to take rectangles with sides parallel to some fixed line 
in the plane other than the y axis. The limit of the sum of rectangles is 
also the measure of area of a certain square. Hence, finding an area is 
often referred to as making a quadrature (Chap. 1). 

Example 1. Find the area bounded by the parabola x * = 8y and the line 

x - 2j/ + 8 - 0 

Wc first find the points of intersection of the line and the parabola (Fig. 127). We 
have y - x*/8, and substituting into the equation of the line, 

295 
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x —r+8 
4 


0 z* - 4z - 32 
(z - 8)(x + 4) = 0 


so that X = 8 or z = -4. 


From the equation of the line, we find that, when x = — 4, 
y = 2; when x = 8, y = 8. The points of 
intersection are, therefore, A ( — 4,2) and B(8 ,8). 
Now, form rectangular elements of area by 
drawing vertical lines at a distance Ax apart, 
as shown in the figure. A typical element is 
heavily outlined. Note that in each element of 
area the upper extremity of the left-hand side is 
a point of the line; let its coordinates be (z<,F<). 
The lower extremity is a point of the parabola; 
let its coordinates be (z,-,y,). Note that these 
points have the same x coordinates since they 
lie on the same vertical line. The area of the typical element is, therefore, 

n 

hiAz=* (Yi — i fi) Ax. The total area is approximately ^ (F< — yi) Ax, and the 



»-i 


exact area is the limit of this sum. Hence 

a = /_ 8 4 (r - v) 


dx 


the limits being taken to include the entire area between A and B. We now express 
Y — y in terms of z so that the integration can be effected. Since (x,F) is a point 

of the line, x-2F + 8 = 0, and Y = X —^— Since (x,y) is a point on the parabola, 

z* = 8 y, and y = z’/8. Remember that it is the same z in both cases. Hence 

z + 8 x* 4x + 32 - x* 


Y-y 


x* 

8 


8 


Consequently 


A = /_ 8 4 (Y — y) dx = i £ (4z + 32 - z>) dx 

“ if 21 ’+ 321 - i'L 


2x> + 32x 
= 36 units of area* 

Example 2. Find the area in the second quadrant bounded by the curve y = z* + 8 
and the coordinate axes; choose elements of area in two different ways. 

First choice of elements. Form n elements of area by drawing vertical lines at a 
distance Ax apart (Fig. 128). A typical element is heavily outlined. Its altitude is 
y it and its width Ax. Hence, its area is y, Az. The required area is approximately 

n 

^ yi Ax . Taking the limit of this sum as n increases indefinitely and Ax approaches 
i-i 

zero, we have 


r. 




I 


0 f 0 

y dx = / (z* + 8) dx 

2 J -2 
= —4 + 16 = 12 units of area 

® These units will be square if the same scale is used on both z and y axes. 
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Second, choice of elements. Form n elements of area by drawing horizontal lines a 
distance Ay apart (Fig. 129). A typical element is heavily outlined. Its length is 
the length PQ. Since P has coordinates (x„yi) and Q has coordinates (0,y t ), this 


Fio. 128. Fio. 129. 

length is 0 - x, = -n. The altitude of the element is Ay, and its area is (-Xj) Ay. 

Hence, the total area is approximately ^ (“”*•) Ay, and the exact area is (— x) dy. 

i-i 

Evaluating this integral, we obtain 

f* (~x) dy - f* x dy - - f* (y “ 8)H dy 

- —f(y - 8)5*]® = t(-8)5* - |(16) 

» 12 units of area 

A quick method for setting up the integral in such area problems is as 
follows: A typical clement of area is shown in Fig. 130. Its altitude is y ; 
and its width is dx\ hence, its area is ydx. Adding together all such 
elements of area and then taking the limit of the sum, we have for the 
required area the integral fy dx. In every case the student should make a 
suitable sketch, indicate a typical clement, express its area in terms of the 
coordinates of the points involved, and then set up the required integral. 


Fio. 130. F, °- 13 *• 

Example 8. Find the area bounded by the ellipse whose parametric equations are 

z = a cos f y ° b sin y> 

We form n rectangular elements of area by drawing vertical lines at a distance Ax 
apart (Fig. 131). Consider a typical element as indicated in the figure. If the point 
P has coordinates (x„y.), then the point P' has coordinates (x,,-y.), and the altitude 
of the element is P'P - 2 y t . Its area is then 2y< Ax, and the entire area is approxi- 
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mately ^ 2 Ax. It is clear from the figure that we may obtain as good an approxi¬ 


mation to the area a3 is desired by taking n sufficiently large and Ax sufficiently small. 
Hence, the area is the limit of this sum, 



To evaluate this integral, notice that the coordinates of P must satisfy the parametric 
equations of the ellipse. Hence 


b sin *( — a sin tp) dtp 
sin* tp dtp ■=* ab (1 — cos 2 tp) dtp 


2 ab 
ab 


^tp — ¥ sln = 


This result is so frequently useful that the student may well remember that the area 
bounded by an ellipse is x multiplied by the product of the semiaxes . Note that, when 
b = a, the ellipse becomes a circle; this formula gives xa 1 for the area, a fact already 
well-known to the reader. 

Evidently, because of symmetry, we could have found the area in the first quadrant 
and then multiplied the result by 4. Thus 


A 



/ o 

^ ab sin* tp dtp 

— cos 2 tp) dtp ** 2a6 ^tp — sin 2 


rob 


EXERCISES 

1. Find the area bounded by the curve y = 2x — x* and the x axis. 

2. Find the area bounded by the curve y = 4 — x* and the x axis. Choose ele¬ 
ments of area in two different ways 

3. Find the area in the fourth quadrant bounded by the curve y *■ x* — 8. 
Choose elements of area in two different ways. 

4. Find the area bounded by the parabola y = x 1 and the lines y = 1 and y ■■ 4. 

5. Find the area bounded by the parabola y = x* and the line 2x — y + 3 «■ 0. 

8. Find the area bounded by the curve y = x*, the y axis, and the lines y «■ 1 and 

y - 8. 

7. Find the area in the first quadrant bounded by the curve y = x* and the line 
y « Ax. 

8. Find the area bounded by the parabolas y* = ax and X* = ay. 

9. Find the area bounded by y =» x* — 6x + 10 and the lines x = 6 and y « 2. 

10. Find by integration the area of the triangle bounded by the lines 

x + 3y — 8 = 0 

5 x — y — 8 = 0, x — y + 4 = 0. Verify by elementary geometry. 

11. Find the area between the parabolas y* = a* + ax and y* « a* — ax. 

12. Find by integration the area of the circle x 1 + y 1 ™ a 1 . 

13. Solve Exercise 12, using the equations x = a cos tp, y - a sin tp. 
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x* y* 

14. Find the area of the ellipse, using the equation — + — => 1. 

16. Find the area bounded by the hyperbola x 1 - y* = a* and the line z - 2a. 

16. Find the area bounded by the curves y = c*, y = «“*, and the line z - 4. 

17. Find the area enclosed by the curves 5y‘ = lGx and y* = 8x - 24. 

18. Find the smaller area enclosed by the curves 3y* = lGx and x* + y‘ ■=■ 25. 

19. Find the area common to the two circles x> + y* = 25 and 

z» + y 1 - lGx + 39 ~ 0 

20. Find the area bounded by the parabolas x* -2x-y-3=0 and 

z*-Gx+y+3=0 

21. Find the area in the first quadrant bounded by the curve y = e“* Choose 
elements of area in two different ways. 

22. Find the area in the fourth quadrant bounded by y >=> In x. Choose elements 
of area in two different ways. 

23. Find the area bounded by y = cos x and y = sin x between two successive 

intersections. t 

24. Find the area bounded by y = sin x and y - a sin x between two successive 

intersections where a > 1; where a < I. 

8a* 

26. Find the area bounded by the parabola x* = 4ay and the witch y = • 

26. Find the total area between the curve y » fTT' * nd thC ,inC V " S' 

27. Find the area between the eissoid y* = ^ and ds asymptote. 

28. Find the area enclosed by the curve y 1 = x*(4 - x). 

29. Find the area bounded by the curve (x/«)* + (y/6)« => 1. 

30. Find the area bounded by the x axis and one arch of the cycloid 

X = a(0 — sin 0) 
y = a(l - cos 0) 

31. Find the area bounded by the four-cuspcd hypocycloid 

x = fi cos* y a sin* *p 

32. Solve Exercise 31, using the equation x« + y« = oh. 

33. Find the area bounded by the coordinate axes and the parabolic arc 

zH + yV* ~ 

84. Solve Exercise 33, using the parametric equations z - a cos‘ 9, y - a sin 4 9. 
86 . Find the area of a circular sector of radius a 

and angle «. . , _ 

86. Given the parabola y = ex*. I-et A and B 
be any two points upon it. Let At be the point at 
which the tangent is parallel to AB. If AQ, AIR, 

BS are parallel to the axis of the parabola, Ml( is 
midway between AQ and BS (Exercise 20, page 
98). Prove that the area of the shaded parabolic 
segment is two-thirds of the area of the circumscrib¬ 
ing parallelogram A BCD. Note that this proposi¬ 
tion ia true for any segment of any parabola. 
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110. Plane Areas, Polar Coordinates. Suppose we wish to find the 
area enclosed by a curve r = /(0) and two given radius vectors 0 - a and 
6 = 0 (a < 0). We shall assume that/(0) is a continuous function in the 
interval a ^ 0 £ 0. Let the angle 0 — a be divided into n angles, each 

of measure A0 (radian measure), by drawing 
radius vectors of lengths r lt r 2 , ... , r „_i 
(Fig. 132). Let the radius vector for 0 = a 
be ro so that r 0 =/(a), and let r„=/(/S). 
Now, with 0 as center, describe arcs with 
radii r 0 , r lt r 2 , ... , r„_i that form n circular 
sectors, each with central angle A0, as indi¬ 
cated in the figure. These circular sectors 
are elements of area, and the area of a typical 
element is ^r,- 2 A0.* 

We shall assume it to be clear from the 
figure that the sum of these elements of area, 

n— l 

^ £r, 2 A0, gives an arbitrarily close approxi- 



Fio. 132. 


»-o 


mation to the required area if A0 is sufficiently small and n correspondingly 
large. Hence, the required area is given by the limit of this sum taken for 
A0 —* 0 and, therefore, for n —* « . Since r is 
a function of 0, this limit is precisely the kind 
contemplated in the fundamental theorem. 

Therefore 

n — 1 

5*Y 

i-0 


lim 


^ ^r,- 2 A0 = £r 2 d9 


and 




de 


Example 1. Find the area bounded by the cir¬ 
cle r =» 2a sin 0 (Fig. 133). A typical element of area 
is shown. Since r 1 = 4a* sin* 0 , we have 



U' 


r* de - 2 a* 


/o' 8i 


sin* 0 de 


a * f Q (1 — cos 20 ) de =» to 1 


In general, it is wise to take into account considerations of symmetry and find the 
smallest area of which the required area is a multiple. Following this principle, we 

* From elementary geometry the area A, of a circular sector of radius r and central 
angle ^ is to the area A e of the whole circle as <p (in radians) is to 2r. Therefore, 
A,/A. - <p/ 2r, that is, A./rr * - <p/2r, and A, - -g-rV (see also Exercise 35, page 
299). 
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find that the area would be .4 = 2.-1 1 , where 


301 


if 

2 Jo 


/2 


72 


r* </0 = 2a 1 


sin* 0 dd 


X 

2 a 


Example 2. Find the area enclosed by the cu rve r* = a* sin 0. If we restrict r 
to positive values only, we have r = a v / sin 0, and the curve is the heavy curve 
shown in Fig. 134. A typical element of area is shown. To find the area bounded 
by this heavy curve, let us use the fact that it is 
symmetrical to the line 0 — ir/2. The area in the first 
quadrant is 


a 


72 


■* do 


. fw/2 

H, 


sin 6 dd 


a* 

-cos 

2 


M’ 

Jo 2 


Therefore, the required area is A — 2-1 1 — a 1 . 

Usually, polar coordinates are defined to admit nega¬ 
tive values of r. In this case, the equation 

r 1 = a 7 sin 6 

becomes r = ±a and the curve consists of 

two loops, the dotted curve as well as the heavy curve 
of Fig. 134 both belonging to the graph. The total area 
enclosed by the curve is then A = 4/li = 2a*. 

Example 3. Find the area, Fig. 135, bounded on the 
left by the vertical line through (£«,<>) and on the right by the cardioid r = «(1 + cos*). 
We first observe that the equation of this vertical line is r = ja sec 0. 1 he intcrscc- 

tions of the line and cardioid arc found as follows: 




Fie;. 

Therefore 


135. 


r = ci(l + cos 0 ) 
r = ja see 0 

Substituting from (2) into (1), 

?a see 0 = 

3 see 6 = 

4 cos* 0 + 1 cos 0 — 3 = 

(2 cos 0 + 3)(2 cos 0 - 1) ■= 

Evidently 2 cos 0+3^0 since cos 0 is not less than 


(1) 

( 2 ) 


0(1 4- cos 0) 
4 + l cos 0 
0 
0 


2 cos 0 — 1 


0 


and cos 0 


Therefore 0 = x/3 or 0 =* -*73. Point A has coordinates (Jo,*73), 
and B has coordinates ijJ'J, — */3). 

We next calculate the area of the element outlined in the figure. The sector with 
central angle A 0 and radius OP has area \UP J A 0 = A It.' At? where li, “ a(L + cos 0,) 
is the radius vector of a point on the cardioid. The sector with the same central 
angle and radius OQ has area \ )Q 3 At? - At? where r, = f« sec 0. is the radius 
vector of u point on the line. Note that P and Q have the same vectorial angle 0,. 
The element, therefore, has area A/<\* A 0 - Jr,* At? = 2 (tf,* - r,») A 0. The required 
area is the limit of the sum of such elements. If wc find the part of the area appearing 
in the first quadrant and then multiply by 2, we shall have the required area. 
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fw/3 rw 3 

2 / £(fl* - r») do =■ [a*(l + cos 0)* - sec* 0] dO 

f*/3 

— a* / (1+2 cos 0 + cos* 0 — ts see* 

r »/3 

“ a* I (1 + 2 cos 0 + y ^ cos 20 — ^ sec* 0) d$ 

if 


= a* £-§0 + 2 sin 0 + y sin 20 — y^j- tan 0 

= °;(i+vs + ^-f 6 v5) 

- ( 8 * + 9 \/ 3 ) 




EXERCISES 

In these exercises, use the system of polar coordinates in which both positive and 
negative values of r arc admitted. 

1. Find the area of the circle r = a. 

2. Find the area of the circle r = 2a cos 0. 

3. Find the area of the cardioid r « a(l — cos 9). 

4. Find the area of the cardioid r = a(l + sin 9 ). 

6. Find the area cut off from the parabola r = a sec* (9/2) by the latus rectum. 

6. Find the area bounded by the curve r* = a* cos 9. 

7. Find the area bounded by the curve r f = a* cos 20. 

8 . Find the area bounded by the curve r «= 2a cos 1 0. 

9. Find the total area of all the loops of the curve r = a sin 20. 

10. Find the area bounded by the curve r* = a* sin 20. 

11. Find the area swept over by the radius vector of the curve r «* a9 (spiral of 
Archimedes) when 0 changes from 0 to 2v. 

12. Show that the area bounded by the hyperbolic spiral rO = a and any two of 
its radius vectors is proportional to the difference between the lengths of these vectors. 

13. Show that the area of the three loops of the curve r = a cos 30 is one-fourth 
the area of the circumscribing circle. 

14. Show that the total area of all the loops of the curve r = a sin n0 is one-fourth 
or one-half the area of the circumscribing circle according as n is odd or even. 

16. Find the area inside the cardioid r = a(l + cos 0) and outside the circle 
r = 2a cos 0. 

16. Find the area inside the loops of r = 2a cos 20 and outside the circle r =■ a. 

17. Find the area of the smaller loop of the limayon r = a(l + 2 cos 0). 

18. Find the area common to the two circles r = a and r = 2a cos 0. 

19. Find the area common to the two circles r = a and r =» 4a cos 0. 

20. Find the area inside r = a cos 0 and outside r = a(l — cos 0). 

21. Find the area between the parabola y =* x* and the line y «= 4x (change to 
polar coordinates). 

22. Find the area between the line y = x and the curve y z *. 

23. Find the area outside the circle x* + y* = a* and bounded by the lines y — z 
and z = a. 

24. Find the area bounded by the curve (x* + y*)* «= a*(x f — y*). 
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111. Volumes of Revolution. Suppose we have an area bounded by 
plane curves and a straight line, and suppose this area (the generating 
area ) rotates about the straight-line boundary to form a solid of revolu¬ 
tion. For simplicity, suppose the line to be vertical. From the generat¬ 
ing area, let n elements of area be formed 
by drawing horizontal lines at a distance 
A h apart, and let the length of a typical 
element be denoted by r,-. Each of these 
elements of area will generate an element 
of volume, namely, a right circular cylin¬ 
der, or disk, of altitude Ah and radius r,. 

The volume of a typical disk (Fig. 13G) 
is 7 rr,- 2 Ah. The volume of the solid is aj>- 
proximately equal to the sum of these n 

n 

disks, ^ nr* Ah. If Ah is made to approach zero and, at the same time, 

• -I 

n is increased indefinitely, the limit of this sum is the exact volume. Since 
r is, in general, a function of h, this limit is of the kind contemplated in 
the fundamental theorem. Ilence 



n 

V = lim Y nr 

n—* •> 

i “ 1 

with limits of integration chosen to include the entire volume. 

Actually, we have given no definition for a volume bounded by curved 

surfaces. Such a definition will be given in 
Chap. 18. In the meantime, we shall assume 
that we have a correct intuitive idea of volume. 

Example 1. Find the volume of a sphere. This 
volume is generated by rotating the area bounded 
by a semicircle about its diameter. Let the circle 
be x* + y 1 = a’, and rotate the right-hand semicircle 
about the y axis. From this semicircular area, form n 
elements of area. A typical element is of width x,- and 
altitude Ay, where (x„y.) is a point of the circle (Fig. 
137). When rotated, this generates a circular disk of 
radius x ( , altitude Ay, and volume rx,’ Ay. Adding 
together these elements of volume and taking the limit of the sum, we get 

V - t J a x* dy. Since (x,y) is a point of the circle, x> - o* - y», and 

a (a* — y’) dy ~ T^a'y - ^ 

— x(a* — 3 a 1 + a* — la 1 ) = Ira* 

Observe that, because of symmetry, we could rotate one quadrant of the circle 
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and multiply the result by 2, thus 

V 



Example 2. The area bounded by the parabola y* «=* 4ax and the line x = a 

rotates about the line x = a. Find the volume generated. 
Here (Fig. 138), a typical element of volume is obtained by 
rotating an element of area whose length is a — x< and height Ay 
about the line x = a. The volume of the element is, therefore, 
*■{a — x<)* Ay. Adding all such elements and taking the limit 
of the sum, we obtain 



.r,- 

J -2o 


z)*dy 


.r 

J-2a 


(a* — 2 ax + x*) dy 


. r (a 1 

J-2a \ 2 T 16a*/ 


. I “l 2 * 


32ra» 

16 


Now, suppose the generating area is rotated about 
some line l (say a vertical line) entirely outside the area (Fig. 139). From 
the area, form horizontal elements of area as indicated in the figure. 
When rotated about line l, a typical element of area will generate a washer¬ 
shaped element of volume of outside radius R it inside 
radius r it and altitude Ah. The volume of this 
element is the volume of a disk of radius /?,• minus 
the volume of a disk of radius r». Hence 

AVi = irRS Ah — irri 1 Ah 
= r(Ri* — r S) Ah 

The sum of all of these elements gives an approxi¬ 


mation to the required volume 


n 

, ^ ~ r. 


2 ) Ah. 



• - 1 


The limit of this sum is the required volume j and, by the fundamental 
theorem, we have 


V = lim V 7r(R<* - n*) Ah = w [' (R* - r^) 

n — • f-/ J ^ 

* - 1 


dh 


with suitable limits of integration chosen to include the entire volume. 


Example 3. Find the volume of the torus obtained by rotating the area bounded 
by the circle z* + y* =* a* around the line x ■■ b (6 > a). From the circular area, 
form horizontal elements (Fig. 140). The typical element of area, when rotated, will 
generate a washer-shaped element of volume of thickness Ay, inside radius (b — z<), 
and outside radius (6 — x\). The volume of this element is, therefore 
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AVi 


r(b - *')* Ay - r(b - x ,)’ Ay 
^[2b(x, - i') + (x'J - x,‘)l Ay 


Now, x 1 = a* — i/ 1 , and x = ± \/a* — t/ 1 . 
Hence, 

d ~ 

and 


= v 0 * “ !/•* 

Therefore 




- -v/ci* - 



Fio. 140. 


AV t = 46a- Vo 1- l/! •*</ 
Setting j/ =* a sin 0, we obtain 

•/2 


and 


V = 46>r \/a 2 - y'dy 


4a J bv 


f r/2 /-t/2 

/ cos* 0 dO => 2a i br / 

y-r/2 ;-r/2 

112. Volumes of Revolution, Alternative Method. Suppose, as in 

the last section, that an area rotates 
about a fixed line, say a vertical line. 
From this area, let us form n elements of 
area by drawing vertical lines at a dis¬ 
tance Ar apart (Fig. 141). Let r< be the 
distance from the fixed line to the mid¬ 
point P, of the top of a typical element. 
Let the height /i, of the element be so 
chosen that P, lies upon the curve bound¬ 
ing the area. When the area is rotated, 
each such element of area will generate an 
element of volume, namely, a cylindrical 
shell of altitude h it thickness Ar, inside radius r, — 3 Ar, and outside 
radius r< -f- ^ Ar. 

The volume of this shell is simply the volume of a right circular cylinder 
of radius r, + ^Ar and altitude hi minus the volume of a right circular 
cylinder of radius r, — 7 Ar and altitude / 1 ,. 

A7< - 7r(r, + i Ar)*hi — ir(r t — jA r)% = 2irr/hi Ar 

If we add all such shells together, we get an approximation to the volume; 
thus, the required volume is approximately 

n 

^ 2irr,A< Ar 
»-1 

The limit of this sum as n is indefinitely increased and Ar made to ap¬ 
proach zero is the required volume. Hence, by the fundamental theorem 

V = 2ir J” rh dr 

with limits of integration chosen to include the entire volume. 


(1 + cos 20 ) do = 2x i a i b 



Fio. 141. 





306 GEOMETRIC APPLICATIONS OF THE DEFINITE INTEGRAL [CHAP. 16 

Example 1. This choice of an element of volume is particularly convenient if 
the line about which the generating area is rotated is not a part of the boundary of that 
area. Consider the torus of Example 3 of the preceding section. We take vertical 
elements of area of width Ax (Fig. 142). The height of a typical element is 2y<. 


r 

r. 

- 

1 \ V< 

LW. 

T 

x=b 

_ O 

A 

'a ,2 a 

a-Xi 


Fic 

X 

i. 143. 

N 

Fia 


b X 


When this is rotated about the line x ™ 6, it generates a cylindrical shell the volume 
of which is 2xr<fo Ar =» 2x(6 — x<) • 2y< Ax. The required volume is, therefore 


=* j _ a 2x(6 — x) 2 y dx =* 4x j (6 — x)y dx 

" ** f- a (b “ x) Va* - 

J-.'S* — x 1 dx — 4x x y/a' — 


x* dx 


«* 4,6 


x* dx 


We observe that the second integral is zero since its integrand is an odd function (see 
Exercise 26, page 292). Therefore 



4x6 



x* dx 


2x*a*6 


Example 2. The area bounded by the parabola y* =» 4ax (a > 0) and the line 
x •= a rotates about the line x => a (sec Example 2 of the preceding section). Find the 
volume generated. We consider vertical elements of area of wjdth Ax (Fig. 143). 
The height of a typical element is 2y<. When this is rotated about the line x = a, it 
generates a cylindrical shell of volume 


AV = 2 wnhi Ar =■ 2x(a — x,-)2y< Ax 
The required volume is, therefore, 

V = 4 * (a — x)y dx = 4x (a — x) 2 \/ax dx 

~ 8x \/a J q (a y/x — xJj) dx - 8x -\/a £vax*4 — fx^J 


3* 


EXERCISES 

1. Find the volume of a sphere using cylindrical shells as elements of volume. 

2. The area bounded by the parabola y* - 4ox, its axis, and the latus rectum is 
revolved about the x axis. Find the volume. 

3. The area of Exercise 2 is revolved about the y axis. Find the volume by two 
methods. 

4. Find the volume of a right circular cone of altitude h and radius of base a. 
Solve by two methods. 
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5. The area bounded by the hyperbola x* — y* =* a*, the x axis, and the line z 2 a 

is revolved about the x axis. Find the volume. 

6. The area bounded by the curve y = ^x l , the x axis, and the line x •» 2 is 
revolved about the x axis. Find the volume. 

7. The area of Exercise 6 is revolved about the y axis. Find the volume by two 
methods. 

8. Find the volume of a paraboloid of revolution of altitude h and radius of base a. 

X t yt 

9. The ellipse-1-- 1 is revolved about its major axis. Find the volume 

a* b 1 

(prolate spheroid). 

yl 

10. The ellipse-h — = 1 is revolved about its minor axis. Find the volume 

a* b * 

(oblate spheroid). 

11. Find the volume of a prolate spheroid, using the equations x = a cos <p, 


y = b sin f> 

Solve by two methods. 

12. The area in the first quadrant bounded by the parabola y* = 2i — 4 and the 
line i «=* 4 is revolved about the line x = 4. Find the volume. 

13. The area bounded by the lines x = 0, x = 2, x + y = 4, and x — y -■ 4 is 
revolved about the line x = 4. Find the volume. 

14. The area bounded by the parabolic arc y = 2 \/~x, the line x ■=■ 9, and the 
line y =» 3 is revolved about the x axis. Find the volume. 

16. The area bounded by the hyperbola x* — y* = a* and the line x - 2a is revolved 
about the y axis. Find the volume. 

16. Solve Exercise 15, using the equations x = a sec <p, y = a tan <t>. 

17. The circle x = a cos 0, y = a sin 0 rotates about the line x = b (a < 6). Find 
the volume by two methods, and check by comparing with Example 3, Art. 111. 

18. The circle x* + j/* = 1 is revolved about the line x = 5. Find the volume 
generated. Use two different methods, and check by comparing with the result of 
Exercise 17. 

19. The area bounded by the x axis and the curve y =■ sin x from x-0tox = »is 
rotated about the x axis. Find the volume. 

20. The area of Exercise 19 is rotated about the y axis. Compare results. 

21. Find the volume of a spherical segment of one base and altitude h cut from a 
sphere of radius a. 

22. One arch of the cycloid x = a(0 - sin 0), y - a(l - cos 0) is revolved about 
the x axis. Find the volume. 

23. The right-hand half of the hypocycloid x» + yH - a** is revolved about the 
V axis. Find the volume. 

24. Solve Exercise 23, using the equations x - a cos* 0, y - a gin* 0. 

26. The area bounded by y *■ e*, the x axis, and the lines x - 1 and x - 3 is 
revolved about the x axis. Find the volume. 

26. The area of Exercise 25 is revolved about the y axis. Find the volume. 

27. The area bounded by the curve y = e‘, the x axis, and the lines x - — 1 and 
* — 1 is revolved about the line x — 1. Find the volume. 

28. The area of Exercise 27 Ls revolved about x - — 1. Find the volume. 

29. That area in the first quadrant under the curve y - e~* is revolved about the 
x axis. Find the volume. 


8Q. The area under the curve y 


8a» 

x* + 4a« 


(witch) is revolved about the x axis. 


Find the volume. 
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81. A ring of altitude 2 h is generated by rotating about the y axis the area bounded 
by the circle z* + y* = a> and the chord of length 2 h that is parallel to the y axis. 
Find the volume of this ring. Does it depend upon the radius of the circle? 

82. That part of the curve xy = 1 from x «* 1 to « is revolved about the x axis. 
Find the volume generated. 

33. A round hole of radius a is bored through the center of a solid sphere of radius 
2a. Find the volume cut out. 

34. A round hole of radius a is bored through a solid paraboloid of revolution whose 
base has radius 2a and whose altitude is h. The axes of the hole and of the paraboloid 
coincide. Find the volume cut out. 

35. A metal ring is formed by rotating the right triangle ABC horizontally about 
the point D as shown. Find the volume of this ring. 



A 


z* y* 

86. The area enclosed by the ellipse — + — — 1 is rotated about the line 

a* b 1 


x = c(c > a) 

Find the volume generated. 

37. Solve Exercise 36, using the equations x *=> a cos <p, y 6 Bin <p. 

113. Miscellaneous Volumes. It is frequently necessary to calculate 
volumes whose boundaries are not surfaces of revolution and for which, 

therefore, the methods of the last 
two sections do not suffice. Such 
volumes can, in many cases, be 
found by use of simple integrals. 
Although a general method involv¬ 
ing multiple integrals will be dis¬ 
cussed in Chap. 18, we shall discuss 
a simple device for finding volumes 
of solids the areas of whose cross 
sections by parallel planes can be 
conveniently expressed. Suppose 
such a volume is cut by n parallel planes at a distance Ah apart (Fig- 
144). Let the distance of the tth cutting plane from some fixed point 
(the origin, for example) be h Suppose that the area of the cross 
section cut by this plane can be expressed as a function of fu, say 
A , = f{hi). Consider the volume of the right cylinder (or prism) of 
height Ah and base area A, standing upon that area. This is called a 
lamina, and its volume is A, Ah. Now, add together the n laminae, and 
their sum is an approximation to the required volume. By an already 
familiar argument, the limit of this sum can be expressed as a definite 
integral, 
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n 

v = lim y Ai Ah = f hl A dh 

n—• » Jh i 


i-1 

the limit being taken as Ah —► 0 and n —» », with proper limits of integra¬ 
tion chosen to include the entire volume. Of course, A and dh should be 
expressed in terms of a single variable if the integral is to be evaluated. 

Example 1. Find the volume cut from the paraboloid x» + 4y* = z by the plane 
2 = I. Let the volume be cut into n laminae by planes parallel to the xy plane and 
at a distance Az apart (Fig. 145). Each such z 

plane makes an elliptical cross section whose area 
is t times the product of the semiaxes. The 
area of the ith lamina (one fourth of which is 
shown in the figure) is, therefore, rCA ■ CB. 

Now, points A and B have the same z coordi¬ 
nate, and so we shall express CA and CB in terms 
of Z(, the distance of one face of the lamina from 
the origin. Note that A is a point on the trace 
of the surface in the xz plane; and so, for this 
point, Xi 1 = z,, or x, = the positive square 
root being taken since the x coordinate of A is 
positive. Similarly, B is a point on the trace in 
the yz plane, and therefore 4y # * = r„ and »/, = j y/T it the positive square root being 
taken since B has a positive y coordinate. Therefore 

1 



A % = nrji 
The volume of the lamina is 

bVi = rx x y % Az 

Therefore, the required volume is 

xy dz 


- r V*. •« VT. 


r 

2 * 


T 

2 


A Z 


£■ 



z dz 


2L2J0 4 




Example 2. Find the volume in the first octant under the plane z = y and inside 

the cylinder y i =• 6(a — x). 

Firsl choice of element. Let the volume be cut into 
n laminae by planes parallel to the yz plane (Fig 
1 16) and at a distance Ax apart. The ith plane will 
cut the xy plane in a line AB parallel to the y axis, 
the cylinder in a vertical element BC, and the 
plane z - y in a line joining A and C. The lamina 
is, therefore, triangular in cross section, and its area 
can be expressed in terms of the coordinates of the 
pomt C(x t ,yt,Zi). Thus, A, - ±y<z<. The volume 
of the element of volume is, therefore, 

Fl °- 146 ' AK. -jy.z.Ax 

Hence, the required volume is V - } f* yzdx. Again, we have, for any point C 

on the curve of intersection of the cylinder and the plane z ■■ y t z « y and 

yt am {,(a — X) 
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Therefore 



Second choice of element. Let the volume be cut into n laminae by planes parallel 
to the zz plane and at a distance Ay apart. The *th plane (Fig. 147) will cut the 

xy plane in a straight line AB parallel to the 
z axis, the yz plane in a straight line AD 
parallel to the z axis, the plane z — y in a 
straight line parallel to the z axis, and the 
cylinder in the vertical element BC. The 
lamina is therefore rectangular in cross sec¬ 
tion, and its area can be expressed in terms of 
the coordinates of the point C(z,-,y<,z,). 
Thus, Ai = XiZi. The volume of the element 
of volume is, therefore, AF< — XiZi Ay. 
Hence, the required volume is 

Fig. 147. V = zz dy 

For any point C on the curve of intersection of the plane z «= y and the cylinder, we 
have z - y and y x = 6 (a — x), that is, x =» a — ( y x /b ). Therefore 

v ■ (“ ■ >) v dt - - .) * 

- [¥ - sr -! - 

The student will recognize the method of finding a volume of revolution 
by use of disks or washer-shaped elements as a special case of this lamina 
method. 





EXERCISES 

1. A tetrahedron has three mutually perpendicular faces. The three mutually 
perpendicular edges are of lengths a, b, c, respectively. Find the volume. 

2. Find the volume of a right elliptic cone if the semiaxes of the base are of lengths 
a and 6 and the altitude is h. 

3. Find the volume of an ellipsoid whose three semiaxes are o, b, c, respectively. 

4 . A right pyramid of altitude h has a square base of side a. Find the volume. 

5. A right pyramid of altitude h has a rectangular base with sides a and 6. Find 
the volume. 

6. Find the volume bounded by the surface z* + 16y* => 16z and the plane z = 4. 

7. Find the volume in the first octant bounded by the cylinder z* + y* ■* o* 
and the plane z = z. 

8. Find the volume in the first octant bounded by the cylinder y* =» 4z and the 
planes y = 2x — 4 and z = 3i. 

9. Find the volume in the first octant bounded by the cylinders y* — ax, y* -■ 4ox 
and the planes z = x and x = a. 
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10. Find the volume bounded by the cylinders y* = ax, y* + z» = a * and the plane 
x = a. 

11. Find the smaller volume bounded by the surfaces x* -f y* = 25, Ay 1 = 9i 

z = y, z = 0. ’ 

12. Find the volume cut from the cylinder y * = 4ox by the planes x = a x ■= 2a 

z = 0, z = a. ' 

13. Find the volume cut from the cylinder y * = 4ax by the planes x + z = a and 
2 = 0 . 


14. Find the volume in the first octant bounded by the cylinder y- = 4<jx and the 
planes z = 0, y = x, x + z = 4a. 

15. A surface is generated by a circle of variable size moving with its piano always 
parallel to the yz plane and having the ends of a diameter always on the x axis and 
the line z = x, y = 0. Find the volume in the first and second octants bounded by 
this surface and the plane x = a. 

16. A surface is generated by an ellipse of variable size moving with its plane 
always parallel to the yz plane and having the ends of its major axis on the x axis 

and the curve z = \/x, y = 0. If the minor axis of the ellipse is always one-half 
the major axis, find the volume bounded by the surface and the plane x = 4. 

17. The axes of two right circular cylinders, each of radius a, intersect at right 
angles. Find the volume common to both. 

18. A hole of square cross section, a in. on the side, is cut through a right circular 
cylinder of diameter 2a. The axis of the hole intersects the axis of the cylinder at 
right angles. Find the volume cut out. 

19. Find the volume cut from the cylinder x* — t/* = a* by the planes 2=0 
x = 2a, and z = x — a. 

20. A surface is generated by a circle of variable size moving parallel to the yz 
plane and having the ends of a diameter oti the curves x* -f- 2y — 4 =. 0, r = 0 and 
x* + 8y — 4 = 0, z = 0. Find the volume bounded by the surface and the plane 
V - 0. 

21. A surface is generated by a square of variable size moving with its plane always 
parallel to the xz plane and having the ends of one side always on the line y = x 
2 = 0 and the parabola y l = 4ax, 2 = 0. Find the volume bounded by this surface. 

22. Find the volume bounded by the cylinders x* + y* = a’, 2 y* =» 2a* — az and 
the xy plane. 

23. A surface ( conoid ) is generated by a straight line that moves always parallel 
to the xz plane and has points in common with the circle x* -+- y* = a*, z = 0 and the 
line 2 = c, x = 0. Find the volume bounded by this surface and the plane 2 = 0, 

24. Same as Exercise 23, except that the moving line always has points in common 

X* yl 

with the line z = c, x = 0 and the ellipse — + — = 1, z =» 0. 

a 1 6* 


26. A surface (hyperbolic paraboloid) is generated by a line that moves always 
parallel to the xz plane and has points in common with the lines y + z = a t x = 0 and 
x — b, z =■ 0. Find the volume in the first octant bounded by this surface. 

26. A surface is generated by a line moving always parallel to the xz plane and 
having points in common with the line y + z =* a, x«=*0 and the circle z* + t/> « a i 
2*0. Find the volume in the Grst octant bounded by this surface. 

27. A square of variable size moves with its plane always parallel to the yz plane 


z^ •jl 

The ends of one diagonal are points of the ellipse — + — =,i >ZEa g Find 

a* 6* 


the 


volume generated as the square moves from one vertex of the ellipse to the other 

28. The vertex of a cone is at the point (0,0, a). Its base is the circle z* + y* » 2bx 
* ■" 0. Find its volume. 
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114. Length of Arc. It has already been noted (Art. 59) that the 
length of a curvilinear arc is defined as the limit of the sum of lengths of 
chords. Thus, if the arc AB (Fig. 148) is divided into n short arcs by the 
points P\, Pi, , Pn- 1 and chords APi, P\Pi, PzPz, . . . , Pn-iB are 
drawn, the length of arc AB is defined as the limit (as n increases indefi¬ 
nitely and the greatest arc approaches zero) of the sum AP X + PiPj 
+ • • • + Pn-iB. We shall denote A by Po and B by P„. We now 
discuss a method for evaluating such a limit. Suppose that the equation 
in rectangular coordinates of the curve of which AB is an arc is y = /(x), 
and suppose/(x) to have a continuous derivative in the interval a S x S b 
where a and b are abscissas of A and B, respectively. We shall express the 




lengths of chords in terms of the coordinate system. To this end, con¬ 
sider a typical chord, say Pi-\Pi (Fig. 149). Let the point P, have abscissa 
x„ and let xo = a and x n = b. Let the projection of the chord P,_iP, 
upon the x axis be denoted by A,x = x< — x,_j, and let QJP , = A 
According to the theorem of the mean (Art. 77) of the differential calculus, 
there is a point on the arc P,-iP, at which the tangent is parallel to the 
chord P,_iP,-. Let the abscissa of this point be £<. Then 

^ = /'({,) or A* = /'({.•) A,-* 

But P,-iP, = V A,x ! + A,?/ 2 

= VA,x 2 + l/U)] 2 A,x* = Vl + Lf U.-)] 2 A* (3) 

The sum of chords is, therefore 

n n 

£ P<-rPi = X Vl + Lf («.))’ AvX 

t-1 i-1 


Since /(x) and its derivative are continuous, \/l -+■ LA^)) 2 a continuous 
function of x, and we may apply the fundamental theorem to evaluate the 


LENGTH OF ARC 
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limit of this sum when n increases indefinitely and the maximum A <x 
approaches zero. Denoting the length of arc AB by 8, we obtain 


n 

s = lim y VI + Iftti)]* a* = r vi + \J\x))*dx 

Equivalent notations are 


Observe that the integrand is precisely the differential of arc length (Art. 
60) so that 8 = / ds, with limits chosen so that the integration includes 
the entire arc in question. 

In case it is more convenient to express the equation of the curve as 
x = v(y), we simply use the equivalent expression for ds, obtaining 


■I. 


VI + y" 1 dx 


■N 


1 + 



The limits of integration, of course, refer to y. If the curve is given in 
parametric form x = y = /j(0, then 



The limit of the sum of chords will be the measure of length of some 
straight-line segment. Hence, finding the length of a curvilinear arc is 
often called “rectifying” the arc. 


Example 1. 


Find the length of the catenary y - a cosh - (Fig. 150) from 



f*- b 

to x - b. We must calculate « - / da. We shall use da 

Jx-0 


dy dy 

and so we first find —; thus, — 

dx dx 


sinh -• Therefore 
a 



1 + 


( c/uV XX T 

- 1 + einh*- - cosh*- and ds - cosh-dx 


Hence 


8 


f b X l 6 

- / cosh - dx - a sinh - - a sinh - 

Jo a a Jo a 
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Example 2* Find the length of the entire c&rdioid r =» a(l + sin 0) (Fig. 151). 


Here, we use ds — -y r* + ^ ave 


dr 

— — a cos 0 

de 


a*(l + sin 0) 1 -f- a 1 cos 1 0 



a*(l + 2 sin 6 + sin* 0 + cos 1 0) 

= 2a*(l + sin 0) 

If we let 0 vary from —x/2 to r/2, the point P will generate half the entire curve. 
Therefore 


« = 2 


/>/2 _ 

f y/2 a y /1 + sin 0 d 0 

J -*/2 


In order to effect the integration, we make the substitution 



0 = --? 


d 0 => —d<p 


Consequently 


—2 y/2 a j \/T 


+ COS *p dtp 


4a 


s: 


cos -dip^Sa sin 


■ A 

in 2J0 


8a 


Example 3. If s is a short arc of the curve y = /(x) of our preceding discussion 
nnd c its chord, we can verify that lim - ■= 1. Let be the coordinates of one 

9 —*0 C 

end point of s and (xi + Ax f y 1 + Ay) the coordinates of the other end point. Then 


s 


£ ,+A * V 1 +U'W)'dx 


By the mean value theorem for definite integrals (Art. 105) this is equal to 


S = ax vi + irwi* 

where v is between X, and xi 4- Ax. We have already seen in (3) that 

c - Ax %/TTCfW 

where £ is between Xi and Xi + Ax. Consequently 


3 _ AX y/\ + [/'(?))» 
C = Ax Vl + [/'(£))* 


When 8 —* 0, Ax —* 0 so that { and ^ both approach x t . Hence lim s/c — 1 (see 

•—• o 

Art. 59). 
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EXERCISES 


Find the length of arc as indicated (Ex. 1 to 18). 


1. y = zM from x = 0 to x = 5 

2. y = xW from x = 0 to x = 8 

3. y = 3 In x from x = 1 to x = 4 

4. y » In sec x from x = 0 to x = r/4 

6. y = In cos x from x = 0 to x = t/3 

6. y = x* from x = 0 to x = 1 

7 . y* = 4ax from x = 0tox = aon the upper branch 

8. Same as Exercise 7, using the equations x = 4a/ 1 , y = 4at 

9. The entire length of the hypocycloiJ x** + y* 6 = a** 

10. Same as Exercise 9, using the equations x = a cos 3 y = a sin 1 *> 

11. One arch of the cycloid x = a(0 — sin 0), y = a( 1 — cos 0) 


12. y - In 


€ J ~ 1 


from x = 1 to x 


e x + 1 

13. 18y* = x(x - 0) 1 from x = 0 to x = 6 

14. The entire length of r = a(l + cos 6) 

16. The entire length of r = a sin 3 (0/3) 

16. The curve r «= a sin 4 (0/4) from 0 = 0 to 0 = 2r. 

17. The entire length of the parabolic arc x = a cos' y 


a sin 4 ^ 


18. [ X 
\ V 


e~ l cos t 
e~ l sin t 


from t = 0 to t 


19. A point moves in the xy plane with law of motion x «= e~ u cos 3/, y = ^"“sin 'M. 
Find the distance traveled from / = 0 to / = w. 

20. A point moves in the xy plane with law of motion x - t*, y - 2<. Find the 
distance traveled from l = 0 to * = 2. 


116. Area of a Surface of Revolution. A surface of revolution is gen¬ 
erated when an arc AB (Fig. 152) of a plane 
curve is rotated about some line in its plane. If 
the arc A D is divided into n small arcs by points 
Po = A, Pi, Pi, , Pn- 1 , D = then each 

of the n chords PoP , P\Pi, P zP . P n -iPn 

will generate a frustum of a right circular cone. 

The limit of the sum of the areas of these frus¬ 
tums, when n is increased indefinitely and the 
greatest arc is made to approach zero, is defined 
to be the area of the surface. Let the length of 
the tth chord be 7V-i/\ = A's (a prime mark is used since A,-g means the 
ith arc), and let ft, be the distance from the axis of revolution to the mid 
point of the chord. The area of the tth frustum is, therefore, 27rft,A's since 
the area of a conical frustum is the circumference of the middle section 
times the slant height. The limit of the sum of such areas is 



n 



with limits of integration a, b chosen to include the whole surface. 
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That the limit of this sum is actually this integral is not obvious. A proof based 
upon geometrical reasoning follows: We shall choose the axis of revolution as the 
x axis and rotate an arc of the curve y = f(x) about this axis. Consider the xth 
subdivision of the arc AB (Fig. 153). Let K be the mid-point of chord Pi-\P <• 
Then HK is the radius of the middle section of the ith frustum. The area of the 
frustum is 

A,-A =» 2tTTR ■ Pi-iPi 

This must be expressed as a function of the abscissa of some point in the interval 
Aii. By using the theorem of mean value as in Art. 114 land supposing/(i) to have 

a continuous derivative in the interval a ^ x ^ 6], the 
chord 

Pi-iP< = Vl + [/'({,•)]* Ai* 

where £,• is the abscissa of the point T at which the tangent 
is parallel to the chord. We designate the ordinate of T 
by i u =» /({,). Now let Q be the point of intersection of a 
horizontal line through K with the ordinate of T. Denote 
QT by Note particularly that, when A <x -* 0, « -* 0 on 

account of the continuity of/(z). We have HK = yt — «<; 
therefore 

A, A ~ 2x( y< - *.) • \/l + A<x 

Consequently, the sum of the conical frustums is 





Ui Vl + AiX - 2r 





H \/l + I* 


The limit of the first sum in the right-hnnd member as n —* « and the greatest 
Six —♦ 0 is given by the fundamental theorem, since *= /(£<). This limit is 

2 r [% V» + l/'(i);* dx = 2r [^yds 

Ja Jz-a 

The second sum has a limit zero. To show this, we note that, because f(x) was 
supposed continuous in the interval a £ x ^ 6, the greatest of the positive numbers 
|«i!, |< 2 |, . . . , |«*| must approach zero. Call this number #. Hence 

n n 

2r £ c, Vl + AiX | S £ U<\ Vl + !/'(*.)!* A,Z 

t-1 i-1 

n 

s 2x •«• ^ Vi + i/'doi* A** 

»-l 

g 2x< • (6 - a) • M 


where M is the greatest of the \/1 + [/'(£*) !*. This approaches zero since lim c «=» 0. 

r l 


Therefore S =» 2x 


y ds, and our original formula for S is established. 




Art. 115 ] area of a surface of revolution 317 

Example 1 . Find the surface area of a sphere. We revolve the right-hand semi¬ 
circle x 1 + y* = a* around the y axis (Fig. 154). Let this 
semicircle be divided into n small arcs each of length As, and 
let (z<,yf) be a point of the ith arc. Upon rotation, this 
generates a band on the surface of the sphere, the radius /?< 
of the circle described by (x 4 ,y<) being x<. The area of this 
band is approximately 2m As. Adding together all such 
bands and taking the limit of the sum, we have 

f v 

S = 2r / ids 

Jv~-* Fig. 154. 

the limits being chosen to include the right-hand semicircle. We must express x ds 
in terms of a single variable. Let us use 



We have 

Therefore 

and 



Example 2. Find the surface area generated by rotating the upper half of the 
cardioid r =■ a(l + cos 0) around the polar axis (Fig. 155). Divide the arc into n 
small arcs of length As. Let (r„0.) be a point in the ith arc. Upon rotation about 

the polar axis, this point will describe a circle of radius 
R, = ri sin ${. The area of the band described by the ith 

_ 0 arc is approximately A ( S = 2 rn sin As. Hence, by the 

^ /K ’ usual argument. 


fo ■ 

- 2 ' 


r sin 0 ds 


dr\' 


To find ds “ yjr* + I — 1 do, wc have 


Fio. 155. 


r* + 




— = —a sm 0 


a*(l +2 cos 0 + cos 1 0) + a* sin* 0 ~ a*(2 + 2 cos 0) 
2x fo a(l + cos 6) sin 0 ■ a y/2 + 2 cos $ do 
2ra- Vi J; a + cos 0)H sin 0 d0 
-2ra} y/2 • |(1 + cos «)♦»]' - 


Therefore 
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Fio. 156. 


116. Area of a Cylindrical Surface. Suppose that the arc AB of a 
curve in the plane HK (Fig. 156) is the directrix of a cylinder whose ele¬ 
ments are perpendicular to the plane HK. Let us calculate the area of 
the cylindrical surface bounded by AB and the arc CD of another bound¬ 
ing curve. Note that CD need not be 
a plane curve. Divide AB into n 
short arc lengths Ai$, A 2 s, . . . , A n s. 
Let the chords subtended by these 
short arcs be A,s, A ' 2 s, . . . , A 
Draw the elements of the cylinder at 
each point of subdivision, and let the 
lengths cut from them by CD be 
hi, hi, , h n . Consider the 1 'th chord A's and a rectangular plane 
area standing upon it as base, with left-hand side h { and right-hand side 
and top as indicated in Fig. 156. The area of this rectangle is A,AJ*. 

n 

The sum of all such rectangular areas is ^ h { A [s. It is clear that the 

i-1 

required area of the cylindrical surface is the limit of this sum taken as the 
greatest A ,s, and therefore the greatest A-s is made to approach zero 
while n increases indefinitely. It can be 
shown that 

lim 


im ^ hi Ajs = f" h ds 
~* m «-l 


with suitable limits of integration chosen. 

Example. Find the area in the first octant cut 
from the cylinder x* + z 1 = a* by the cylinder 
yt -f = a*. The area is shaded in Fig. 157, and 
a typical element is heavily outlined. Let P(x t y 9 z) 
be the point where this element touches the curve 
of intersection of the two cylinders. The height h of the element is the y coordinate 
of P . Since P is a point of the cylinder y* -f z 1 = a*, we have h = y = \/ a 1 — z *. 
The differential of arc length, ds , is found from the equation of the curve 

x* + =» a* v = 0 



Thus 


2xy + 2z 
dz 


y 

dz 

dz 


0 - ~ -- 


z 

X 


1 + 


(I)' 


1+ ^ 


X* +z'‘ 


a* 

x* 


ds 


- dz 
x 


a 


Hence 


L 


h ds 


i. 


y/ a* — z 1 


dz 


y/ a* — 


Va* - 


dz — a* 
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EXERCISES 

1. Find the surface of a sphere of radius a, using the equations x « a cos *>, 
y = a sin 

2. Find the surface of the sphere generated by rotating the circle r = a around 
the polar axis. 

3. The arc of the parabola x 2 = Any from x = 0 to x = 2a is revolved about the 
y axis. Find the area of the surface generated. 

4. A sphere has radius a. A zone is cut from the surface of this sphere by two 
parallel planes at a distance h apart. Find the area of the zone. 

6. The upper half of the cardioid r = a(l — cos 0) is revolved about the line 0 = v. 
Find the area of the surface generated. 

6. Find the area of the surface of a right circular cone of altitude h and radius of 
base a. 

7. The reflector of a searchlight is a paraboloid of revolution. If it is G in. deep 
and 18 in. wide, find the area of the surface. 

8. Find the suiface of the torus generated by revolving the circle x* + y* « a* 
about the line x = 6 (6 > a). 

9. Solve Exercise 8, using the equations x = a cos y = a sin <?. 

10. One arch of the cycloid x = a(0 - sin 0), y = a(l - cos 0) is revolved about 
the x axis. Find the surface generated. 

11. Kind the surface generated by revolving the right half of the hypocycloid 
xM + yK = aH about the y axis. 

12. Solve Exercise 11, using the equations x = a cos 1 y «* a sin J *>. 

13. The lemniscate r* = a 2 cos 20 is revolved about the horizontal axis. Find 
the surface generated. 

14. The right-hand loop of the lemniscate r 2 = a 1 cos 20 is revolved about the 
vertical axis. Find the surface generated. 

16. The arc of the catenary y “ a cosh (x/a) from x = 0 to x = a is revolved 
about the y axis. Find the surface generated. 

16. The upper branch of the curve y* = x 1 from x « 0 to x = $ is revolved about 
the y axis. Find the surface generated. 

17. The part of the curve y *= In x in the fourth quadrant is revolved about the 
y axis. Find the surface generated. 

18. One arch of the curve y = cos x is revolved about the x axis. Find the area 
of the surface generated. 

19. The arc of the logarithmic spiral r = from 0 = 0 to 0 =» r/2 is revolved 
about the lino 0 = x/2. Find the surface generated. 

20. The arc of the hyperbola x 5 - y* « a 1 from x = a to x ■= 2a is revolved about 
the x axis. Find the surface generated. 

x* y 1 

21. The upper half of the ellipse — + - = 1 is revolved around the x axis. Find 

the surface of the resulting prolate spheroid. 

22. Solve Exercise 21, using the equations x = a cos v>, y == b sin v>. 

23. Find the area in the first octant cut from the cylindrical surface x* + ** - a * 
by the plane y = x. 

24. Find the urea cut from the cylindrical surface = a» by the cylinder 

+ z a = fl H. 

26. Find the area in the first octant cut from the cylindrical surface y* = a* - ox 
by the plane z - y. 

26. Find the area cut from the cylindrical surface x* + y» - 2oi - 0 by the eDhere 
z* + y* + ** - 4a*. v 
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117. Mean Value of a Function. Given y = f{x), a continuous func¬ 
tion of x in the interval a g. x ^ b. Divide the interval into n equal sub¬ 
intervals of length Ax by points x it x 2 , ... , x»_i. Let x 0 = a and 
x n = b. Designate the ordinates at these points (Fig. 158) by y 0 , 

yi, ... , y n . Form the expression 
Y\ 

V\ Ax + 7/2 Ax + • • • + y n Ax 


AxAj 


M n = 


n Ax 


*0 *1 x z x s 
a 

Fig. 158. 


x n-l*» X 
o 


n n 

- X *■ = rb X /(li) Ax 

i-1 i-l 


since n Ax = b — a. Observe that, if we divide 
numerator and denominator by Ax, we get the familiar expression for the 
arithmetic mean of the n ordinates y h y 2 , ... , y n . Now take the limit 
of this sum as Ax is made to approach zero and n to increase indefinitely. 
The result is called the mean value oj the function f(x) over the interval a 
to b on the x axis. 


At 


= il m . rh l 

- r hi"’ 


f(x) dx 


We may take the mean value of the function over an interval of a line 
or curve other than the x axis. This will be illustrated in Example 2. 

Example 1. Find the mean value of the ordinates of the curve y = ain x over the 
interval along the x axis from 0 to *72 (Fig. 159). Here we y\ 
have a =■ 0, 6 = r/2, and 


M 


j- r 

r/2 Jo 


/ 2 


sin x dx 


-;[—*] 


2 

- units 

T 


dj 


/ 


r_ 

2 


Fio. 159. 


Example 2. Find the mean value of ordinates of a semicircle 


y/a* — x* 


over the arc of the semicircle, Fig. ICO. Here, we think of the ordinates as equally 

spaced along the arc of the semicircle. If the semicircle 
is divided into n arcs each of length As and the corre¬ 
sponding ordinates are yi,yi, then 



At, 


yi As + y* As + 


+ y. As 


Fio. 160. 


n As 


n 

- 7 , 

xa /—/ 

t — 1 


As 
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since nil = ra. Hence 

M 


■i 

r(1 


with suitable limits chosen. To find d* t we have 

dy dy 

2 ‘+ 2 ^- 0 z 


X 

V 


1 + 


( *Y 

\dxj 


1 + - - - 
y‘ y* 


and therefore 


Hence 


M.±r 

*a J - 


da = - dx 

v 

a 

y ■ - dx 
a y 


2 -° 

r J -a r 
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EXERCISES 

1. Find the mean value of the ordinates of the curve y ~ cos x along the x axis 
from x “ —r /2 to i » */2. 

2. Find the mean value of the ordinates of the upper branch of y* = 4ox along 
the x axis from x ■ 0 to x =» a. 

3. Find the mean value of the ordinates of the semicircle y = y/a* — x x along 
the x axis from x «=» —a to i » a. 

4 . Find the mean value of the ordinates of the curve y — In x along the x axis 
from x =» 1 to x = 4. 

6. Squares whose planes are perpendicular to the xy plane are constructed on the 
double ordinates of the circle x x 4- y 1 - a*. Find the mean value of the areas of the 
squares if they are equally spaced along the x axis from x - —a to x =» a. 

6. Solve Exercise 5 if the squares are equally spaced along the circumference 
of the circle. 

7. Rectangles are inscribed in the circle x* + y 1 - a 1 . Find the mean value 
of their areas if their vertical sides arc equally spaced along the x axis. 

8. Solve Exercise 7 if the vertical sides of the rectangles are equally spaced along 
the circumference. 

x 1 y* 

9. Rectangles arc inscribed in the ellipse - + - « 1. Find the mean value 

a* cr 

of their areas if their vertical sides are equally spaced along the x axis. 

10. Solve Exercise 9 if the horizontal sides of the rectangles are equally spaced 
along the y axis (same result as in Exercise 9). 

11. Isosceles triangles with a common vertex are inscribed in a circle of radius a. 
Successive bases are equally spaced along a diameter. Find the mean value of their 
areas. 

12. Solve Exercise 11 if successive bases are equally spaced along the circumference 
of the circle. 

13. Find the mean length of the radius vector of the circle r - 2a cos 0 if successive 
vectors make equal angles with one another. 

14 . Solve Exercise 13 if the vectors are drawn to points equally spaced along the 
circumference (same result as in Exercise 13). 

16. Find the mean length of the radius vector of one loop of the rose-leaf curve 
r a cos nfl if successive vectors make equal angles with one another. 
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16. Find the mean length of the radius vector of the spiral of Archimedes r = aO 
from 0 «= 6i to 0 = Oi if successive vectors make equal angles with one another. 

17. Find the mean length of the radius vector of the cardioid r = a(l -f- cos 6 ) if 
successive vectors make equal angles with one another. 

18. If a body falls from rest and is acted upon only by gravity, show that the mean 
value of its velocity with respect to time of fall is one-half the velocity at the end of the 
fall. 

19. A body falls from rest through a distance S. If the only force acting is gravity, 
show that the mean value of the velocity over this distance is § \/2gS, that is, two- 
thirds the velocity at the end of the fall. 

20. The kinetic energy of a particle in uniform motion is ^mv* where m is the mass 
and v the velocity. If a particle moves in a straight line with a law of motion 

x = r cos at 

(simple harmonic motion) where r and a are constants, calculate the mean value, with 
respect to time, of the kinetic energy during one complete vibration. Show that this 
is equal to half the maximum kinetic energy. 

21. In Exercise 20, if the mean value is taken with respect to the distance traveled 
during one complete vibration, show that the result is two-thirds the maximum kinetic 
energy. 

MISCELLANEOUS EXERCISES 

1. Find the area bounded by the curve y = sin x and the lines x = 0, x = *•, 
V “ -I- 

2. Find the area enclosed by the curve y* = x*(9 — x). 

3. Find the area bounded by one arch of the curve y = sin* x and the x axis. 

X 

4. Find the area bounded by the curve y - c * and the lines y = 0, x = —1, 
x = 3. 

6. Find the area bounded by the curves a 2 y = x l — ax 2 and ay = x*. 

6. A parabolic segment is bounded by the parabola y = kx 2 and a line perpen¬ 
dicular to the axis of the parabola. Prove without reference to Exercise 36, page 299, 
that the area of such a segment is two-thirds the area of the rectangle which circum¬ 
scribes the segment. 

7. A cow is tethered on the outside of a circular fence of radius r ft. by a rope of 
length rr ft. Find the area over which the cow can graze. 

8. Find the area enclosed by the curve r = 2a sin 2 0. 

9. Find the area bounded by the lima^on r = a{.2 + cos 0). 

10. Find the area inside the loops of the curve r = 2a cos 30 and outside the circle 
r - a. 

11. Find the area inside the cardioid r « a(l + sin 0) and outside the circle 
r = 2a sin 0. 

12. The area bounded by y 2 = 4x, the line x = 1, and the line x =» 4 is revolved 
about the y axis. Find the volume generated. 

13. A circle of radius a is rotated about a tangent line. Find the volume generated. 

14. The area bounded by the coordinate axes and the parabolic arc xM + y^ =* a** 
is revolved about the x axis. Find the volume generated. 

15. Solve Exercise 14, using the equations x = a cos 4 0, y = a 6in 4 0. 

16. The area bounded by y = In x, the x axis, and the line x = 4 is revolved about 

the x axis. Find the volume generated. 

17. The area bounded by the catenary y = a cosh (x/a), the y axis, and the line 
y 2a rotates about the y axis. Find the volume. 


MISCELLANEOUS EXERCISES 
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18. The cissoid y 1 = - is revolved about its asymptote. Find the volume 

2a — x 

generated. 

19. Find the volume in the first octant under the plane z = y and inside the cylinder 
yt = q* — ax. 

20. A right circular cone has altitude h and radius of base a. Two planes through 
the axis of the cone making an angle of v radians with one another cut out a wedge- 
shaped volume. Find this volume. 

21. A solid right circular cylinder has radius a. A piece is cut of! by a plane 
tangent to the edge of the circular base and making an angle a with the plane of the 
base. Find the volume of this piece. 

22. A surface is generated by a circle moving with its plane always parallel to the 
yz plane and having the ends of a diameter always on the curves z = 2 V". V = 0 
and z = y/ax, y = 0. Find the volume bounded by the surface and the plane 
x = a. 

23. Find the length of the curve y = In sin x from x = x/4 to x = x/2. 

24. Find the length of the curve y = c 1 from x = 0 to x = 1. 

26. Find the length of the curve y = In (1 - *’) from x => 0 to x = *. 

26. Find the length of the curve r = a cos 1 (0/3). 

27. Express as a definite integral the length of the curve r = a sin” (0/n) from 

g « 0 to 0 = 2* (n a positive integer). t 

28. Find the entire length of the curve (x/a)* 4 + (y/b) ' = 1. 

29. Solve Exercise 28, using the equations x = a cos 1 «, y = 6 sin 1 a. 

80. Find the length of the spiral of Archimedes r = aO from 0 = 0 to 0 = 2x. 

31. Find the length of the logarithmic spiral r = c at> from (r,,0,) to (r 2 ,0 s ). 

32. Find the surface of the sphere generated by rotating the circle r = 2a sin 0 

about the line 0 = x/2. 

33. Find the surface of the torus generated by revolving the circle r = a about the 

line r ~ 6 see 0 (compare Exercise 8, page 319). 

34. The arc of the catenary y = cosh x from x = -1 to x = 1 is revolved about 
the x axis. Find the area of the surface generated. 

36. Find the area cut from the cylindrical surface x 1 + z 1 = a 1 by the planes y = x 

and y => 2x. 

36. Find the area in the first octant cut from the cylindrical surface y* =» ax by 
the planes z = y and x = a. 

37. Right circular cones with a common vertex are inscribed in a sphere of radius a. 
Their bases are equally spaced along a diameter of the sphere. Find the mean value 


of their volumes. 

38. Find the mean length of the radius vectors of the cardioid r = a(l -f cos 0) 
if these vectors are drawn from the pole to points equally spaced along the cardioid 
(sec Exercise 14, page 321). 

39. When a liquid flows through a pipe of radius a ft., the velocity c of a particle 


of the liquid at a distance r ft. from the axis of the pipe is v 0 



where t’o 


ft. per second is the velocity along the axis. What volume of liquid will flow past a 
given point per second? 

40. In Exercise 39, find the mean value of the velocity v along a diameter of the 


pipe. 



CHAPTER 16 


PHYSICAL APPLICATIONS OF 
THE DEFINITE INTEGRAL 


118. Work. If an object is moved in a straight line against the action 
of a constant force, the work done in moving the object is defined as the 
product of the distance by the force. If the distance is one foot and the 
force is one pound, the unit of work is one foot-pound. For example, the 
work done in lifting a 16-lb. shot a vertical distance of 3 ft. is 3 X 16 = 48 
ft.-lb. Note that the weight of the shot is simply the force exerted upon it 
by the earth. 

If, however, the force is not constant but varies with the position of the 
object, the calculation of work requires something more complicated than 

a simple multiplication. Suppose a body 
0 t | _ t moves against a force whose point of ap¬ 
ex x { x {+1 b plication on the body is P and that P moves 

Fio. 161. along a straight line. For simplicity, let 

this line be the z axis. Suppose that the 
component of the force along the z axis is the continuous function /(z) where 
x is the abscissa of P. We wish to calculate the work done in moving P 
from x = a to x = b. Divide the interval from a to 6 into n subintervals 
of length Az. We shall express the work A t W (termed an dement of 
work) done in moving P across the t'th subinterval, namely, from z,- to z,+j 
(Fig. 161). Let nii be the minimum and Mi the maximum values of 
/(z) in this subinterval. Then A, IF is between Az and Mi Az, say 
AiW = m Az where m is between and M t . Since /(z) is continuous, 
= /(£•) where z* ^ £,• ^ z,-+i. That is, A,TF = /(£,) Az where £,• is some 
point in the tth subinterval. Hence, the work done in moving P from 
a to 6 is the sum of such elements, namely, 

n 

w = 2 KM Az* 

By the usual argument, if Az is made to approach zero and, consequently, 

• Note that we do not know what values the assume since each of them is simply 
some value in the appropriate subinterval. They depend not only upon /(x) but 
also upon the particular subdivision chosen. We therefore take the limit of the sum 
as Ax is made to approach zero in order to calculate the work. 
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n to increase indefinitely, we obtain 
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n—• 


l m 

»-i 


Ax 



Example 1. According to Hooke’s law, the force required to stretch a helical 
spring is proportional to the distance stretched. The natural length of a given spring 
is 10 in. A force of 3 lb. will stretch it to a total length of 12 in. Find the work done 
in stretching it from its natural length to a total length of 18 in. 

Let the spring be attached at A (Fig. 1G2), and take the origin at the other end 
of the spring. Let the force required to produce an 
elongation of x in. be/(x). We then have/(x) = kx. 

To find k, the spring constant for this particular spring, Fio. 162 

we observe that the force required to stretch the spring 

to a total length of 12 in. is 3 lb. Note that this is an elongation of 2 in. Consequently 


/(2) = k(2 in.) = 3 lb. 

Hence * “ | lb/in ' 

Therefore /(*> “ ? z Ib 

When the spring is stretched from a total length of 10 to 18 in., x varies from 0 to 8. 
Therefore, 

_ j* %-xdx = T z, ] 0 “ 48 in.-lb. ■= 4 ft.-lb. 

Example 2. A circular cylindrical tank (axis horizontal) of radius 2 ft. and length 
15 ft. is full of water. Find the work done in pumping all the wnter to a delivery pipe 

10 ft. above the center of the tank. 
Choose coordinate axes with the origin 
at the center of one of the circular ends 
of the tank, as shown in Fig. 163. 
Divide the circle into horizontal ele¬ 
ments of area, and imagine a horizontal 
"slice” of water of which a typical cle¬ 
ment of area forms one end. The 
volume of this 6lice is 15(2x< Ay), as is 
evident from the figure. If water 
weighs w lb. per cubic foot, the weight 
of the slice is 30 taxi Ay. The approxi¬ 
mate value of the work done in raising 
all the water in this slice to a point 10 ft. above 0 is the weight (force) multiplied by 
10 — y 4 , that is, 

A*- 30u>(10 — yi)z ( Ay 



The total work done in raising all the water is, therefore 

W - P 30tc(10 - y)x dy 


Since x* + y* “ 4, we have 

\V - 30u> J* 2 (10 - V ) \/4 - V* dy 


600ru> ft.-lb. 
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Using w = 62.4 lb. per cubic foot, we obtain 


W =■ 117,600 ft.-lb. approximately 
= 58.8 ft.-tons 


EXERCISES 

1. If a force of 10 lb. will stretch a certain spring 8 in., find the work done in 
stretching it 2 ft. 

2. If a force of 75 g. will stretch a spring 5 cm., find the work done in stretching 
it 10 cm. 

3. If a force of w lb. will stretch a spring h ft., find the work done in stretching it 
nh ft. 

4. A particle is moved in a straight line with law of motion x = <* -+• 2t -f 2 (x in 
feet, t in seconds). The resisting force (in pounds) is numerically equal to the square 
of the velocity. Find the work done in moving the particle against this resistance 
from t =■ 0 to t = 4. 

6. Solve Exercise 4 if i = 5 cos t and the work done in the time interval t = 0 to 
t = t/ 2 is required. 

6. The base of a vertical cylindrical tank is a circle of radius 10 ft., and the alti¬ 
tude is 25 ft. If the tank is full of water, find the work done in pumping the contents 
to the top of the tank. 

7. Find the work done in pumping all the water in the tank of Exercise 6 to a 
point 5 ft. above the top of the tank. 

8. A trough full of water (w = 62.4 lb. per cubic foot) is 10 ft. long and has 
isosceles triangular cross sections 2 ft. across the top and 2 ft. deep. Find the work- 
done in pumping the water to the top of the trough. 

9. A circular cylindrical tank (axis horizontal) of radius 3 ft. and length 20 ft. is 
full of water. Find the work done in pumping the water to the top of the tank. 

10. Solve Exercise 9 if the tank is half full of water. 

11. The top of a conical cistern is a circle of radius 3 ft. The cistern is 9 ft. deep 
and is full of water. Find the work done in pumping the water to a point 5 ft. above 
the top of the cistern. 

12. Solve Exercise 11 if the water in the cistern is 6 ft. deep. 

13. The top of an elliptical conical reservoir is an ellipse with major axis 6 ft. and 
minor axis 4 ft. It is 6 ft. deep and full of water (u> = 62.4 lb. per cubic foot). Find 
the work done in pumping the water to an outlet at the top of the reservoir. 

14. Find the wo^k done in pumping the water from a full hemispherical tank bowl 
of radius 12 ft. to a point 4 ft. above the top of the tank. 

16. The top of a tank in the form of a paraboloid of revolution is a circle of radius 
2 ft. The tank is 6 ft. deep at the center. Find the work done in pumping the con¬ 
tents to the top of the tank. 

16. A tank has the form of an elliptic paraboloid. The top is an ellipse with major 
axis 8 ft. and minor axis 4 ft. It is 6 ft. deep at the center ahd full of-water. Find 
the work done in pumping the contents to the top of the tank. 

17. A full water tank consists of a hemisphere of radius 4 ft., surmounted by a 
circular cylinder of the same radius and of altitude 8 ft. Find the work done in 
pumping the water to an outlet at the top of the tank. 

18. An oil tank full of oil (u> = 50 lb. per cubic foot) is a cylinder 10 ft. long with 
horizontal axis. The cross section is an ellipse with vertical minor axis 4 ft. long 
and major axis 6 ft. Find the work done in pumping the contents to a point 2 ft. 
above the top of the tank. 
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119. Density. Consider a solid body of mass M and volume V. Let 
P be some point within or on the surface of the body, and let AF be a 
small portion of the solid of which P is a point. Let AM be the mass of 

this piece. We define the average density of the piece to be the ratio 

AV 

units of mass per unit of volume. Now, imagine AV to decrease so that 
its greatest linear dimension approaches zero, the point P being always in 

AV. If, under these circumstances, the ratio ^ approaches a limit, we 
call this limit the density 6 of tjie solid at the point P. Thus, 5 = 

d V 

When 6 is a constant and is, therefore, independent of the position of P,. 
we call the mass M homogeneous. In this case, with limits chosen to 
include the whole volume, M = fS dV = 6f dV = 6V. If, on the other 
hand, 6 varies with the position of the point P, we call the mass M hetero¬ 
geneous. In this case, the integral M = / 6 dV gives the total mass; but 
its evaluation will, in general, be best effected by the use of a so-called 
iterated integral which will be discussed in Chap. 18. For the present, we 
shall restrict ourselves to a consideration of homogeneous masses. 

The notion of a mass point, or of a mass concentrated at a certain point, 
is useful and of frequent application. Imagine a body of mass^i wnose 
maximum linear dimension approaches zero but whose density increases 
so that the mass remains constant. The limiting form of this body may 
be thought of as a point endowed with 
the mass m or at which the mass m 
is concentrated. Such a mass point is 
often called a particle of mass m. 

120. Centroid of a System of Par¬ 
ticles. Consider a mass m concen¬ 
trated at a point P. If P is at a dis¬ 
tance l from a line X (Fig. 10-la) or at a 

distance / from a plane IIK (Fig. 1046), then Im is called the mass moment 
or moment of first order with respect to the line or plane. 

Next, consider a system of n masses m h m 2 , . . . , m n concentrated 
respectively, at points in space whose coordinates are Px{x x ,y x ,t x ) 
P 2 {x 2t y 2 ,z 2 ), . . . , / 5 n(x n ,j/n,z n ). 1 lie total mass of the system is 

M = mi + m 2 • • • + m„ 

The moments of the masses of the n particles with respect to the yz plane 
are x x m,, x 2 m 2 , . . . , x n m n . We define the moment G>, of the system 
with respect to the yz plane as the sum of the moments of the separate 
particles. Thus 

n 

G v , = Ximi + x 2 m 2 + • • • -f x n m n = ^ z t m< 

i-i 


(a) 


H 


Fio. 164. 


( 6 ) 
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Similarly, we define the moments of the system with respect to the zx and 
xy planes as, respectively, 


n 

G tz = ^ y{mi 

i-i 




Zx'nu 


Let us now imagine the total mass M 



TTii of the system 


to be con¬ 


centrated at a single point C, and let us find coordinates f, y, z of C so 
that the moments with respect to the coordinate planes of M concentrated 
at C will be G vt , G xv , respectively. Evidently, we must have 


Therefore 


★ 


n 

M2 = Gyu = ^ XxTTli 

t-1 

ft 

My = G„ = £ yjru 

t-1 

n 

M2 = Gxy = ^ z#ru 

»-1 





The point C{S,y,z) is called the centroid, or center of inass, of the system of 
n particles. It can easily be shown that the centroid coincides with the 
center of gravity. If the n particles could be thought of as connected by 
rigid wires having no mass, the system would balance if supported at C. 

In the special case in which the points Pi, Pi, ... , P n all lie in one of 
the coordinate planes, the moments with respect to coordinate -planes 
reduce to moments with respect to coordinate axes, and the centroid lies 
in this plane. For example, if the points lie in the xy plane, G v , reduces 

n 

to Gy = ^ x,m tl the moment of the system with respect to the y axis, 
»-1 


and G, z reduces to G x 


n 

Y y,mi, the moment of the system with respect 

i - i 


to the x axis. The centroid C is the point of the xy plane whose coordinates 
S, y are given by the equations (2). 

Although we have been dealing with the centroid of a system of mass 
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particles, we can find the centroid of certain continuous masses by use of 
the following considerations. 

Homogeneous masses: 

1. Any axis or plane of symmetry must pass through the centroid. 

2. Consequently, if a body has a geometrical center, that point is the 
centroid. 

Any mass: 

3. If the body consists of two or more portions for each of which the 
centroid can be found, each portion may be thought of as concentrated 
at its centroid, and the centroid of this system of mass points will be the 
centroid of the body. 

The centroid of a mass has the following property of major importance 
in mechanics: The moment of the mass with res-pcct to any plane is the same 
as if the whole mass were concentrated at the centroid. An evident corol¬ 
lary is that the moment of a mass with respect to any plane containing the 
centroid is zero. 

Example 1. Five particles arc located as follows: mass proportional to 3 at (5, - 1,2); 
mass proportional to 4 at (1,2,-3); mass proportional to 1 at (4,3,1); mass propor¬ 
tional to 2 at (- 6 ,-2,4); mass proportional to 6 at (-2,1,4). Find the centroid 
of the system of particles. We have in ■ ■=* 3k, nij “ 4k, m ■ *= k, m 4 ■=* 2 k, m* ™ 6 k. 
Hence 

6 

M «=■ = IGA 

.-1 

Applying equations (1), we have 

16JM - 5 • 3* + 1 ■ 4* + 4 ■ * + (-G) ■ 2* + (-2) • 6 * 

2 - -r® 

16 kg - ( — 1 ) -3k + 2 • 4A: + 3 • A; + (- 2 ) • 2k + 1 • GA: 

y = g 

16*1 = 2 • 3A: + (-3) 4k + 1 • k + 4 • 2A; + 4 • GA: 

> * T 

I - T® 

Example 2. A homogeneous sheet of metal of uniform thickness r is cut into the 
shape shown in Fig. 1G5. Find the centroid. 

We first choose convenient coordinate axes as 
shown in the figure and then subdivide into 
rectangular sheets I, II, III. Since these have 
geometrical centers, we can at once write down 
the coordinates of their centroids, namely, 

Ci(4,V.tO, C,(11,4,£t), Ci(16 f i4r). Now 
consider the moss of each rectangular sheet as 
concentrated at its centroid. If the constant 
density is 6 , the moss of I is the area times 
the thickness times the density, thus: 
m» - 8 • 15 ‘ r ‘ 6 - 12Dr*. Similarly, the 
masses of the other two rectangular sheets 

are m, - 48r* and m% - 20r<5. The total mass is M - m, + m 2 + m, - 188r6. 
The centroid of the system of particles C h C Sf Ci has coordinates obtained by use of 
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equations (1) F 

188 tS2 - 4(120 t6) + ll(48r5) + 16(20r5) = 1328 r& 

2 = ir 

Similarly, y « Evidently, 2 - yr. The centroid of the metal plate, therefore, 

has coordinates -tt*, 'V<r> 1 T * 


EXERCISES 

Find the centroid of the following systems of particles (Ex. 1 and 2): 

1. Masses of 2,3, 5, 6 units at points (1,-2), (3,4), (-3,7), (-1,-2), respectively 

2. Masses of 2, 4, 5, 9 at points (1,3,2), (-2,4,4), (0,-1,-3), (6,1,-3), respec¬ 
tively 

3. Show that the centroid of a system of two particles divides the line joining them 
into segments inversely proportional to the masses of the particles. 

4. Show that the centroid of a system of three particles of equal masses not in a 
straight line is at the intersection of the medians of the triangle at whose vertices they 
lie. 

6. A piece of wire 10 in. long is bent to form a right angle of which one 6ide is 
6 in. and the other 4 in. long. Let the origin be at the vertex and the x axis along the 
6-in. side. Find the centroid. 

6. A thin rod 24 in. long is cut into two segments each 12 in. long. One of them 
is joined to the mid-point of the other (let this point be the origin) to form a T-shaped 
article. Find the centroid. 

7. The ends of two slender rods, one 12 in. long and the other 4 in. long and twice 
as heavy as the first, are joined to form a right angle. Find the centroid if the vertex 
is chosen for origin and the x axis is the shorter side. 

8. The bottom of a tin box is 8 by 10 in. The box is 4 in. deep. If there is no 
top, find the centroid. 

9. Solve Exercise 8 if the box has a cover weighing twice as much per unit area 
as the sides and bottom. 

10. A solid cube of edge 4 in. is placed on top of a cube of the same material of 
edge 10 in., the centers being in the same vertical line. Find the centroid. 

11. A solid cube of edge 10 in. is surmounted by a sphere of the same material and 
radius 4 in., the centers being in the same vertical line. Find the centroid. 

12. Solve Exercise 11 if the cube and sphere are hollow and made of thin sheet 
metal of density w lb. per square inch. 

13. Find the centroid of an open cylindrical tin can of radius 2 in. and altitude 6 in. 

14. From a circular plate of radius 8 in., a circular hole of radius 4 in. is cut. If 
the smaller circle is tangent (internally) to the larger circle, find the centroid. (Hint: 
Consider the portion cut out as having negative mass.) 

121. Centroids Found by Integration. Suppose we have a volume V 
occupied by a mass M, and let it be divided into n elements of volume 
AiV, A 2 V, ...» A„F. We shall call the masses A\M, Anil/, • • • , 
Anil/, which occupy, respectively, these n elements of volume, elements of 
mass. Let Ci(Xi,i \,Z\), C 2 (A 2 , . . . , C„(X„, l n) Z n ) be the 

centroids of these elements of mass, and let 5i, $ 2 , . . . , 8» be the densities 
at points C\, C 2 , , C n . Since we may regard the mass of each ele¬ 

ment of mass as concentrated at its centroid, the centroid of the system of 
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such mass particles has coordinates given by 
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2 » = 


X\ Ai M -f- Xi A2-1/ -{• 


+ X n Ajlf 


n 

^ XiAJf 


i-1 


Aj.A/ + A 2 ^/ + 


+ A M 


2*" 


i-1 


n 

Z Yiijl 


^ Zi A ,71/ 


2/n = 


i-1 


Zn = 


i-1 




i- 1 


2 A '" 
i-i 


If we define the centroid of the original mass 71/ as the point whose 
coordinates (2 ,y,z) are the limits approached by 2„, y n , z n as the greatest 
A { M approaches zero and n increases indefinitely, we have 


_ f X dM 
X ~ f dM 


. (Y dM 
y = JdJT 


fZ dM 
2 / dM 


(3) 


limits being chosen to include the whole mass. Since we have supposed 

A X M 

= o,. In other 


the density at the point C, to be 5„ we have lim 

dM 


a.V-0 A iV 

words, 6i is the value of 6 = at point C\. That is, dM = 6 dV 

where 5 is the density at the centroid of an element of mass. Hence, 
equations (3) may be written 


fXbdV 

£ ~ JbdV 


. JYbdV 
y ~ fbdV 


s _ fZbdV 
2 fbdV 


limits being chosen to include the entire volume. In the most general 
case, these integrals are so-called triple integrals which will be discussed 
in Chap. 18. However, certain relatively simple cases can be handled 
by methods already developed. We note that if the mass is homogeneous, 
6 is a constant and divides out, and the physical 
attribute of density plays no part in the deter¬ 
mination of 2, y, z. We are thus led to speak 
of the centroid of a volume , or of a plane area, a 
curved surface, or an arc length. 

122. Centroid of a Plane Area. To find the 
centroid of a plane area, we proceed as in the 
following example. 


2 . 1 # 



Example. Find the centroid of the area in the first 
quadrant bounded by the curves y - tr* and y = z*. 

Let *is use vcrticul rectangular elements of area (Fig. 166). We have 


Fia. 166. 


f 


r 2 

Jo 


(y» - yd dx = j n (4j* - z 4 ) dx = 
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To find i, we note that we may take* X — x and dM “ dA = (y* — Vi) dx. 
fore 


Hence 



There- 


To find y, we note that Y =■ ^(yj + y i), and dM =■ dA — (yt — yi) dx. Therefore 

j Y dM => 7 J* (y* + yi)(y* - yi ) dx - ? J Q (y»* - yi 1 11 ) dx 

- i f* (16x 4 - z') dx - 
Hence 0 = ^ + « - Y 

In statistical analysis, a frequency distribution is often represented by a 
frequency function, y = f{x). The arithmetic mean of the distribution is 
simply the abscissa of the centroid of the area between the x axis and the 
graph of y = /(x). 

EXERCISES 


Find the centroid of each of the areas described; as a rough check, make a sketch 
of the area and estimate the position of the centroid (Ex. 1 to 17). 

1. The area in the first quadrant bounded by the parabola y* ■*> 8 x and the line 
x - 2 

2. The area bounded by the parabola y' ■» 4ax and its latus rectum 

3. The area bounded by the parabola ay ~ a* — x* and the x axis 

4. The area bounded by the parabolas y* - x and x* = y 

6 . The area in the first quadrant bounded by the line y ■= x and the curve y — x* 

6 . The area of a semicircle of radius a 

7. The area of one quadrant of a circle of radius a 

8 . The area in the first quadrant bounded by the ellipse x *=■ a cos <p, y — 6 sin <p 

9. The area of a right triangle 

10. The area of any triangle 

11. The area bounded by the parabola y* = 4x, and the line 2x + y “ 4 

12. The area in the first quadrant under the curve y = e~* 

13. The area in the first quadrant under the curve y <=• l/x‘ and to the right of the 
line x = 1 

14. The area under the curve y = cos x from x = 0 to x = x/2 

16. The area bounded by the hyperbola x* — y* = a 1 and the line x = 2 a 

16. The area under one arch of the cycloid x = a{6 — sin 0), y = a(l — cos 0 ) 

17. The area in the first quadrant bounded by the hypocycloid x** + yH =. 

18. Show that the centroid of the area of a circular sector of radius a and half angle 


2 sin a 

a is at a distance - a - from the center. Show that, as a approaches zero, this 

3 a 

distance approaches §a. 


* We may take for -V any value from x to x + Ax (sec the fundamental theorem, 
Art. 105). 
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19. In polar coordinates, the distance from the pole to the centroid of an element 
of area of radius r and angle AO is $r, apart from infinitesimals of higher order (see 
Exercise 18). Show that, therefore, the coordinates of the centroid of the area 
bounded by the curve r = f(0) and the lines 0 - a, 0 ~ 0 can be obtained from the 
equations 

Al-i [" r* cos 6 dO Ay = g- j r* sin 0 do 


20. Find the centroid of the upper half of the circular area bounded by r = a. 

21. Find the centroid of the area bounded by the cardioid r = a(l + cos 0). 

22. Find the centroid of the area consisting of the upper halves of the two loops 
of the curve r* = a* cos 0. 

123. Centroid of a Volume. To find the centroid of a volume, we 
proceed as in the following examples. 

Example 1. Find the centroid of a hemispherical volume of radius a. This may 
be regarded as the volume of revolution obtained by rotating the area in the first 




quadrant of the circle z* + y* =» o* about the y axis. Since the y axis is a line or 
symmetry, i = 0. To find we may choose elements of volume in cither of two ways. 

1. Disk Method. Lot the horizontal clement of area shown in Fig. 167a rotate 
about the y axis. It generates a circular disk whose centroid is at the point (0,j/). 
We then have Y - y, dM - dV - rz» dy. Hence 



2. Cylindrical-shell Method. Let the vertical element of area shown in Fig. 1676 
rotate about the y axis. It generates a cylindrical shell with centroid at the point 
(0 ,^y). We have, therefore 


Y - iv dM — dV ** 2-rzy dx 


Hence {/ = 




Ijy ■ 2 wxy dx ■X zy* dx 


/o' 


z(a* — x*) dx 


/. 


2 rxy dx 






3 

" 8 a 


Example 2. Find the centroid of the volume of an elliptic cone of altitude h 
and with aemiaxea of the base equal to a and 6. Let the base of the cone be placed 
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with major axis on OX and minor axis on OY, and let the vertex be on OZ (Fig. 168). 
Slice the cone by planes parallel to the xy plane, forming elements of volume (one- 
fourth of a typical element is shown in the figure). Since OZ is a line of symmetry, 
£ ■= g =. o. To find z, we evidently may take Z = z, dM = dV = rxy dz. Hence 
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rh 

/ z • rxy dz 
2 = ^JK - 

Jo nydz 

We have the following equations to determine x and y 
in terms of z: 


x z 
a + h 


y °o 


so that 


x 


!+i-> 


x = 0 


so that 


Hence 


and 


Therefore 




'/, zxydz ' r t L 

k 


i 


z(h — z)* dz = — xabh* 

12 


V 




(A — z)* dz = - xabh 
0 3 


z = = - A 

12 4 


EXERCISES 

In the following, as a check on your calculations, estimate the result from a figure. 

1. The area bounded by the parabola y 1 = 4ar, the x axis, and the line x = a 
rotates about the x axis. Find the centroid of the volume. 

2. The area of Exercise 1 rotates about the y axis. Find the centroid of the 
volume. Solve by two methods. 

3. The area of Exercise 1 rotates about the line x = a. Find the centroid of the 
volume. Solve by two methods. 

4 . Find the centroid of the volume of a right circular cone of altitude h and radius 
of base a. 

x* f/* 

5. The area in the first quadrant bounded by the « ’!ipse + r; = 1 rotates 

a 1 b J 

about the x axis (half of a prolate spheroid). Find the centroid of the volume. 

6 . The area in the first quadrant bounded by the hyperbola x* — y* = a 1 and the 
line x =* 2 a rotates about the x axis. Find the centroid of the volume. 

7. The area in Exercise 6 rotates about the y axis. Find the centroid of the 
volume. 

8 . The upper half of the area bounded by the circle x 1 + = a 1 rotates about the 




Art. 124] centroid of an arc 335 

line x =■ b (b > a). Find the centroid of the volume generated (upper half of a 
torus). 

9. The upper half of the area bounded by the curves y* = 8 z and y* — 4z — 8 = 0 
rotates about the x axis. Find the centroid of the volume generated. 

10. Find the centroid of the volume inside the cylinder z* + y 1 = 2a’, outside the 
hyperboloid z* + y* — z* = a*, and above the xy plane. 

11. Find the centroid of the volume bounded by the paraboloid z* + y* = Aaz and 
the cone z* 4- y* = z*. 

12. A tetrahedron has three mutually perpendicular faces. The three mutually 
perpendicular edges are of lengths a, b, c. Find the centroid of the volume. 

13. An ellipsoid has semiaxes of lengths a, b, c. Find the centroid of the volume 
cut off by a plane through the center perpendicular to an axis. 

14. A right pyramid of altitude h has a square base of side a. Find the centroid 
of the volume. 

16. Find the centroid of the volume in the first octant bounded by the cylinder 
X* + y* = a* and the plane z = x. 

16. Find the centroid of the volume in the first octant under the plane z ■=» y 
and inside the cylinder y* = 4 — z. 

17. A wooden hemisphere has radius 2a. A cylindrical hole of radius a is bored 
through, the axis of the cylinder coinciding with the axis of the hemisphere. Find the 
centroid of the remaining solid. 

18. A solid wooden buoy is made of two right circular cones with common radius 
1 ft. The upper cone has altitude 6 in., and the bottom cone has altitude 3 ft. Find 
the centroid. 

19. A plumb bob consists of a cone of radius i in. and altitude 2 in., surmounted 
by a cylinder of radius -j- in. and altitude j in. Find the centroid. 

20. A weight consists of a cylinder of radius 1 in. and altitude 2 in. surmounted 
by a hemisphere of radius 2 in. The center of the base of the hemisphere is at the 
center of the top of the cylinder. Find the centroid. 


124. Centroid of an Arc; Centroid of a Surface of Revolution. To find 
the centroid of an arc or of a surface of revolu¬ 
tion, we proceed as in the following examples. 

Example 1. Find the centroid of a semicircular 
arc of radius a. We choose th e uppe r semicircle 
of z» 4- y* = o’, that is, y = y/a* - z* (Fig. 169). 

Since the y axis is a line of symmetry, £ = 0. To 
find 1/, we choose an element of arc length As. Let 
(z,y) be the middle point of this clement of arc. 

Now, / dM ■= / >ls with suitable limits chosen is 
simply the length of the semicircle, namely, ra. To find 

fYdM ~ IYds 

we have z* + V* “ a * an<1 therefore 2x + 2y = 0 

dx 

<h _ f 

dx y 







Hence 
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We may take Y 


Therefore 


y* This gives 



2a* 


Example 2. Find the centroid of a hemispherical surface of radius a. Let the 
first quadrant of the circle x* + y* ~ a* rotate about the y axis. Since the axis of 

revolution is a line of symmetry, 5=0. To find divide 
the arc into elements of length As. A typical element is 
shown in Fig. 170; let its middle point be (x,y). When 
the arc rotates about the y axis, this element generates a 
circular band whose centroid is at the point (0,F). If the 
area of this band is A A, then 

{Yd A 

Ol a Xs ^ S dA 

Fia - 170 - with suitable limits chosen. To evaluate these integrals, we 

first note that / d A is the area of the hemisphere, namely, 2»a*. We may take Y - y. 
Also, since 



(see Example 1), 


/ 


YdM 


I 


y dA 


- j y • 2rX ds ■=* J y • 

r° 

=» t a 2x dx ra* 

Jo 

! J ft 


a 

2xx ■ - dx 
V 


Therefore 


TO' 

2 ra* " 2 


126. Theorems of Pappus. There are two useful theorems named 
after the Greek mathematician Pappus (ca. 340 a.d.). 

First proposition of Pappus. Let a surface of revolution be generated 
by an arc lying entirely on one side of the axis of revolution; the area of 
the surface is equal to the length of the generating arc, multiplied by the 
circumference of the circle described by the centroid of the arc. Thus, if 

the y axis is the axis of revolution, A = 2xfs. 

Second proposition of Pappus. Let a volume of revolution be generated 
by an area lying entirely on one side of the axis of revolution; the volume 
is equal to the generating area multiplied by the circumference of the 
circle described by the centroid of that area. Thus, if the y axis is the 
axis of revolution, V = 2irxA. 

• Although Y is not equal to y, since the centroid of As is not at (x,y), still it is 
between the horizontal lines through H and K. The fundamental theorem of integral 
calculus allows us to take any value for Y between the lengths OH and OK in finding 
JY d*\ y is such a value. 
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The student should formulate proofs of these propositions as an 
exercise. 

EXERCISES 

1. Find the centroid of one quadrant of the circumference of a circle of radius a. 

2 . Solve Exercise 1, using the equation r = a (polar coordinates). 

3. Find the centroid of the first quadrant arc of the hypocycloid z** + yii = aW. 

4. Solve Exercise 3, using the parametric equations z =■ a cos’ f>, y = a sin* <?. 

5. Find the centroid of the arc of the circle r ■= a between 8 - —a and 8 -» a. 

6 . Find the centroid of the arc of the first arch of the cycloid 

x = a(8 — sin 8) y = a(l — cos 8) 

7. Find the centroid of the entire arc of the cardioid r ~ a(l + cos 8). 

8. Find the centroid of the lateral surface of a right circular cone of altitude h. 

9. Find the centroid of that portion of the surface of a sphere of radius a cut off 
by a plane b units from the center (spherical zone of one base). 

10. Find the centroid of that portion of a spherical surface cut off by parallel 
planes at distances b and c from the center (spherical zone). 

11. Prove the propositions of Pappus stated in Sec. 125. 

Use the propositions of Pappus to find the following (Ex. 12 to 16): 


12. The centroid of a semicircular arc 

13. The surface of a right circular cone 

14. The surface of a torus 

16. The volume of a torus 

16. The centroid of a semicircular area 

17. A buoy consists of a cone of radius 2 ft. and altitude 8 ft. surmounted by a cone 
of radius 2 ft. and altitude 1 ft. If the buoy is made of sheet metal (whose thickness 
may be neglected), find the centroid. 

18. A buoy consists of a cone of radius 2 ft. and altitude 8 ft. surmounted by a 
hemisphere of radius 2 ft. If the buoy is made of sheet metal, find the centroid. 


126. Fluid Pressure. If a plane surface is submerged vertically in a 
liquid, then the liquid exerts a certain total force upon it. To find this 
force, we shall imagine the surface divided 


into n elements of area A iA, A 2 A, . . . , 
A *A and find the force on each of these 
elements. The resultant of these ele¬ 
ments of force will be the total force upon 
the surface. The pressure exerted by a 
liquid is defined as the force that it exerts 
per unit area. In computing our ele¬ 
ments of force, we shall use the fact that, 
at a given point in the liquid, the force is 
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exerted equally in all directions. 


Consider a given plane area A, submerged in a liquid so that its plane is 
vertical. To find the total force exerted by the liquid on this plane area, 

consider n horizontal rectangular elements of area of lengths fi,/j, . . . ,l n 

and heights Ah (Fig. 171). Let the depths of the tops of these elements 
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below the line HK in which the plane of A cuts the surface of the liquid 
be, respectively, h h h a , ... , h n . Now, imagine the tth element of 
area rotated through 90 deg. about its top edge. Every point of the 
element would then be at a depth hi below the surface of the liquid, and 
the force exerted on such an element would be simply the weight of the 
column of liquid standing upon it. The volume of such a column would 
be hiU A h = hi A,A if we designate the area of the element by A iA. If we 
denote by w the weight per unit volume of the liquid, then the force 
would be why A<A. Next, imagine the tth element of area rotated 
through 90 deg. about its lower edge, and consider the force exerted 
upon it in this position. Every point would be at a depth hi+i. The 
force would, therefore, be whi+i A iA. Now, since the force at any given 
depth is exerted equally in all directions, it is clear that the force Aon 
the vertical plane element of area is between the two forces just calcu¬ 
lated; that is, 

why A iA < A yF < why+i A iA 

Hence A yF = win A <A = wiuU A h where hi < 17, • < ht+i 

Since the lines of action of these forces are all perpendicular to the sub¬ 
merged plane, an approximation to the total force on the submerged plane 
area is, therefore 

n n 

^ wr]y A iA = ^ wr\ily A h 

*■-1 »-I 

Hence, by the fundamental theorem, 

F = fwhdA = fwhldh 

where limits are chosen to include the entire area. 

If we designate by h the depth of the centroid of the area A below the 
surface of the liquid, we have 

c _ fh dA 
A 

that is, fh dA — hA, with limits chosen to extend the integration over 
the whole area. Consequently 

F = whA 

and we may state the following theorem : The force on a submerged vertical 
plane area equals the pressure wh at the centroid of the submerged area, multi¬ 
plied by the area. 


Example. A circular water main 4 ft. in diameter is closed by a bulkhead whose 
center is 40 ft. below the surface of the water in the reservoir. Find the force on the 
bulkhead. Choose coordinate axes with origin at the center of the bulkhead (Fig. 
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172). The area of a typical horizontal element of area is then AA = 2x Ay, and the 
depth below the surface of the water is ft = 40 - y. The element of force is 

A F = u>(40 — y)2i Ay 

and therefore 

F = 2w j 2 (40 — y)x dy 

Since j* + y’ = 4 is the equation of the circle 
that forms the boundary of the bulkhead, we 
have 

F ~ 2ic |_ 2 o (40 - y) V-i " V* d V 
=» IGOxio lb. 

If we take w = 62.4 lb. per cubic foot 

F = 31,300 lb. approximately 
= 15.7 tons 

Using the theorem, we note that the centroid of the area of the bulkhead is its geo¬ 
metrical center. Hence ft ~ 40 ft. The area of the bulkhead is 4«r ft. Therefore 

F = left A 
= 160ine lb. 



Fio. 172. 


127. Center of Pressure. We shall make use of the following princi¬ 
ples of mechanics to solve a problem involving the force upon a submerged 

vertical plane area: 

1. The resultant of a set of parallel forces is equal 
to the sum of the forces. 

2. Given a line HK and a force F whose line of 
action LM is at right angles to HK (Fig. 173). Let 
the shortest distance from LM to HK be l. The 

moment of the force F about the line HK is defined to be the product l ■ F. 

3. The moment about a given line of the resultant of a set of forces is 
equal to the sum of the moments of the separate forces. 

In the preceding section, we found the total force on a vertically sub¬ 
merged plane area A (Fig. 171). Let us consider again the elements of 
force of which a typical one was 

A*F = WTji A iA where hi < iu < hi+i 

This force may be regarded as acting at right angles to the plane of the 
area A, with its line of action at a distance »?, from HK (Fig. 171). Hence, 
by (2), the moment of this force is »?, A,F = win* A^A. The sum of the 
moments of the n elements of force is 



l 


wrjA A iA 


n 

• -1 


t orii'li A h 
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If we increase the number of elements of area and take the limit as Ah is 
made to approach zero, the sum of the moments has a limit (by the funda¬ 
mental theorem) 

E = fwh 1 2 dA = fwh 7 l dh 

with limits chosen so as to extend the integration over the entire area A. 

Now, since all the elements of force act at right angles to the plane of A, 
their resultant is, by (1), just the sum 

n 

^ ion AiA 

t - 1 

and the limit of this sum is F = fwh dA = fwhl dh with suitable limits of 
integration. 

We now find the depth h i at which the resultant force F must act to 
make its moment about HK equal to E. By (3) this gives 

hF = fwh 7 dA ■ (4) 

and from this we can calculate h. The point P at which F acts is called 
the center of -pressure of the area A, and formula (4) gives the depth of 
the center of pressure. 

Example. Find the center of pressure for the bulkhead in the Example of Art. 126. 
We have 

F = 160*ip dA =» 2 x dy h = 40 — y 

Hence 160*10 • 7i => j ^ tr(40 — y)*2x dy 

- 2u> J_ n (40 — y) 3 4 * y/i — y* dy 
= 6404*-ip 

Therefore £ = Vinr - 40.025 ft. 

That is, the center of pressure P is 40.025 ft. below the surface of the water. It is, 
therefore, 0.025 ft. = 0.30 in. below the center of the bulkhead. Because of sym¬ 
metry, P is situated on the y axis. If a brace were set at P, it would hold the bulk¬ 
head against the force exerted by the water, and the bulkhead would have no tendency 
to turn about any axis. 


EXERCISES 

Solve the following problems by integration, and check by the theorem of Art. 126 
where convenient (Ex. 1 to 11): 

1. Find the force on one end of a rectangular tank 2 ft. wide and 18 in. deep if the 
tank is full of water. 

2. Find the force on one face of a plank 10 in. by 8 ft., submerged vertically with 
its upper end in the surface of the water. 

8. Solve Exercise 2 if the top of the plank is 3 ft. below the surfnee. 

4. The ends of a trough are equilateral triangles of side 2 ft. Find the force on 

one end if the trough is full of water. 
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5. Solve Exercise 4 if the water in the trough is 1 ft. deep. 

8 . A trapezoidal dam is 1000 ft. long at the top, 800 ft. long at the bottom, and 
80 ft. high. If the face is vertical and the water is level with the top, find the force 
on the dam. 

7. A circular cylindrical boiler is 6 ft. in diameter and is placed with its axis 
horizontal. If it is full of water, find the force on one end. 

8 . Solve Exercise 7 if the water is 4 ft. deep. 

9 . A cylindrical tank with axis horizontal has elliptical cross section with major 
axis 6 ft. and vertical minor axis 4 ft. Find the force on one end if the tank is full of 
oil weighing 50 lb. per cubic foot. 

10. An opening in a dam is closed by a rectangular gate 3 ft. wide and 2 ft. high. 
The top of the gate is 50 ft. below the surface of the water. Find the force on the 
gate. 

11. The ends of a trough full of water are parabolic segments. If the trough is 
3 ft. wide and 2 ft. deep, find the force on one end. 

Find the center of pressure in the following cases (Ex. 12 to 17): 

12. Exercise 4 

13. Exercise 6 

14. Exercise 7 

16. Exercise 9 

16. Exercise 10 

17. Exercise 11 

18. A parabolic segment with base 26 and altitude a is submerged with the base 
in the surface of a liquid and its axis vertical. Find the center of pressure. 

128. Moment of Inertia. Consider a mass m, concentrated at a point 
P, and let X be any line (or HK any plane) at a distance R from P. In 
Art. 120, we defined the moment of first order of m with respect to the 
line X (or to the plane HK) to be the product Rm. We now define the 
moment of second order, or moment of inertia of the mass m with respect to 
X (or HK), to be the product 7 = R 2 m. The distance R is called the 
radius of gyration of the mass with respect to the line (or plane). 

Next consider a system of n particles with masses m lf m t , . . . , m, 
located at points whose distances from X (or HK) are, respectively, 
R u R 2> ... , R n . We define the moment of inertia of the system to be 
the sum of the moments of inertia of the separate particles; thus 

n 

I = Ri 2 m x + R 2 7 m 2 + • • • + R n 2 m n = ^ Rihni 

• -1 
n 

The total mass of the system of particles is M = ^ rrn. We may deter' 

*-i 

mine the distance R from X (or HK) at which a particle of mass M should 
be placed in order that its moment of inertia with respect to X (or HK) 
should be equal to 7. We need merely solve the equation 7 = R 1 M in 
which 7 and M are known. The distance R is called the radius of gyra¬ 
tion of the system of particles. 
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Example. Find the moment of inertia of the following system of particles in the 
xy plane with respect to the y axis: masses proportional to 2 at (— 3,6), to 5 at (1,2), to 
7 at ( — 2,9), and to 4 at (6,2). We have 

mi = 2 fc m* = 5k mt = Ik m« = 4k 

Ri = —3 R> = 1 R, = -2 R, = 6 

Hence / = 9 • 2k + 1 • 5* + 4 • 7k 4- 36 • 4k = 195* 

We can find the radius of gyration of the system, for M ■=■ 18*. Therefore 

195* = R 1 18* R* = -W- = V and /2 = 

129. Moment of Inertia of a Continuous Mass. To find the moment of 
inertia of a continuous mass, we shall follow the line of argument used in 
finding the centroid. We divide the mass M into n elements of mass 
AiAf, A 2 M, ...» Ajlf, with corresponding radii of gyration R i, R 2 , 

. . . , R n . We may express the moment of inertia of each element. The 
sum of these moments is 

n 

/„ = R x - A+ R 2 2 A 2 M + • • • + Rn 2 A n M = £ Ri 2 Ajl/ 

t-i 


If we define the moment of inertia I of the mass to be the limit of /„ as 
the greatest Ais made to approach zero, then, by a familiar argument, 

/ = JR 2 dM 

limits of integration being chosen to include the entire mass. 

Let a mass M occupy a volume V, and let the volume be divided into 
7i elements of volume AiV, A 2 F, . . . , A„F of which the masses are, 
respectively, AiAf, A 2 M , . . . , A n il/. Let the average density of the ith 
element be 5, (see Art. 119). Then 

n 

A iM = Si A iV and /„ = ^ RS • 5,- A^T 

The moment of inertia of the mass is I — JR 2 8 dV, limits of integration 
being chosen to include the entire volume. This is, in general, a triple 
integral which will be discussed in Chap. 18. It reduces in many cases, 
however, to a simple integral which we can handle by methods already 
studied. If the density is a constant and equal to unity so that 

I = jR 2 dV 

we call this the moment of inertia of the volume V. 

We may define moments of inertia of an area, an arc length, and a 
surface of revolution in a similar way, obtaining 

fR 2 dA fR 2 ds fR 2 dS 

where limits of integration are chosen to include the entire area, arc, or 
surface. 
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As in the finding of centroids, where it was essential to choose an ele¬ 
ment (of mass, volume, area, arc, or surface) the coordinates of whose 
centroid could be found , so, in finding moments of inertia, we must choose 
an element whose radius of gyration can be expressed in terms of the 
coordinate system employed. This will be made clear by examples. 


Example 1. Area. Find the moment of inertia of a rectangular area of base b 
and altitude a, with respect to the base. Let the base lie in the x axis, and the left 
side in the y axis (Fig. 174). Divide the area into n hori¬ 
zontal elements of area of width 6 and height Ay. The ith y 
element is shown in the figure. Let /?, be the radius of 

gyration of this element. Then the moment of inertia of 

„ o.a 

the area is ^ R ,* • 6 Ay. Since, evidently, It, is greater 

»'-1 

than y, but less than y, +1 , the limit of this sum is, by the 
fundamental theorem, 


/ = Jo y 1 -bdy = *a>6 



If we denote the area of the rectangle by A = ab, we may reduce the expression 
for /, by multiplying it by A /ab = 1, to I = -ynM. 

We recall the concept of a particle of mass, or of a mass concentrated 
at a point. We may also think of a mass distributed over a surface or 
along a line and speak of the surface density as m units of mass per unit of 
area. In Example 1, if the surface density is 8 units of mass per unit of 
area, then we may consider a mass of M units distributed evenly over the 
rectangle, and M = 5/1. The moment of inertia of the ith element of 
mass would be R, 2 ■ 5 • b At/, and 



Note that the radius of gyration of the mass (or of the area) is R = a/y/%. 
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circle. Also, z* -f y* 


We may think of a mass as distributed along a line 
and speak of the linear density as m units of mass per 
unit of length. 

Example 2. Arc Length. Find the moment of inertia of 
the circumference of a circle with respect to a diameter. Let 
the circle have radius a with center at the origin. We shall 
illustrate two methods of finding the moment of inertia with 
respect to the y uxis. 

CarUsian Coordinates. Wc have (Fig. 175) / = f x i 
where limits of integration are chosen to include the entire 
«= a* and ds - ( a/x) dy. Hence 


/ a a fa 

^ x* • - dy — 2a J x dy 

“2 a I y/a 1 — y* dy =» aV 

~-a 
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If we note that the circumference is s = 2xa, we have 


I = xO> 


2nd 


1 

2 


- a*3 


If a mass M is distributed evenly along the circumference with linear density 8 (for 
instance, if the circumference represents a thin homogeneous wire), then 

I = fz*5 ds = *a f 8s = *a f Af 

Here we have the radius of gyration of the element x =* a cos 0 
(Fig. 175), and de =» a do. Hence 


Polar Coordinates . 



r 


a* cos 1 0 • ad9 


a 

2 


:/o 


2r 


(1 + cos 20) do = 
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as before. 

Example 3. Volume of Revolution. Find the moment of 
inertia of a spherical volume with respect to a diameter. If 
we rotate the area inside the right-hand semicircle x* + y* = a* 
around the y axis, it generates the required volume. We shall 
find the moment of inertia with respect to the y axis. If we 


form vertical elements of area (Fig. 176), each one will generate a cylindrical shell, the 
volume of a typical one being approximately A iV = 2xx< • 2 y> Ax. Since each point 
of the shell is at a distance between x, and Xi +! from the axis of moments, we may 
take Ri =» x< and form the integral fR*dV. This gives 

/ => x* • 2tx ■ 2y dx = 4t x'y dx = 4x x* '\/d x '— x* dx 


tW o 1 


4 8 3 

Since V = - ira *, we may write I => — ira‘ • -—- 
3 it 4xo* 


• V 


b' v - 


If the sphere is occupied by a homogeneous mass M of density 6, 

{R 5 d.V = SR*8 dV = $a*8V = f a'M 

Note that the radius of gyration is \/i • a. 

Example 4. Find the moment of inertia of a circular sector (area) of radius a 
and central angle a with respect to a line through the center per- Y \ 
pendicular to the plane of the circle. This is often called the 
polar moment of inertia of the sector. Place the sector as shown 
in Fig. 177. Divide the sector into n elements of area by draw¬ 
ing circles of radii xi, x«, . . . ,x„_i,x, = a, at a distance Ax apart. 

Consider the »'th element of area, a segment of a circular ring as 
shown in the figure. The area of this element is between aTi Ax 
and ax.+i Ax. At the same time, every point of the element is at 
a distance from 0 (and therefore from the axis of moments) between x< and x< + i. 
Hence, the moment of inertia of the element is between 

Xi* ■ aXi Ax = ax, 1 Ax and Xt+i* • aXi + i Ax = ax< + i* Ax 

Therefore, by the familiar argument, 

fa , 

/ = / QX 3 dx = jart 4 

Since the area of the sector is A =* £aa 2 , we have I « \a*A. 
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As in the previous examples, if a mass M is distributed over the area with constant 
surface density 5, then I = &A = jaW. The radius 

of gyration is R = a/y/2. 

Example 6. Find the moment of inertia of the area 
bounded by a polar curve r = f(0) and two radius 
vectors 6 = a and 6=0, with respect to a line through 
the pole perpendicular to the plane of the curve. Since the 
element of area in polar coordinates is a circular sector 
(Fig. 178) with central angle A6 and radius r„ the result 
of Example 4 enables us to write down the moment of 
inertia of this element of area, namely, A6. Consequently, the moment of inertia 

of the whole area is \ J r* dd. 

The moment of inertia of a body may be interpreted physically as the 
resistance that the body offers, through its inertia, to rotation about an 
axis. 

In statistics, the “standard deviation" of a distribution represented 
by a frequency function is simply the radius of gyration, with respect to a 
vertical line through the centroid (the arithmetic mean) of the area under 
the frequency curve. Furthermore, it may be interesting to note that, 
in statistics, moments of higher than second order are frequently used. 

The moment of A'th order about the y axis is defined to be j " x l f(x) dx 

where f(x) is the frequency function. 



EXERCISES 

Find the moment of inertia with respect to the specified line in the following coses. 

1. Masses of 3 units at (0,1), 2 units at (-5,2), 4 units at (3,-4), 1 unit at (-1,-2) 
with respect to each of the coordinate axes 

2. Masses of 1 unit at (0,0), 5 units at (-1,1), 3 units at (2,3), 4 units at (3,-2) 
with respect to the line y = x 

3. Masses of 2 units at (1,2,1), 3 units at (-3,1,0), 5 units at (-2, -3,4), 4 units at 
(2,4,—3) with respect to each of the coordinate planes 

4. The masses of Exercise 3 with respect to each of the coordinate axes 

6. Masses of 5 units at (-1,2,2), 4 units at (5,4,1), 3 units at (6, -2, - 1), 2 units 
at (0,1, —2) with respect to each of the coordinate axes 

6. Equal masses concentrated at the corners of a square of side a with respect to 
one uide of the square 

7. Equal masses concentrated at the corners of a cube of edge a with respect to an 
edge of the cube 

8. Equal masses concentrated at the corners of a rectangle of length a and width 6 
with respect to a side of length a 

9. A straight-line segment (such as a rod or wire) of length l with respect to a 
perpendicular through one end 

„, 10 ln A Wir H T l 10 “ T*?? ° f ' Vidth 10 in - and ‘'"S' 11 20 in. with respect to 
the 10-in. Bide (use the result of Exercise 9) V 

11. The area of a circle of radius a with respect to a diameter 

12. Solve Exercise 11, using the result of Example 1, Art 129 
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13. The area of any triangle of altitude a with respect to the base 

14. The area bounded by the parabola y* = 4ax and the line x = a with respect to 
the coordinate axes 

16. The area of Exercise 14 with respect to the line z = a 

16. The area bounded by the parabolas y* = 4ax and x* =* 4oy with respect to the 
y axis 

17. The area under the curve y = sin x from x = 0 to x = x with respect to the 
y axis 

18. The area of Exercise 17 with respect to the x axis 

19. The area in the first quadrant under the curve y = e~ x with respect to each 
of the coordinate axes 

20. The length of arc of the curve y = In x from x = 1 to x = 2 with respect to the 
y axis 

21. The circumference of the circle r = 2o cos 0 with respect to the polar axis 

22. The volume of a right circular cone of altitude h and radius of base a with 
respect to its axis 

23. The volume of a right circular cylinder of radius a with respect to its axis 

24. Use the result of Exercise 23 to solve Exercise 22. 

26. Use the result of Exercise 23 to solve Example 3 of Art. 129. 

26. The volume obtained by revolving the area bounded by y* = 4ax, the line 
x = a, and the x axis about the x axis, with respect to the x axis 

27. The volume obtained by revolving the area bounded by y* = 4ax and the line 
x =■ a about the y axis, with respect to the y axis 

28. The volume obtained by revolving the area of Exercise 27 about the line x = a, 
with respect to x = a 

29. The volume obtained by rotating the triangle whose vertices are (0,2), (0,0), 
(1,0) about the line x = 2, with respect to the line x = 2 

30. The volume of the torus obtained by rotating the circle x* + y* =* a* about the 
line x = b (b > a) with respect to the line x =* b 

31. The volume of the oblate spheroid obtained by revolving the ellipse x = a cos <p, 
y = b sin <p about the y axis, with respect to the y axis 

32. The area of a circle of radius a with respect to a line through the center perpen¬ 
dicular to the plane of the circle (polar moment of inertia) 

33. The area of the circle r =» 2a cos 0 with respect to a line through the pole 
perpendicular to the plane of the circle 

34. The area bounded by the cardioid r = a(l -f cos 0 ) with respect to a line 
through the pole perpendicular to the plane of the cardioid 

36. The area bounded by one loop of the curve r = a cos 30 with respect to a line 
through the pole perpendicular to the plane of the curve 

36. Solve Exercise 35 for the curve r = a cos n0. 

37. The surface of a sphere of radius a with respect to a diameter 

38. Solve Exercise 37, using polar coordinates. 

39. The surface of a right circular cone of altitude h and radius of base a, with 
respect to its axis 

40. The surface of the torus obtained by rotating the circle x* + y* ■* a* about the 
line x = b (b > a), with respect to the line x = b 

130. Approximate Integration; Trapezoidal Rule. In many practical 
problems, it is necessary to calculate the value of a definite integral. As 
we have seen, this problem is equivalent to the problem of calculating the 
area bounded by a given curve, the x axis, and two ordinates. Suppose 
the equation of the curve to be y = /(x) and that we wish to calculate 
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Art. 130] 

dx. Now it may well happen that //(x) dx cannot be expressed 

in terms of elementary functions, so that the usual method of evaluating 
the definite integral cannot be applied. Or it may happen that we wish to 
find an area whose bounding curve is determined from experimental data 
by plotting points and drawing a smooth curve through them. In such a 
case the curve is specified graphically, but its equation may not be known. 
Hence, the usual method of evalu¬ 
ating a definite integral to find the 
area is not available. In all such 
cases, we must resort to some 
method of approximate computa¬ 
tion of the area or integral in 
question. The computation of 
the sum of rectangular areas that 
underlies the definition of the de¬ 
finite integral as the limit of a sura 
(Chap. 14) would be one such ap¬ 
proximate method. Two other 
methods that yield simple and 
easily applied formulas, the trapezoidal rule and Simpson’s rule, will be 
developed in this and the next section. No attempt will be made to 
discuss the error resulting from the approximation. 

Let y = f{x) have a graph as indicated in Fig. 179, and suppose that 
we are required to find approximately the area bounded by this curve, 
the x axis, and the ordinates at x = a and x = b. Divide the segment 
AB of the x axis into n subsegments by choosing points with abscissas 

X\, Xi, , Xn —i. Let a = xo and b = x„. Let the lengths of the sub- 
segments be 

xi — xo = Aix 

xi — Xj = A 2 x 



% n— 1 — A n X 

units. Draw ordinates of lengths y 0 , y lt . . . , y n units at these points of 
division, and let them cut the curve in points P 0 P . P, P 

indicated in the figure. In Art. 104, we next drew horizontal lines through 
these points to form rectangles and saw that the sum of their areas is an 
approximation to the required area. Instead of this, draw lines P 0 P 1 
P 1 P 2 , P 2 P 2 , . . . , Pn-iPn forming inscribed trapezoids. The sum of the 
areas of these trapezoids will be an approximation to the area under the 
curve. We proceed to calculate this sum. 

The area of the trapezoid AQ,P l P 0 i B 

iiAPo + Q:P t ) • AQi = l(y 0 + y x ) A lX 
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The area of the next trapezoid is 7 ( 2/1 + 2 / 2 ) Asx. The area of the next is 
i(2/a + yi) Asz, and so on. Clearly, the sum of the areas of the trapezoids 
is 

S = 7 ( 2/0 + Vi) Aix + 7 ( 2/1 + 2/s) A s x + • • • + 7(2 /i»-i + 2/») A»z (5) 
If we divide the segment A B into n equal subsegments so that 

Aix = A 2 x = • • * = A^r = Ax, 
formula (5) obviously reduces to 

* S = (ll/0 + 2/1 + 2/2 + * * * + 2/n-l + 72/n) As (6) 

This is known as the trapezoidal rule. If the curve is sufficiently regular 
to permit a choice of equal intervals Ax, this rule is more convenient than 
(5). Evidently, if the equation of the curve is known, the ordinates 
2/o, 2/i» 2/s, • • • > 2/» can be calculated. If the curve is given graphically, 
that is, sketched through points plotted from empirical data, the ordi¬ 
nates must be measured or their lengths taken directly from the tabulated 
data. In the latter case, formula (5) may prove to be more convenient 
than (6). 

Since the value of any definite integral can be represented by the area 
under a curve, it can be approximated by use of the trapezoidal rule. It is 
clear from geometrical considerations that the larger the number of 
divisions chosen the better will be the approximation. We may write 

///(*) dx - [*/(*,) +/(*,) +/(*,) + • ■ ■ +/(*.-!) 

+ i/fan)] Ax approximately 

/ e dx 

— by the trapezoidal 

rule, we shall make use of eight divisions. This gives x 0 =■ 1, z, — 2, x t — 3, . . . , 
i» = 9. By calculation we have, since 


V - \ - /(*) 



X 



7!/o ” 

1 1 

- 

0.5000 

yi - 

1 

TT 


0.5000 

Vt “ 

1 

7 

=J 

0.3333 

Vi = 

i 

T 

ca 

0.2500 

V* - 

1 

7 

- 

0.2000 

Vi “ 

I 

7 

- 

0.1667 

V* - 

i 

T 

=» 

0.1429 

V » 

1 

■ff 

n 

0.1250 

TV* “ 

1 1 
7 • ^ 


0.0556 




2.2735 


Since Ax = 1, we have 

S ™ Ogl/o + Vi + V* + • • • + 1/7 + \y%) Ax ■■ 2.2735 
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We can compare this with the actual value of the integral, namely, 
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f9dz , *10 

/ — = In x I =• In 9 = 2.1072 


approximately, so that our calculation gives a result in error by 3 per cent. 

Example 2. A farmer owns a piece of land 
bounded on one side by a river bank and on the 
other three sides by straight lines, as indicated 
in Fig. 180. Measurements arc made as shown. 

It is required to find an approximate value for 
the area of the field. Here the curve y = /(x) is 
given graphically by plotting points from the 
measurements. Evidently, formula (5) is more 
conveniently used than (6). We have y 0 « 96, 

Vi - 123, y 2 = 119, y% = 149, y 4 - 124, y 4 « 120, y# = 87; A,x - 102, A*x = 37, 
A»x «= 63, AiX » 50, A*x = 52, A*x = 78. Applying formula (5), we get 


/ 

t 

! 

/ 

9 

\ 

- ^ 

123 

119 

149 

124 

12Q / 

102' 

n' 

G3' 

60' 

52' 

78' 


87 


Fig. 180. 


+y«)A,z = 1(96 -f 123)102 - 11.169 
*(y. + Vt) A* - 3(123 + 119)37 - 4,477 

t(!/> + !/»)A,x - i(l 19 + 149)63 - 8.412 

3 (y» + y t ) A*r = ^(149 + 124)50 = 6.825 

3 (y« + y») Aa - 3(124 + 120)52 = 6.344 

i(y* + V*) A*x = 3(120 + 87)78 = 8,073 

S = 45,330 

The student will realize that the calculated value of the area of the 
field is in error, not only because curved lines have been replaced by 
straight-line segments to form trapezoids whose areas appear in (5), but 
because the measurements themselves may be in error. Since some 
measurements are given with two significant figures, others with three, 

we are not justified in retaining more than two 
significant figures in our result. We say, 
therefore, that the area of the field is approxi¬ 
mately 45,000 sq. ft. 

131. Simpson’s Rule. As a preliminary 
step in developing Simpson’s rule, we shall 
establish a property of the parabola. Con¬ 
sider the parabola y = ax 2 + bx + c (Fig. 
181). Let Xo, x\, x t be the abscissas of points 
A, Q i. Qt on the x axis, and suppose Qi to be 
the mid-point of AQ t . Let y 0) y lt y 2 be corre- 
spending ordinates of points P 0 , P lf P , on the parabola, and let 
Ax = xj - xi = Xi - x 0 . We shall show that the area under the parabola 
from x = Xo to x = Xt is given by the formula 
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Fxo. 181. 


Ax 


AQzPjPo = (y 0 + 4j/i + y t ) 


(7) 



350 PHYSICAL APPLICATIONS OP THE DEFINITE INTEGRAL [CHAP. 16 

We have 
Area = j 

= i[2a(xj* — x 0 3 ) + 36(x 2 * — x 0 2 ) + 6c(x 2 — x 0 )] 


Xf 


XI 


(ax 2 + bx + c) dx = ^ x* + ^ x* + cx 


{X2 6 Xo) - [2a(xj 2 + x 2 x 0 + x 0 s ) + 36(x 2 + x 0 ) + 6c] 


2Ax 


_ Ax f 

' 3 1 


[(ax 0 2 4- bx 0 + c) + (ax 2 2 + bx 2 + c) + 


a(x 0 * + 2 xoX 2 + x 2 2 ) + 26(x 0 + x 2 ) + 4c] 


yo + 2 /i + 4a 


(SL+L**)* + 46 (^-j + 4c' 


y (2/o + 2/s + 4 t/i) 


since 


Xi = 


xo + x 2 


0 


r 


Pi 

/\ 




V 

A 

Po 
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y 0 

V\ 

v 2 
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AX 
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Qr 
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Fio. 182. 


This same formula holds in case y is a polynomial of third degree in 

x (see Exercise 25 below). 

Now consider the area shown in 
Fig. 182. Let us suppose n to be 
even, so that there is an even number 
of subsegments AQ h Q\Q«, . . . 
Q n -\B. Furthermore, let the sub- 
segments be equal in length, say Ax 
units long. Instead of joining points 
Po, Pi, Pt, . . . , P« by straightline 
segments, let us pass a parabola with 
vertical axis through P 0 , Pi, P 2 ; 
another through P 2 , P 3 , P<; another through P 4 , P 5 , P 6 ; and so on. We 
shall add together the areas bounded by these parabolic arcs, the even- 
numbered ordinates, and the x axis. 

The area of the first strip /IQ 2 P 2 P 0 is, by (7), 

Ax 

y (yo + 4 1/1 + y 2 ) 

Similarly, the areas of the second, third, . . . , nth strips are, respectively 

y (2/J + 4t/, + y 4 ) 

y ( 2 /< + 4y 5 + 2 h) 
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Adding these together, we get for our approximation to the area under 
the curve 


* S = (yo + 4yi + 2y t -f 4yj + 2 + 


+ 2y„_j + 4|/„_j -|- y n ) 


= ^ Kj/o + 2/n) + 2(yj 4- y« + 


+ y»-2) 

+ 4(y, + y 3 + • • • + y n _,)] 


This is called Simpson’s rule.* Note that n is required to be even and 
that the subdivisions of the segment AB of the x axis arc all Ax units in 
length. 

We may, therefore, write as an approximate formula for a definite 
integral 


J'm dz = Y i/(*») +/(*.) + 2 L«*<> +/(*«) + ■ • • 

+ /(x n _ 2 )] + 4[/(xi) +/(x 3 ) + • • • + /(x n _i)]| approximately 

As in the case of the trapezoidal rule, the larger n and the smaller Ax, 
the better will be the approximation obtained. The result is exact if 
/(x) is a polynomial of third or lower degree (see Exercise 25 below). 


Example. To calculate an approximate value for 


J l * 


by use of Simpson’s rule, 


we may take eight divisions. Values of x 0 , z h . . . , x H and of y„, y u . . . , are 
listed in Example 1 of the preceding section. We have 


2/o = 1 • 0000 

y» = 0.1111 

2 2/1 = 0.GGGG 
2y, => 0.4000 
2y, = 0.2858 
4 j/i = 2.0000 
42 /, = 1.0000 
4 2/, = 0.6GG8 
4 2/j = 0,5000 

6.6303 

Also, = -• Hence, <S = - (6.6303) =■ 2.2101. We may compare the results of 

O O o 

our methods for calculating this integral, as follows: 


Trapezoidal rule. 2.2735 with error of 3 per cent 

Simpson’s rule. 2.2101 with error of 0.6 per cent 

Actual value. 2.1972 (from a four-place table of logarithms) 


EXERCISES 

Compute the following integrals by use of the trapezoidal rule as indicated. Check 
the results by performing the integration where convenient (Ex. 1 to 12). 

• Named after Thomas Simpson (1710-1761). 






352 PHYSICAL APPLICATIONS OF THE DEFINITE INTEGRAL [CHAP. 16 


[* 

1. / x* dx; use n * 5. 

Jo 

8. J x Vl6 - 
•■/> 


x 1 dx ; use n = C. 


x* + 25 dx; use n = 9. 


n f 4 dx 

2. —; use n = 6. 

J i 1 

f* _ 

4. / v 18 — x* dx; use n = 8. 

Jo 

8 




C. I (G4 — x*)W dz; use n = 8. 

o 


V G4 — x l dz; use n — 8. 


j\Vio 


+ z 4 c lx\ use n =6. 


9. /* — .. ■ ; use n =■ 8. 10. [ x 8 + z 3 dz; use n = 6. 

Jo V25 - x 5 Jo 


f r ' 2 

U ‘ Jo “ 


sin 5 d0; use n ■=» 9. 


12 


fW2 

■Jo ^ 


sin 0 d0; use n = 9. 


Use Simpson’s rule to compute approximate values for the following integrals as 
indicated. Check results by performing the integration where convenient (Ex. 13 
to 22). 


13. / x 1 dx; use n “ 4. Explain why the result is 

Jo 

/: 


exact. 


14. I x* dx; use n = 0. 

2 

16. The integral of Exercise 6 

18. The integral of Exercise 8 

19. The integral of Exercise 12; use n = 6. 


16. The integral of Exercise 4 

17. The integral of Exercise 7 


22 


r */3 

. / \Aai 

Jo 

/. 


an 0 d0\ use n =» 6. 

do 


fr/2 

Cl. j V2 


+ sin 1 0 d0; use n = 6. 


0 y2 - cos* 0 


; use n « 6. 


23. Integrals like / r* dr must frequently be evaluated in statistical work. 

Tables of this so-called "probability integral” are available, but Simpson’s rule may 
also be used. Calculate an approximate value for this integral, using n = 10. 

24. Find the length of the ellipse whose parametric equations are z = 2 cos <p, 
y = sin tp . Use Simpson’s rule to evaluate the integral, choosing some convenient 
value of n. 

26. Verify that formula (7) is correct in each of the following cases: (a) y = k, 
(b) y = mz, (c) y = ax 1 . Hence, show that Simpson’s rule is exact for /(z) a poly¬ 
nomial of third or lower degree. 

26. A prismatoid is a solid having as bases two polygons in parallel planes. The 
other face3 are triangles, each of which has a side of one polygon for base and a vertex 
of the other polygon as its vertex. Special cases of prismatoids occur when two of the 
adjoining triangles are in the same plane, or when one of the polygonal bases degener¬ 
ates to a line or point. If the areas of the polygonal bases are Aoand/l 2 , respectively, 
if the distance between these bases is h, and if A \ is the area of the cross section of the 
prismatoid made by a plane parallel to the bases and midway between them, then 
the volume of the solid is given by the prismoidalformula V =» (A/6)(A 0 + 4Ai + A t ). 
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This formula is proved in books on solid geometry. Now let a solid have parallel 
end areas, and let these be parallel to one of the coordinate planes, say the yz plane. 
Suppose, further, that the cross-sectional area made by any plane parallel to the end 
planes is a polynomial function of degree less than 4 of the distance z from the yz 
plane to the cutting plane: A = a&r* + aii* + a*z + a». Let zo and z» be the 

distances from the yz plane to the ends of the solid. Then V = A dx. Show 

that the value of V obtained by using the prismoidal formula is the same as that 
obtained from the integral. Hence, the prismoidal formula gives an exact result not 
only for a prismatoid, but for a volume of the type described. 

27. Explain why the prismoidal formula can be used to evaluate a definite integral 
approximately: 


/: 


f{x) dx 


X ; — Zp 
6 


L n~o ) + 4/(z.) +/(Z,)1 


(compare Exercise 25). The result is exact if fix) is a polynomial of degree less than 
or equal to 3. 

28. In Simpson’s rule, set n = 2, and show that the result is the prismoidal formula. 


MISCELLANEOUS EXERCISES 

1. The force required to stretch a spring 3 in. is 2 lb. How much work must be 
done to 6tretch the spring a distance of 1 ft.? 

2. If it requires 1C ft.-lb. of work to stretch a spring 2 ft., find the “spring con¬ 
stant" (see Example 1, Art. 118). 

3. The top of a conical reservoir is a circle of radius a ft. The depth is h ft., and 
the reservoir is full of liquid of density w lb. per cubic foot. Find the work done in 
pumping the contents to a delivery point at the top of the reservoir. 

4. A hemispherical reservoir has radius a ft. and is full of liquid of density w lb. 
per cubic foot. Find the work done in pumping the contents to a delivery point at 
the top of the reservoir. 

6. Masses of 3, 2, 4, 7 units arc placed at points (4,1), (-2,2), (-5,-3), and 
(3, - 1), respectively. Find the centroid. 

0. Masses of m, 3m, Cm, 8m, 8m are placed at points (1,2,4), (-2,-3,-1), 
(0,-5,2), (5,4,-2), (-1,2,2), respectively. Find the centroid. 

7. A table has legs 3 ft. long weighing 12 lb. each and a top weighing 52 lb. Find 
the centroid. 

8. Find the centroid of an open rectangular box 1 ft. wide, 2 ft. long, and C in. 
deep. 

9. A solid sphere of radius 3 in. surmounts a solid circular cylinder of the same 
material and of radius 4 in. and altitude G in. The center of the sphere is in line with 
the axis of the cylinder. Find the centroid. 

10. A rectangular plate has vertices (0,0), (14,0), (14,10), (0,10). A circular hole 
of radius 2 in. and center at (9,3) is cut from the plate. Find the centroid of the 
remaining object. 

11. Find the centroid of the area bounded by the two parabolas y* - 4oz and 
x* — 4 ay. 

12. Find the centroid of the area between the parabolas 9j/ - 2z' and y •=» 11 — z*. 

18. Find the centroid of the area under one arch of the curve y — sin’ z. 

14. Find the centroid of the area included between the two curves y* — 8z and 
v * + 2z - 20 - 0. 
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15. Draw any quadrilateral; then find the centroid of its area by a graphical 
method. 

16. Find the centroid of the area bounded by the z axis, the lines x = a, x » 2 a, 
and the hyperbola whose parametric equations are x = i sec <p, y = a cos <?. 

17. Find the centroid of the area in the first quadrant bounded by the hypocycloid 
x = a cos* <p, y = a sin* <p. 

18. Find the centroid of the area of the upper half of the cardioid r = a(l + cos 0). 

19. Find the centroid of the area of half a circular ring of inside radius a and out¬ 
side radius b. 

20. The area in the first quadrant bounded by the ellipse x = a cos v>, y = b sin <p 
rotates about the y axis (half an oblate spheroid). Find the centroid of the volume. 

21. Find the centroid of the volume inside the sphere z* + y* + z* = 9a*, outside 
the hyperboloid z* + y* — z 1 = a*, and above the zy plane. 

22. Find the centroid of the volume of a spherical segment of one base of radius a 
and altitude h. 

23. A right pyramid of altitude k has a rectangular base of sides a and b. Find 
the centroid of the volume. 

24. Find the centroid of the smaller volume bounded by the surfaces z* + y* * 25, 
4y* = 9z, z = y, z = 0 (see Exercise 11, page 311). 

26. A wooden top consists of a cone of radius 1 in. and altitude 3 in. surmounted 
by a hemisphere of radius 1 in. Find the centroid. 

26. Find the centroid of the arc of the parabola y* = 4z from the origin to the 
point (4,4). 

27. Find the centroid of the surface obtained by rotating one loop of the lemniscate 
r* = 2a’ cos 2d about the polar axis. 

28. A trough 4 ft. deep and 6 ft. wide has semielliptical ends. Find the force on 
one end if the trough is full of water. 

29. The ends of a trough are parabolic segments. If the trough is 2 ft. wide and 
2 ft. deep, find the force on one end. 

30. An opening in a dam is closed by a circular bulkhead 2 ft. in diameter. If the 
center is 60 ft. below the surface of the water, find the force on the bulkhead. 

31. Find the moment of inertia of the area of an ellipse with respect to its major 


and its minor axes. 

32. Find the moment of inertia of the area under the curve y = cos z from z = —x/2 
to x = t/2 with respect to the z axis. 

S3. Find the moment of inertia with respect to the y axis of the area in the first 
quadrant bounded by the hypocycloid z = a cos* 0, y = a sin’ 0. 

84. Find the moment of inertia with respect to the z axis of the volume bounded 
by the surfaces z* + y* = 4az and z 1 + y 1 = z*. 

36. The area in the first quadrant bounded by the hypocycloid of Exercise 33 
revolves about the y axis. Find the moment of inertia of the volume with respect to 
the y axis. 

86. Find the moment of inertia of the area bounded by the curve r* = o* cos 0 with 
respect to a line through the pole perpendicular to the plane of the curve. 

87. Find the moment of inertia of the area bounded by the curve r* = a* sin 20 
with respect to a line through the pole perpendicular to the plane of the curve. 

38. Evaluate the integral \A* + 1 dx. Compute approximate values by the 
trapezoidal rule and by Simpson’s rule, using n = 4. Compare the results. 

f t /2 

89. Same as Exeroise 38 for / sin* z dx. Use n — 6. 

Jo 

40. Same as Exercise 38 for xt~* dx. Use n =* 8. 
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PARTIAL DIFFERENTIATION 


132. Functions of More than One Variable. In all of our work so far, 
we have been concerned with functions of a single independent variable. 
We can, however, think of any number of examples of quantities that 
depend upon two or more independent variables. For instance, the 
area of a rectangle is a function of its base and altitude, the mass of a 
rectangular solid of homogeneous material is a function of its length, 
breadth, height, and density; the present value of an annuity is a function 
of the size and frequency of the payments, the interest rate, and the length 
of time during which payments are to be made. 

If z is a function of two variables x and y, we write z = f(x,y). If u is a 
function of three variables x, y, z, we write u = f{x,y,z), and similarly 
for functions of any number of variables. A function of two variables 
z _ f( x ,y) can be conveniently represented geometrically by the z coor¬ 
dinate of a point on a surface in space of three dimensions. We shall 
confine our discussion largely to functions of two variables and give a 
brief treatment of some of the most important principles involved; a 
more extensive discussion of the subject is best deferred to a more 
advanced course. 

133. Limit of a Function of More than One Variable. The idea of the 
limit of a function of a single variable can be extended to the case of the 
limit of a function of two or more variables. We say that the limit of 
f(x,y) is l as x approaches a and y approaches b, provided that the differ¬ 
ence between l and f(x,y) can be made numerically as small as we please 
by taking x close enough to a and y close enough to b. Note that we are 
in no way concerned with what happens when x = a and y = b. Geo¬ 
metrically, this means that the z coordinate QP of the point P{x,y,z) of 
the surface z = f(x,y) approaches a length l = RS as a limit as the point 
Q(z, j/,0) approaches the point ft (a,6,0) along any path whatever in the 
xy plane (Fig. 183). The point S may or may not be a point of the sur¬ 
face. If S is a point of the surface so that / = f(a,b), then the function 
f(x,y) has the property that lim f(x,y) = f(a,b) and is said to be con- 

X"*0 

y -*6 

tinuous at the point ( a,b ). If f(x,y ) is continuous at each point of a 
certain region in the xy plane, it is said to be continuous throughout this 
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region. In the following discussion the functions are assumed to be 
continuous at all points involved unless otherwise expressly stated. The 
student should compare this definition with that given in Art. 7 and Art. 11 
for the limit and continuity of a function of a single variable. 

It is very important to observe that, in defining lim f(x,y), it is under- 



V—b 

stood that the limiting value of the function is to be quite independent of 
the manner in which x approaches a and y approaches b. 

We may state our definition of the limit of f(x,y) in precise language as 
follows: The limit of f(x,y) as x approaches a and y approaches b is l 
provided that, for any given positive number e, however small, there exists 

a number 8 such that | f(x,y) — l\ < e for 
all values of x a and y ^ b such that 
\x — a| < 8 and |y — b\ < 8. 

The limit of a function of more than two 
variables is similarly defined, although the 
geometrical interpretation is no longer con¬ 
venient. For example, 

lim F(x,y,z ) = L 

r—a 
ir-6 
r-*c 

provided that the difference between L 
and F(x,y,z) can be made numerically as 
small as we please by taking x close enough to a, y close enough to 
b, and z close enough to c. If L = F(a,b,c), then F(x,y,z ) is said to be 
continuous at ( a,b,c ). 

134. Partial Derivatives. Let z be a function of two variables, 
z = /(*.!/)• If V is held fixed, z becomes a function of x alone, and its 
derivative (if it exists) can be found. The result is called the partial 

derivative of z with respect to x and is denoted by the symbol “ Other 

ox 

symbols frequently used for this partial derivative are fs(x,y), /*, 

C/X 

z,. Thus 

— = lim /(* + ^.y) - /(*.!/) 

dx ai— o Ax 

If x, instead of y, is held fixed, then f(x,y) becomes a function of y 
alone, and its derivative (if it exists) can be found. The result is called 
the partial derivative of z with respect to y and is denoted by the symbol 

or by f v (x,y), /„, z„. Thus 


= H m /fay ± A v) ~ 

dy Ay-o A y 
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If z is given as an implicit function of x and y by an equation 


F(x,y,z) = 0 


the partial derivative of 2 with respect to x can be found by holding y 
constant, keeping in mind that 2 is now a function of x, and applying the 
former rule (Art. 27) for finding the derivative of an implicit function. 
The differentiation of implicit functions of more than one variable will be 
more fully discussed in Art. 142. 


Example 1. 
we have 


Find — and — if z = 3 x*y + x’y* + 7y 4 . Regarding y as a constant, 
dx dy 


— = 9x*y + 2 xy* 
dx 


Regarding 2 as a constant, we have 


- = 3x» + 2x’y + 28y* 
<>V 


Example 2. Find - and - if 5z‘yz’ + l\y*z + z* - 10 - 0. Regarding y as a 
r Ox <*y 

constant and differentiating with respect to x, remembering that z is a function of x, 
we obtain 

lOx’yz ^ + 15x*yz* + IV “ + 5z< “ 0 


Hence 


dz _ 15z*yz* _ 

dx ° 10x»yz + lly 4 + 5z‘ 


Regarding z as a constant and differentiating with respect to y, remembering that z 
is a function of y, we obtain 


Hence 


r’yz - + 5x*z* + lly* ? + 44y«z + 5z 4 ^ 
y oy <>y d v 


dz 

Alt 


5 zV + 44 y'z 

-4* \ I -4- 


0 


In finding partial derivatives, it is very important to keep clearly in 
mind which are the independent variables. Consider the following 

example. 

Example 3. Let x and y be given as functions of independent variables r, 9 by 
the equations 

x - e r cos 6 y - e r sin 6 ( 1 ) 

Wc have at once 

dz „ d V 9 A 

— *= e r cos 0 = z — — e* sm Q y 

Or dr 


— « —t* sin 0 — —y 
06 


dy 

— " C* C08 0 — X 
06 
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If, however, we choose to regard (1) as simultaneous equations giving r and 0 in 
terms of independent variables x, y , we may solve for r and 0. To this end, we have 



x* + y* = e* 

^ = tan 0 

X 

and 

r = ^ In (x* + y*) 

y 

0 =* arc tan - 

X 

From (2), 

we have at once 



dr x 

dO y 


dz z* + y* 

dx X * + y* 


dr y 

N 


dy X 1 + y* 

dy x 1 + y* 


dx 


1 


Note particularly that here — is not equal to 

dr dr 


and similarly for the other partial 


dz 

derivatives. 

An alternative method for finding the partial derivatives of r and 0 from equations 
(1) is to regard x and y as independent variables and differentiate as follows: First, 
hold y constant, and differentiate with respect to x, thus 


1 

0 


_ . dd dr 

— e r smO -h e r cos 0 — 

dz dz 

dO . dr 

e r cos 0 — + e r sin 6 — 
dz dz 



These are simultaneous equations from which to find — and — Multiplying the 
first equation through by cos 0, the second by sin 0, and adding the results gives 



cos 0 


dr 

e r (cos 5 0 + sin* 0) — 

dx 


dr eos 0 

dz t r 


e r cos 0 i 



Multiplying the first of equations (3) by sin 0and the 

second by cos 0 and subtracting gives — • 

dx 

Now hold x constant, and differentiate each of 
equations (1) with respect to y. The resulting equa- 

dr dO 

tions can be solved for — and — 

dy dy 


136. Geometrical Interpretation. Suppose that 2 = f(x,y) is repre¬ 
sented by a surface as shown in Fig. 184. Consider the point Px(xx,y\,z{) 
of the surface. Cut the surface by the plane y = y x ) the curve of 
intersection is KL. In this plane the 2 coordinate of a point on KL is 
a function of x ; therefore, the slope of KL at any point is the value of 
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the derivative of z with respect to x at that point. Consequently, the 


slope of the tangent line to KL at P 


dz 

»>s — 

OX ] Z wmX\ 


In general, therefore, 


dz 

dx 


v°yi 


is the slope of the curve cut from the surface z = f(x,y) by a plane parallel 
to the xz plane. 

dz 

Similarly, it is clear that — is the slope of the curve cut from the sur¬ 
face by a plane parallel to the yz plane. 


EXERCISES 


Find the partial derivatives of each of the following functions (Ex. 1 to 24): 


2x + - 


1. 2 = x* + Ax 7 y — 8 
3. 2 

6. t => In (x* + y 7 ) 

7. u = e* ,+ " 

9. u = 

11. w = x sin ij + y sec x 
13. x = (a 1 - t 7 )*' 

16. e - xyz + x 7 y - xz * + y* 

x 1 y l z 1 

17. u> - - + f- + - 

a 7 b * c* 

19. 2 = cosh (x 7 + 3y) 

21. 8 = arctan ( y/x ) 

„ sin 0 

23. Q = - 


2 . 2 
4. 2 


xV + xy 


X - + y - 

y x 

6. 2 = log ( xy 7 — 1) 
v 
z 


t' 

a * 


8 . u 
10. w 

12. tv = tan 
8 + t 


(■ * o 


14. y 
16. a 


s — i 


uz 


w* + — 


18. z =• zc" u ^ 

20. z = Binh (xe y ) 

22. .s = arcsin z\j 

24. Q = e fX cos (^/2) 


Find — and — (Ex. 25 to 32). 
dz dy 


26. x* + V' - z 1 
X* V* 2* 

27. -_ + V ~+ - 


a 7 b 7 


r* 


29. xr /2 = a* 

31. 4x , 5/ - 3x*y» 


= 4 
= 1 

- \7z* + 1=0 


26. x* + »/* + 2 » = a 1 

28. xy + 2 * - 16 

30. xV + 5j/*2* + 2* 
32. x«* + y 7 - 1 


, dx dy dx dy dr dO dr dO . , 

Find —■ —■ —. —> —> —> —> —' using the methods of Example 3, Art. 134 (Ex 

dr dr do dd dx dx dy dy v 

33 to 36). 


88. x ■> r cos 0 

86. x = re* 


y — r sin 0 
y - re 


!4. x a r cosh 0 
36. x = r sec 0 


y «=> r sinh 0 
y = rtan 0 
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37. Find the slopes at (2, -1,8) of the curves cut from the surface z “ z* + 4y* 
by planes z = 2 and y = — 1. 

38. Find the slopes at (-1,3, -17) of the curves cut from the surface z - z* - 2y* 
by planes z => — 1 and y =■ 3. 

39. Find the equations of the tangent to the circle z* + y* + z* = 14, z = 2 at the 
point (2,3,1). 

40. Find the equations of the tangent to the ellipse 4z* + 9y* -f z* = 29, y ■= 1 at 
the point ( — 1,1,4). 

41. Find the equations of the tangent to the hyperbola zyz = 6, z - 2 at the point 
(2,-3,-1). 

42. Find the equations of the tangent to the parabola z*y + zy* - 10, y ~ -2 at 

the point (1, -2,3). 

x* — y 1 . dz , dz 

43. If z = - 1 verify that z — + V — = 0. 

zy ox oy 

dz 


■4 _ ,.4 


44. If z 


46. If z 


V 


dz 


zy 

x" — y" 


xy 


verify that z — + y — = 2z. 

dz dy 

dz dz 

verify that z— +y — = (n — 2)z. 

dz dy 


t/ 1 dz dz 

48. If z = —> verify that z — -f y — = z. 
x dx dy 

xz + v* du du du 

47. If u =-— > verify that z — + y—+z — ”0. 

yz dx dy dz 

43. If u = z 1 - y* - 2zy + y + Z, verify that 

du du . du 

(x + y) — + (x - y) — + (y - *) — - o 

dx dy dz 

136. Partial Derivatives of Higher Order. If z = f{x,y), it is clear 

that — and ^ are, in general, functions of x and y. They may possess 
dx dy 

partial derivatives with respect to x or y. Differentiating with respect 
to x gives 

d ( dz\ _ d 2 z 
dx \dx) dx 7 

the second partial derivative of z with respect to x. Here the symbol 

A means to differentiate partially with respect to x whatever follows. 
dx 

Various symbols are used to denote this derivative, for example, 

dh a 2 / 


dx 2 dx 2 


= fz*( x >y) = /** = 


Similarly 


A ( dz \ = Ai = - 

dy \dy) dy 2 dy 


Qyi ~ J.,2 ~ fv»( X ,V) ~ fill/ ~ Z UV 


dz 

Differentiating ^ partially with respect to y gives 


A (**\ = 

dy \dx) 


d 2 Z 


__ ay 

dy dx dy dx 


= fzv(x,y) = /xv 
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the second partial derivative of z with respect to x and y. If we differenti¬ 
ate ^ with respect to x, we obtain 

oy 

d (dz\ d 2 z _ d'f _ , , , 

dx \dy) ~ dx dy dx dy ~ ~ hx ~ ^ 

the second partial derivative of 2 with respect to y and x. It is shown in 
more advanced courses that, if the derivatives involved are continuous, 


then 


d i z 


d-z 


> that is, the order of differentiation 13 immaterial. 


dy dx dx dy 
Similarly, if the derivatives concerned are continuous, 

d l z d 3 z d'z 


dy dx ! dx dy dx dx 2 dy 


d K+k z 


In general, x means the result obtained if 2 is differentiated h 
dx K dif 

times with respect to x and k times with respect to y, the order of differ¬ 
entiation being immaterial if the derivatives concerned are continuous. 
Similar remarks apply to functions of more than two variables. 


Example 1. Verify that 


dz 


d'z 
dy dx 


Also 


— = 2 cos (2x + 3 y) 
dx 

— ■= 3 cos (2x -I- 3 y) 
dy 


d'z 
dx dy 

and 

and 


if r = sin (2x + 3y). We have 


d'z 
dy dx 
d'z 


Example 2. Find 


a*u 


dx dy dz' 


dx dy 

if u = x'yz* + z*. We have 


— 6 sin (2j + 3 y) 

— 6 sin (2x + 3 y) 


— = 3 x'yz' + Cz‘ 
dz 


d'l 1 

— = C x'yz 4- 30z 4 
dz' 


dy dz' 


G x'z 


d*U 


dx dy dz' 


12 xz 


EXERCISES 

d*z d'z d'z 

Find —» -* — in the following coses (Ex. 1 to 8): 

dx 1 dx dy, dy * 

1. z - x'y' + y h 
8. z — x sin y 

6. z - e* 4 * 1 

7. x' + Ay 1 + lGz* - Gi - 0 


2. z ~ 4z 9 10 + xy' + 10 
4. z ■= sin 3x cos 2 y 

6. z = In y/z 1 + y 4 
8. xy + yz + zz » 1 


9. Verify that 

10. Verify that 


d'z 


d'z 


dy dx dx dy 


if i - x'y + y 4 . 


d'z 


dy dx dx dy 


d'z x + y 

if z -- 

Z - V 
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11. Verify that 


d‘z 


d*z 


d*z 


if Z = € xy . 


dx 8 dy dx dy dx dy dx 5 

12. Same as Exercise 11 if z = x A + 2xy l + 3x*y + 4y 4 

15. Same as Exercise 11 if z = y l sin (2z + y) 

14. Same as Exercise 11 if z = In (x* + 3 t /*) 4 

16. Verify that — + — = Oifz=!n y/x* + y*. 

Ox * dy* 

16. Verify that —;-- = 0 if z = cos (x + y) + cos (x - y). 

dx* dy* 


d*z , d* 

17. Verify that — — 5 

dx* 


d*z 


+ 6 — = 0 if z = 13x* + lOxy + 2y*. 
dx dy dy 1 


d^Z d^Z d^Z 

18. Verify that-- - 2 —— + — = — if z = x 4 + sin (x + y) 

dy dx* dy* dx dy* x* 

d*lx d*U du 

19. Verify that — -1-u = cos (x + 2y) + if 

dx- dx dy dy 

u = y*e x + (x -f y)e“* + ^ sin (x + 2 y) - xe» 


— y In x. 


20. Verify that x* — + 2xy 7 ^- 7 - + y* 77 = 1 * 4- y’ if u = ^7 4- y + - (x* + y*)- 

dx* dx dy dy* x* 2 

137. The Differential of a Function. Let z = f(x,y) be represented by 



a surface, and let P(x,y,z) be any 
point on this surface. Let x be 
given an increment Ax and y an in¬ 
crement Ay. This will produce an 
increment A z in z, and we shall des¬ 
ignate by Q the point 

{x + Ax, y + Ay, z + Az) 

of the surface. Pass planes through 
P and Q parallel to the coordinate 
planes as shown in Fig. 185. From 
the figure, we have 


Az = EQ = BQ - AP = /(x 4- Ax,y 4- Ay) - f(x,y) 
Note that RII is drawn parallel to FE and that 


Now 

Furthermore 


EQ = EH + IIQ 

EH = FR 

.. FR dz 
hm b , = — 
Al _o Pb dx 


(the slope at P of curve PR), and therefore 

FR_FR_dz 
PF Ax dx + €l 
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Next we may consider the ratio HQ/RH. The limit of this ratio as 
RH = Ay —► 0 is the partial derivative of z with respect to y evaluated at 
point R, that is, the slope of the curve RQ at R. But if we maintain the 
configuration, as PF = Ax is made to approach zero, the curve RQ 
approaches coincidence with the curve PS, and the slope of RQ at R 
approaches as a limit the slope of the curve PS at P, if }{x,y) and its 
derivatives are assumed continuous. That is to say, 


Consequently 


and 


lim 

Ay—• 0 
Ax—0 


HQ 

RH 


dz 

dy 


HQ = HQ = dz 
RH Ay dy 



where « 2 approaches zero when both Ay and Ax approach zero. Therefore 


and 



dz . , dz . , . 

Az = — Ax + t- Ay + ti Ax + < 2 Ay 
ox dy 



where «i Ax and < 2 Ay are quantities that are small in comparison with Ax 

d z d 2 

and Ay.* The derivatives — and — are, of course, evaluated at point 

p (x,y,z)- 

In analogy with the case of a function of a single variable (Art. 56) we 
may call Ax + ^ Ay the principal part and Ax + < 2 Ay the “negligi- 

(J J. *' if 

ble part” of Az, and imagine quantities dz, dy, dx instead of Az, Ay, Ax for 
which 


, dz , . dz , 

dz = — dx + — dy 
dx dy 



Ab in Art. 56, we call dz, dy, and dx differentials whereas Az, Ay, and Ax are 
differences (that is, “increments”). Purely logically, dz, dy, dx are 
variable quantities which are required to satisfy the relation (5), nothing 
else. 

The advantage of the differential notation, especially lor computational 
purposes, is the increased freedom in algebraic manipulation that results 

• It is customary to compare these Quantities with lAxI + |Ay| or with \Zax* + Ai /* 



PARTIAL DIFFERENTIATION 


364 


[Chap. 17 


from its use. This will appear in the examples and discussion of this and 
the following sections. 

Here we have supposed x and y to be independent variables. In 
Art. 141 we shall show that formula (5) holds even when x and y are not 
independent variables but are functions of other independent variables. 

Formula (4) for A z was obtained by reference to a geometrical situation. 
We may express each step in analytical terms in the following way: 


Observe that 


Therefore 


EQ = fix + Ax,y + Ay) - f(x,y) 

FR - CR — CF = CR — AP 
= f{x + Ax,y) - fix,y) 

HQ = DQ - BH = BQ - CR 

= fix + Ax ,y + Ay) - fix + Ax,y) 


EQ = FR + I!Q 



az = /(* + Ax >y) - f( x >y ) Ax 

Ax 

4 - /(* + *x,y + Ay) - fjx + Ax,y) 

Ay V k > 

Now, in the first term of the right-hand member, we have 


lim 

Ax—* 0 


fjx + Ax,?/) - fjx,y) = dz_ 
Ax dx 


fix 4- Ax, y) - fix,y) dz , 

-a;- = Tx + ei 


where a —► 0 when Ax —> 0 


In the second member, 

to & + ** + . Mx + Ax>y) 

where we use the notation /„(x 4- Ax,?/) to denote the partial derivative 
with respect to y evaluated at the point whose x coordinate is x 4- Ax and 
y coordinate is y. Since we suppose the partial derivatives continuous, 


/„(x 4- Ax,?/) = f v ix,y) + e = ^ + e where e —► 0 when Ax —» 0 

d'J 

Hence 

f(x + A,.y + A^/(x + Ax,;/) _ Ux + ^ y) + e , 


dz , , , dz 

^ + ' + e =^ + ei 


where = < + e' 
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Since e' —* 0 when Ay — * 0, ej —» 0 when both Ax and Ay approach zero. 
Hence 

^ - (i + '■) Ax + (| + •*) Ay 

and formula (4) is established. 

Note particularly that the analytical formulation can be made entirely 
independently of any geometrical interpretation, since (G) is simply an 
identity for all Ax and Ay different from zero. If u = F(x,y,z, . . . , t) so 
that the geometrical interpretation cannot be used, Aw may be found from 
similar analytical considerations. The differential of u can then be defined, 
and we have the formula 


, du,.du..du. 
du = Tx ix + i/ u + K d! + 




Here again this formula can be shown to hold whether x, y, z, 
independent variables or not. 


Example 1. If z = z'-y 1 + 2xy - 5x‘ - 11 »/*, find dx. Wo have 

— = 2xy* + 2y - 2Jx J 
dx 

— = 3*V + 2x - 22 y 

dy 

Therefore dz - (2 zy* + 2y - 20x>) dx + (3xV + 2x - 22 y) dy 


, t are 


Example 2. A triangle has sides 22 and 15 ft. with included angle 30 deg. If the 
linear measurements may be in error by as much ns 1 
in. and the angle by as much as 10 min., find the maximum 
error in the computed area. If two sides of a triangle 
are x and y units long and the included angle is 0 radians, 
the area is A = \xy sin 0 (Fig. 186). If x, y, and 0 receive 
certain increments Ax, Ay, A 0 which we shall replace 
by dx, dy, do, then 

dA , dA dA 

dA = — dx + — dy + — dO 
dx dy dO 

= \y sin 0 dz + jx sin 0 dy + \xy cos 0 dO 



If we evaluate this for x = 22 ft., y ~ 15 ft., 0 = 30 deg. and write 

dx ~ 1 in. ■» xi ft- = dy 

and dO = 10' - — • radian, we shall hive a reasonable approximation to the 

60 180 

errcrin/l. Thus, 

^.‘.,,.>.±+ 1 . 22 . 2 . 1 + 1 . 22.15 

2 2 12 2 2 12 2 2 60 180 

- 1.2 sq. ft. 

Example 3. A covered rectangular box with inside dimensions 3 by 4 by 5 ft. is lined 
with felt * in. thick. Find approximately the percentage reduction in volume. If 
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the box is x ft. long, y ft. wide, and z ft. deep, its volume is V = xyz. Since we want 

dV 

the percentage decrease in volume, we shall calculate 100 —• To do this most con¬ 
veniently, we take the logarithm of V and then find the differential of In V. We 
obtain 

In V = In x 4- In y + In 2 

100d(ln V) = 100 = 100 (— + — + 

V \x y z} 

Evaluating this for x = 5, y => 4, 2 = 3 and putting 


we get 


,00 f 


dx = dy = dz = in. = ft. 

"‘““(i'S + i'S+STs) " -L6pcrcent 


that is, a decrease of 1.6 per cent in volume. Let the student compute the precise 
change in V and compare with this result. 


EXERCISES 

Find the differential of each of the following functions (Ex. 1 to 18): 


1. 2 = x*y 4- 2 V +1 2. 2 

3. 2 = 2z 4 — 3x*y 4 i*// 1 4- 4xy* + y* 

4. 2 = (x> + y*)* 6. u 


x 

—h 
V 


gx'—v'-U 



6 . u = xc v + iL 
8 . v = s*c* io ‘ 


r 

7. 1 c = e* 

9. s = In (r* + <»)*> 


10 . s — In xyz * 


12 . 2 


+ y* 

y 


14. ui = y esc xz 

18. 2 = arccos (2x — y) 

18. v = cosh (jt* -|- T/ 1 ) 


11 . 2 


13. ie 

16. 2 

17. it 


x 


V*' + V* 



arctan (y/x) 
sinh (x/y) 


19. The sides of a rectangle are found to be 7 ft. and 12 ft. with possible errors of 
1 in. in each measurement. Find approximately the possible error in the computed 
area. 

20. In Exercise 19, find approximately the percentage error in the area. 

21. Find approximately the percentage error in the computed area of a rectangle 
if the measurements of the base and altitude are in error by 1 per cent and 3 per cent, 
respectively. 

22. The gravitational attraction between a particle of mass m and a particle of 
unit mass r units distant is F = km/r*. Find approximately the percentage change 
in F resulting from an increase of 2 per cent in m and a decrease of 3 per cent in r. 

23. The base of a rectangular box is a square of side 12.01 in. The depth is 6.98 in. 
Find the volume, us in g differentials. 
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24. The sides of a right triangle ABC are measured and found to be a = 5.7 ft. 
and b = 8.3 ft., respectively, with an error of ±0.1 ft. in each. Find approximately 
the maximum error in the computed hypotenuse c. Find also the percentage error 
in c. 

25. In the triangle of Exercise 24, tan .4 = a/b is computed. Find approximately 
the maximum error and percentage error in tan A. 

26. In the triangle of Exercise 24, angle A is found from a table of tangents. Find 
approximately the maximum error in .4. 

27. The distance from C to an inaccessible point B is found by constructing a right 
triangle ACB (right angle at C). AC is laid off to be 1000 ft., with a possible error of 
0.5 ft. Angle CAB is measured to be 59°37' with a possible error of 1 minute. Find 
approximately the greatest possible error in the computed value of CB. 

28. In Exercise 27, find the percentage error in CB. 

29. The distance from a point A to an inaccessible point B is found by measuring 

a base line AC = 500 ft. and angles CAB = 6 = 45° and ACB = = 60°. Find 

approximately the greatest possible error in AB caused by errors of 2 minutes in 6 
and <p. 

30. Solve Exercise 29 if the length of the base line .4Cmay be in error by as much as 
6 in. with possible errors of 2 minutes in 0 and *>. 

31. The sine of an acute angle of a right triangle is found by measuring the hypote¬ 
nuse and opposite side. If these are found to be, respectively, 5 ft. and 4 ft. with 
possible errors of 3 in. in each, find approximately the possible error in the computed 
sine. 

32. In Exercise 31, find the possible error in the angle as found from its sine (nearest 
10 minutes). 

33. A triangle is found to have sides 53 ft. und 41 ft., with included angle 37 deg. 
If the sides may be in error by G in. and the angle by 30 minutes, find approximately 
the maximum error in the computed area. 

34. In Exercise 33, find approximately the maximum error in the computed third 
side. 


138. Directional Derivative. Let z = f(x,y), and let P{x,y,z) be some 
fixed point of the surface, Fig. 187. 

Let Q(x + Ax,y + Ay,z + Az) be Q(*+A*. y+Av. *+Ar) 

any nearby point on the surface. 

Consider the plane through P and Q 
parallel to the z axis. It cuts the 
surface in the curve PQ, the xy 
plane in AB = Al, and the plane GF 
in PE = Al, as shown in the figure. 

If this plane makes an angle a with 
the xz plune, then ACAB = a as 
shown. The limit of the quotient 
EQ/PE as PE = Al approaches zero 
is the slope at P of the curve PQ cut from the surface by the plane that 
makes the angle a with the xz plane. 

This situation may be described in slightly different terms. As a 
point moves from A to D in the xy plane along the line AB, the corre¬ 
sponding point on the surface moves from P to Q, and the value of the 
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function changes from z to z + Az. The average rate of change of the 
function over this interval is and the limit of the ratio as 

111 Ad rcj 

Al = AB = PE is made to approach zero is the rate of change of the 
function at P in the direction AB. This direction is completely specified 
by the angle a measured in the positive sense from the positive direction 
of the x axis. Note that 0 ^ a < 3C0°. We call 

A 2 dz 

a T~ di 

the directional derivative of z = f(x,y) in the direction of the line segment 
AB. 

We proceed to the calculation of the directional derivative. From 
Art. 137, we have 

. dz Kt oz K 

Az = — Ax + — Ay + Ax + a Ay 

where ei and e 2 approach zero if Ax and Ay both approach zero. Therefore 

Az _ dz Ax <9z A y Ax . Ay 
Al ~ dx Al + dy~Al + * l ~Al + e *~Al 


Note that ~ = cos a, ^ = sin a. 
At At 


Therefore 


Az dz . dz . , 

^ = — cos a + — sin a + ei COS a -f « 2 sin a 

If A l is made to approach zero, then Ax and Ay both approach zero, and 

. dz dz dz . 

* -t, = -T- cos a + t- sin a 

dl dx dy 


(7) 


In this formula, of course, the partial derivatives ^ and ~ are to be 

dx dy 

evaluated at the point P. 

Note that, if a — 0, then ^ and the partial derivative of z 

with respect to x is seen to be a special case of the directional derivative, 
namely, in the direction of the positive x axis. If we ask for the direc¬ 
tional derivative in the direction of the negative x axis, then a = 180°, 

and ^ " Similarly, if a = 90°, ^ = and the partial deriva- 

tive with respect to y is seen to be the directional derivative in the direc¬ 
tion of the positive y axis. 

Example 1. The temperature at any point of a rectangular plate lying in the xy 
plane is given by the formula 

1 


x s + y* + 1 
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At the point (3,2), find the rate of change of temperature in the direction making an 
angle of 60 deg. with the x axis (Fig. 183). We shall find the directional derivative 
of this function for a = 60°. We have 


dz 

dx 

dz 

Therefore 


J3.2 


J3.2 


(X s + y* + 1) 

_2y 

(x* + y 


■L 

M, 


98 

2 

98 


dz 3 2 

— --cos 60°-sin 60° 

dl 98 98 


_3 

98 


1 

2 


2 _ \/3 

98 ' 2 


3 + 2 y/l 


196 



If x and y are measured in inches and temperature is measured in degrees, this means 
that, at (3,2) in the direction shown (Fig. 183), the temperature is decreasing at the 
rate of 0.033 deg. per inch. 

Example 2. In Example 1, find the directions of maximum and of minimum numer¬ 
ical values of the rate of change of temperature at (3,2). We have, from Example 1, 

dz 3 2 . 

--co S „--sm «-?(«) 


for the directional derivative in the direction making an angle a with the x axis, and 
we are to find a so that F(a) will have a maximum or minimum numerical value. 
Differentiating F(a) with respect to a, we obtain 


from which we find 


F'(a) «* — ffS( — 3 sin a + 2 cos a) 

— 3 sin a +2 cos a — 0 
— 3 tan a + 2 « 0 
tan a « § and a = arctan § 


dz 


The value of — for this value of a is, if a is taken in the first quadrant, 


dl J 98 \ \/l3 y/iz) 98 

a - urctAD 

If a is taken to be an angle in the third quadrant, the direction is reversed, and the 
directional derivative has a value 

- * K- 30 * ■ (-30] - ^ 

In the first case, F"(a) = *‘-*(3 cos a + 2 sin a) is positive, and we have a minimum 
value. In the second case, F"{ a ) is negative, and we have a maximum value. But 

note that we arc interested in the maximum or minimum numerical value of 

rather than in the algebraically largest or smallest value. The two preceding results 
are numerically equal, and either one, say the first, gives the numerical maximum. 
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Since we also desire the minimum numerical value, we shall see what value of a 
dz 

makes — equal to zero. We have 
dl 


dz 3 2 . 

ll- - 98 " M ,m “ - 0 


if 3 + 2 tan a — 0, that is, if tan a = — 4. If, therefore, a — arctan ( —f), the 
directional derivative is zero. Note that, if the value of a giving the maximum 

numerical value of — is denoted by an and that giving — a value zero is denoted by 


a*. 


then 


tan <*i • tan = §( — 5 ) = — 1 


Hence the two directions are at right angles to one another. 


EXERCISES 


!• Th e temperature at any point of a rectangular plate lying in the xy plane is 
given by the formula T = x* + >/*. Find the rate of change of temperature at (1,5) 
in the direction making an angle of 30 deg. with the x axis. 

2. In Exercise 1, find the rate of change of temperature at point (3,4) in the direc¬ 
tion toward the origin. 

3. In Exercise 1, find the maximum and minimum numerical values of the rate of 
change of temperature at (3,4). Find the directions for these rates. 

4. The density at each point of a thin rectangular plate is given by the formula 

5 = y/ ic * + * + T F ’ nd thC ratG ° f Chflnge ° f densit >’ at the P° int (2,1) in the 


direction of a line making an angle of 60 deg. with the x axis. 

6 . In Exercise 4, find the direction and magnitude of the maximum rate of change 
of i at ( 2 , 1 ). 


6 . The electric potential at any point of the xy plane is given by the formula 

V = In \/x 3 + y*. Find the rate of change of the potential at the point (3,4) in a 
direction making an angle of 30 deg. with the x axis. 

7. In Exercise 6 , find the rate of change of the potential at the point P,(x,, 2 /,) in the 
direction P t 0 toward the origin; in a direction at right angles to P x O. 

8 - In Exercise <, find the magnitude and direction of the maximum rate of change 
of potential at P i(xi,y,). 

9. The paraboloid z = x 1 + 4y* is cut by a plane perpendicular to the xy plane 
and passing through the point (2,1,8) of the surface. What is the equation of this 
plane if the curve it cuts from the paraboloid has slope zero at this point? 

10. The paraboloid 3l>z = 4x s + 9y 2 is cut by a plane perpendicular to the xy plane 
and passing through the point (3,2,2) of the surface. What is the equation of the 
plane if the curve it cuts from the paraboloid has slope zero at this point? 

11. I n what direction from the point Pi(xi,t/i) is the directional derivative of 
z = y/ x* + y 1 a maximum? Find this maximum value. 

12. In what direction from the point P\{i\,y\) is the directional derivative of 
z = axy a maximum? Find this maximum value. 

13. Find the directional derivative of the function z => e* cos y at (l,»/4) in the 
direction making an angle of 30 deg. with the x axis. 
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14. Show that the max imum value of t he directional derivative at (xi,yi) of the 

function z = /(x,y) is m + ^ where the subscripts indicate that the 

derivatives are to be evaluated at (xi.yi). This is called the gradient of the function. 

16. If ct) is the value of a for which the directional derivative is zero and if a, is 
the value of a for which the directional derivative is numerically a maximum, show 
that tan ai tan a, = -1. Interpret geometrically. 

16. If w = /(x.y.z), show that the directional derivative has the value 

dw dw dw 

- COS a H-COS 0 H-COS 7 

dx dy dz 

where C09 a, cos 0, cos 7 arc direction cosines of the desired direction. 

139. The Total Derivative of a Function. Let us consider a function 
z = f(x,y). Now, if we suppose that x and y are in turn functions of 
another variable, say t, then z is actually a function of t, and its derivative 
with respect to t (if it exists) can be found. We could express z in terms 

of t by substituting for x and y their values in terms of / in z = f(x,y), and 

then calculate ^ by the usual rules. But this derivative can be found in a 

at 

somewhat different way by making use of partial derivatives as follows: 

Let t receive an increment At] x and y then receive increments Ax and 
Ay, and we can calculate Az as in Art. 137: 

Az = Ax + Ay + «, Ax -f e 2 Ay 

Dividing by At, we obtain 

Az dz Ax . dz Ay | Ax , Ay 

At ~ dx At ^ dy At + 6| At + <a At 

Assuming the existence of the derivatives involved and taking limits as 
At is made to approach zero, we get 


dz 


— = lim — = — — 4 - dy 
dt &t—o At dx dt dy dt 


( 8 ) 


The derivative ^ given by ( 8 ) is called the total derivative of z with respect 
to t. 

Observe that we can obtain formula ( 8 ) formally from (5) (Art. 137) by 

dividing through by dt and then interpreting ^ ^ ordinary 

dt dt dt J 

derivatives. 

Example 1. If z — x* + xe* and x - ain t, y — In t, we have 

*z dy dt 9 dt t 

dz i 

— - (2 z + e*) cos t + ze* •- 
dt i 


and 
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dz 

— ” (2 sin / + i) cos t + sin t 
at 

Let the student verify this result by first expressing z in terms of / and then differ¬ 
entiating. 

If z = f(x,y) where y is a function of x, say y = g(x), then z is in reality 

a function of x alone, and we can calculate the total derivative of z 

ax 

with respect to x. This is simply the situation covered in formula (8) if 
we take x — t. Hence 


dz _ dz dz dy 
dx dx ' dy dx 


(9) 


It is very important to understand the meaning of the notation involved: 
is calculated by differentiating f(x,y) with y held fast; % is calculated 

OX dy 

by differentiating f(x,y) with x held fast; is simply the ordinary deriv- 


dz . 


ative of g(x ); ^ is what results from differentiating a function of x alone. 


Example 2. If z = \ \/36 - x* - 4y* and y - x», find —• VVe have 

dx 


/(*,y> 


so that 


l 


V36 - i* - 


4y ! 


dz 
dx 

Therefore 


— x 


3 V3G - i* - 4y* 


dz 

<>y 


-4y , dy . 

7 = = > and — “ 2x 

3 V36 - x* - 4y* dx 


dz 


8xt/ 


-x(l + 8v) 


,Ix 3 y/w - x* - ly* 3 V36 - i* - 4y* 3 \/36 - x* - 4y* 

Observe that, if this result is expressed in terms of x by using y - x», we obtain 


dz 

dx 


-x(l + 8x») 

3 \/36 - x 1 - 4x< 


Let the student verify this result by first expressing z in terms of x and then finding — • 

dx 

140. Geometrical Interpretation of the Total Derivative. Suppose 
2 = /(*>!/) where y = g(x). The first equation is represented by a sur¬ 
face, and the second by a cylindrical surface whose elements are parallel 
to the z axis. These two surfaces intersect in a space curve. In Fig. 189 
the surfaces are those of Example 2 of the preceding section. The 
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curve CD is the curve of intersection of the two surfaces. The 2 coordi¬ 
nate QP of a point P of this curve is a function of x alone; for if x is given, 
y is determined by y = g(x), and hence z is determined by z = f(x,y). 
The derivative of z with respect to x, given by formula (9) (Art. 139), is 
the rate of change with regard to x of this z coordinate of P. 

If z = f(x,y) and x and y are functions of t, then the curve OD in 
the xy plane (Fig. 189) is given in paramet¬ 
ric form. The derivative - is the rate of 

at 

change, in regard to the parameter t, of 
the 2 coordinate of P. 

141. Several Variables. Suppose 

2 = f(x,y) 

and that x and y are functions of several 
other variables. To make the situation 
definite, suppose x = 0 i(s,O and y = g 2 ( s,t ). 

If t, say, is held fixed, then z becomes a 
function of s alone, and we may calculate 
the partial derivative of z with respect to 8. 

The situation is covered by formula ( 8 ) (Art. 139) except that we now 
have partial derivatives with respect to s instead of total derivatives; thus 



In the same way, 


dz 

ds 

dz 

dl 


dz dx dz dy 

dx ds dy ds 

dz dx dz dy 

dxdt^iTy dt 


( 10 ) 

( 11 ) 


Similar formulas hold if x and y are functions of more than two inde¬ 
pendent variables. Also, if u = f(x,y,z, . . . ) is a function of several 
variables each of which is, in turn, a function of several variables 


* = gi(r,s,t, . . . ), 

V = Qi • • • ), 2 = 9i(r,s,t, . . . ), etc., then 


du 

dr 


du dx du dy 
dx dr dy dr 


du dz , 
di d? + 


with similar formulas for • • • • It is assumed that all deriva¬ 

tives involved are continuous. 

We can now show that formula (5) of Art. 137, namely, 

. dz , dz , 
dz = Tt ix + a y i » 


holds whether x and y are independent variables or not. Suppose, as 
above, that 2 = f(x,y) where x = gi (a,l) and y = gi ( 8 ,t) with s, t inde- 
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pendent variables. Then, in reality, 2 = F(s,l). Consequently, by 
(5), since s, t are independent variables, 



By (10) and (11), this becomes 


MS f + S 2)+(I S+1-; I) * 

-£(s 4+ b*)+5(S*+SJ'«) 

dz , . dz 

= — dx + — dy 
dx dy 

The extension to cases of functions of more variables is evident. 


EXERCISES 


In the following cases, find the total derivative of z with respect to t, v, or 9 as 
indicated (Ex. 1 to 6 ): 


1. 2 = x s + 4y’ 

2 . z = xy* + x + 1 

3. 2 = c x sin y 

4. z = tan (x’ -f y 1 ) 

5. z = cosh (y/x) 

6 . 2 = arctan ( y/x) 


where x = sin t, y = cos l 
where x = c*, y = c~‘ 
where x = In /, y = f 1 
where x = 3*-, y = e* 
where x = y = e* 
where x = In 0, y = e 8 


Use the method of Art. 139 to find — in the following eases. Cheek by expressing 

(IX 


z in terms of x and differentiating (Ex. 7 to 12). 


7. z = (x* + 4y* - 16)5a 

where y = \/x 

8 . z = cos (y/x) 

where y = x 2 + 1 

9. 2 = In (x s + y*) 

v 

where y = sin x 

10 . 2 = e* 

where y = tan x 

11 . 2 = arcsec xy 

where y = e* 

12 . 2 = tanh (x* - y 2 ) 

where y = e~ x 


In Exercises 13 to 17, use the methods of Art. 141 to find the derivatives indicated. 

13. If z => 4x* - 9y* where x = - and y = s* + f a , find — and —• 

5 dt ds 


14. If 2 
16. If 2 
16. If 2 


x*y* where x 


sin t 



In -v/x* + y J where x 


y 

e* where x => s cos t, y 


s dz dz 

- find —• — 
t dt da 


. c , dz dz 

se*, y = se *, find —• — 

dt da 

■ 4 C A dZ dZ 

1 a Bin l, find — > — • 
dt ds 
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17. If z = u* + v* + to 1 where u = ye 1 , v =■ re - *, w = —• find —* — 

X 


dx dy 


f(x — y), show that — + — = 0. 

dx dy 


18- If z 

19. If 2 = /(x,y) and x = r cos 0, y = r sin 0, show that 


dz dz dz sin 0 

— = — • cos 6 --- 

dx dr d0 r 

dz dz . dz COS 0 

— = — • sin 6 + — -- 

dy dr dO r 


(transformation from rectangular to polar coordinates). [Hint: Find —» — where 

Ay An 


z = v>(r,0) and r = y/.z* -f y 1 , 0 = arctan (y/x).] 

20. If 2 = /(x,y) and x = g i(/), y = yi(/), 6how that 


dx dy 


d’z d*z /dxV 

dt* = dx* \dt ) 


+ 2 


d»2 
dx dy 


dx dy d*2 /c/yV £z dz d*y 

dt dt dy* \dt / + dx dt* dy dt* 


21. If z = /(x,y) and x = giU.s), y = gi(t,a), show that 


d*z d^ / dxV 
dt 1 = dx* \dt ) 


+ 2 


d*z dx 


dx dy dt 

22. If z = /(x,y) and x = g\ (f,s), y = yi(f,s), show that 

d f z d J z dx dx ^ d*z 
ds dt dx 7 ds dt dx dy 


dy ^ d*z /dyV dz d*x dz d*y 
dt dy 2 \dt ) dx dt 2 dy dt 2 


+ d JL + dy dy dz d»x dz d 
dz dr dz dr / dy 1 ds dr dx dz dr dy ds 


d*y_ 
d/ 


d*z 


23. If z - sin y where x = r 2 , y = 3r, find — • Verify by using the formula of 
Exercise 20. 

24. If z = x* + 4xy where x = zz f and y = sc" 1 , find —» — and verify by 

dt 2 ds dt ds 2 J J 

use of the formulas in Exercises 21 and 22. 

26. Similar to Exercise 24 for z - x* — 4y* where x «= r cos 6 and y ~ r sin 0 

142. Differentiation of Implicit Functions. Suppose that y is given as 
an implicit function of x by the equation 

f(x,y) = o (12) 

This means that y = y>(x) where y>(x) is defined by equation (12) (see 
Art. 5). We may find ^ from the following considerations. Let us, 
temporarily, set z-= /(x,y). Then, for all x, y, z satisfying this equation, 

* = % dz +1 d v‘ 

• Note that and -J- arc identical with — and — • 

to *y dx dy 
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whether x and y are independent variables or not. If we consider x an 
independent variable and allow y to take only those values for which (12) 
is satisfied, that is, for which z = 0, then dz is zero, and we have 

fdx + fdy = 0 
dx by 

Solving for we obtain 
dx 


f *0 

oy 


(13) 


The derivative found in this way is, of course, identical with the result of 
the method of Art. 27. 


Example 1. If x* + 3 xy* + y* - 1 « 0, find ~r- Here 

dx 


and 


J[x,y) = x* + 3xy* + y* - 1 

df „ df 

— = 2x + 3y* — = 6xy -f 3y* 

dx By 


— and —» we may proceed as before. Temporarily, we set u = F(x,y,z). 


Therefore T = ~ ~ + ^ 

dx 6 xy -f 3 y* 

Suppose, now, that z is given as an implicit function of x and y by the 
equation 

F(x,y,z) =0 (14) 

This means, of course, that z = <t>(x,y) defined by equation (14). To find 

dx anC ^ by’ WG ma ^ P roceec * ^ ^ e f or e- Temporarily, we set u = F(x,y,z). 
Then, whether x, y, z are independent variables or not, 

, dF j . dF ; , dF J 

du = te dx + aj d >' + aF d * 

If we now choose z so that equation (14) is satisfied, then du = 0, and 

Tx dx + % d y+^ dz -° < 15 > 

But, under these circumstances, z is a function of the independent vari¬ 
ables x and y by virtue of (14); therefore, 

, bz , , dz . 

d * = d~x dl + ai l iy 

Substituting this into (15) and rearranging terms, we obtain 

(bF bFbz\ , (OF . bF bz\ , 


(15) 
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Since x and y are independent variables, we may bold y fixed. Then 
dy — 0; and, taking dx ^ 0, we get 




dF 

dF dz 

= 0 




dx 

+ dz dx 

(10) 




dF 



from which 

dz 

dx 

= — 

dx 

dF 

dz 

(17) 




dz 






dF 



Similarly 

dz 

= — 

dy 

OF 

dz 

(18) 


dz 


The values for — and — given by (17) and (18) are, of course, the same 

as those obtained by the method of Art. 134. 

An argument of the same character will establish the fact that, if u is 
given as an implicit function of several variables by an equation 

F(u,x,y,z, ...,0=0, 


then the partial derivative of u with respect to any one of the variables 
can be obtained from equations like (1G). For example, 






OF 


dF 

+ ££-o 

and 

du 

dt 

OF 

dt 

du dt 

dt ~ 

dF 

du 





du 


Example 2. 

If F(z,y,z) - 4x» 

+ 3y’z» 

+ yz* — z* - 

0, then 



dF dF dF 

aT “ 20x4 a^ " 9y,i * + ** ^ “ 6y ' z + iyz * ~ 524 


and 


dz 

dz 


20x‘ 


6 y*z + 4 yz* — 6z 4 


£z 

dy 


9y*z* + t* 


6y*z + 4yz* — 5z * 


9y*z + z ' 


6y‘ + 4yz* - 5 z* 


EXERCISES 


Uee the methoda of Art. 142 to find the indicated derivatives: 

!• Find ^ if z* + 4xy* + 3y« - 25. 2. Find ^ if x» + y« - a «. 


3. Find ^ if z» + y* - o>4. 4. Find £ if x* + zy + y* 

dy 

6. Find — if z*y* — 3z»y + z* + 8 — 0. 
ax 


1 . 
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6. Find ^ if 4x*y* ~5x'y + 2x 4 + y 4 - 1. 
dx 


7. Find — and — if x* + 4y* -f 9r* 
dx dy 


36. 


8. Find — and — if x?* + V ** + z* 4 = <&. 

dx dy 

9. Find — and — if x 4 — Zxyz * + 5x*yz + yh + z* =* 1. 

dx dy 


10. Find — and — if 3x*yz* + X V <Z + y*z 4 + z* = 

dx dy 

11. Find — and — if xyz + x*y + xy * + rx* + 2 * 

dx dy 


0. 


100 . 


12. Find — and — if - + -^ + 

dx dy x y* x 4 


1 . 


13. Find -» - if x* + 4y* + 92* + 16/* - 144. 

dx dy dl 

14. Find —» —> — if xyz -f x*Z* + xy*z , Z* + z 4 / 1 =* 1. 

dx dy dt 

, dz dr dz x y* 2* / 4 

15. Find —) — 1 — if —I-(- — H—■ =0. 

dx dy dt y xz ty x 4 

143. Tangent Plane and Normal Line. The tangent plane to a surface 
z = f(x,y ) at a point of the surface contains all the tangent lines at the 

point and is determined by any two of 
them. In Fig. 190, let P be the point 
whose coordinates are (xj,yi,Zi), and let the 
plane PLKM be the tangent plane at P. 
This plane is cut by the plane y = yiinthe 
line PL, tangent to the curve PR. The 
slope of the line PL is simply the value of 

at point P, and we denote this for con- 
dx 



Fio. 190. 


venience by the symbol ^ • Similarly, 

Ld.rji 

the tangent plane is cut by the plane x = x x in the line PM whose slope is 

I • The equation of any plane through P can be written in the form 
oy Ji 

2 - 21 = A(x - x,) + B(y - y x ) (19) 

We shall determine A and B so that lines PL and PM are lines of the 
plane and, therefore, so that (19) is the equation of the tangent plane. 

The intersection of the plane of equation (19) with the plane y = y x is 

z — 21 = A(x - xx) y = ?/i 
If A = > these are the equations of line PL. 
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The intersection of the plane of equation (19) with the plane x - x x is 

z — Zi = B(y - 2 /i) x = x, 

If B = these are the equations of line PM. Therefore, the equa¬ 

tion of the tangent plane is 


21 " [Si (x ~ xi) + [^\ (y ~ yi) 


( 20 ) 


Equation (20) can be written in the form 


[I], (I - + [^]. - »■> -(«-*.)- 0 

The direction cosines of a normal to this plane are proportional to 

[ax],'[Sl' ~ L ThC linC through P P er Pendicular to the tangent 
plane is called the normal to the surface at P. Its equations are, therefore, 


( 21 ) 


x — Xi _ y — iji __ z — z x 

[ 8 ], " [81 ‘ - 

If z is given as an implicit function of x and y by the equation 

= 0 

equations (20) and (21) of the tangent plane and normal line at point 
f*(.Xi,yi,Zi) can be put into very convenient forms. For we have 

[*1__ [Ml fa«] [f], 

L^-cJi j^’J Ui/J. j~<DFj 

and the equations reduce to 

[811' - +[f 1, » - .■> + [g], <. 

x — X\ __ V — V\ _ 2 — 2 , 

ia" tei" tei 

(23) 

r;r 0 r a ;r ^* to —~ zzz zs. s 


( 22 ) 

(23) 
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Examp e. Find the equations of the tangent plane and normal line to the ellipsoid 
x* + 4y* + 9z> — 250 => 0 at the point (3,2,5). Here, we have 

F(x,y,z ) » x* + 4y* + 92* - 250 

then 


m . h 

- [; 

F 

-f. 

Byl = 16 r?l 4l 

& =90 

l dx h L J 1-3 

La 

y. 

1 L 

—1 

0-4 
-1 

** 

-1 

C* 

1 

A 

“1 

J*-5 

Using (22) and (23), 

we obtain 





Tangent plane 

6(x - 3) 

+ 

16(2/ - 

- 2) + 90(2 - 5) - 0 


or 

3x 

+ 

8 y + • 

45? - 250 = 0 


Normal line 

X 

— 

3 = y_ 

-2 2-5 




6 


16 90 




EXERCISES 


Find the equations of the tangent plane and normal line to the following surfaces 
at the points indicated (Ex. 1 to 12): 


1. The sphere x* + y* + 2 * = 14 at (-2,1,3) 

2. The ellipsoid x* + 2y* + 4x> = 26 at (2,-3,-1) 

3. The ellipsoid x* + y» + 92* = 56 at (4,2,-2) 

4. The paraboloid x* + 4y* = 2 2 at (2,1,4) 

6. The paraboloid x + y* + 4x* - 8 = 0 at (-5,3,1) 

6. The hyperboloid x* — y* + 2 * => 6 at (3,2,— 1) 

7. The hyperboloid x* + 2y* - 4x* =■ 15 at (-1,5,3) 

8. The cone x* + 5y* - z* = 0 at (4,2,6). Sketch. 

9. The cylinder x* + y» = 25 at (3,4,6). Sketch. 

10. The cylinder x* = 4ay at (2a,a,a). Sketch. 

11. The surface x» + yJi + =. 14 at (1,8,-27) 

12. The surface x» + y l * + z» ~ 9 at (4,9,16) 


13. Show that the equation of the tangent plane to the ellipcoid — + — + - 

a* 6* c 

V • x l x V\'J 2l2 

at (Xi,yi,2i) is — 4 - 77 H—- = 1. 

a 1 5* c* 


1 


14. Find the equation of the tangent plane to the paraboloid y = iz at the point 
(3,6,2). 

16. Find the equation of the tangent plane to the surface 


x*y* + 2 * = 20 at (-1,2,4) 

16. Find the equation of the tangent plane to the surface 


xy 4- Vi + zx - 1 at (2,3, -1) 

17. Find the equation of the tangent plane to the hyperboloid 

x* + 3y* - 42* + 3x - 2y + IO 2 - 42 - 0 at (4,2,1) 
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18. Find the equation of the tangent plane to the ellipsoid 

4z* + 2 y* + z* - lGz + 8y - 4z - 26 - 0 at (-1,1,2) 

19. Two surfaces are said to be tangent to one another at a point if they have the 
same tangent plane at this point. Show that the sphere i* -f y* -f z* = 2a* and the 
cylinder yz = a* are tangent at the point (0,a,a). 

20. Show that the sum of the squares of the intercepts of the tangent plane to the 

surface x* 4 + j/* 4 z? 4 = a* 4 is constant. 


144. Maximum and Minimum Values of a Function. It is frequently 
important to find any maximum or minimum values of a function of two 
or more variables. Although a complete treatment of this problem is 
beyond the scope of this book, an outline of the method of solution will be 
given. 

We start with z = f(x,y), a function of two independent variables, and 
suppose it to have continuous partial derivatives with respect to x and y. 
If z has a maximum value Z\ for x = X\, y = y x , this may be interpreted 
geometrically as the ordinate of a point on the surface z = f(x,y) that is 
higher than any other nearby point on that surface. Hence, the tangent 
plane at (xi,yi,Zi) must be parallel to the xy plane, and the normal must 
be parallel to the z axis. Consequently, the direction cosines of the nor¬ 
mal are 0, 0, ± 1. But in Art. 143 we found the direction cosines of the 


normal to be j/ — Therefore, if z = f(x,y) has a maximum 

value for x = x h y = t/i, we must have |^j = 0and£|^J = 0. 

Similarly, if f(x,y) has a minimum value at x = x lt y = y h the tangent 
plane to the surface at (xi,yi,Zi) must be parallel to the xy plane, and again 

tel - 0 and tel - °- 

In general, therefore, a necessary condition that z = f(x,y) have a maxi¬ 


mum or minimum value at a point is that ^ and evaluated at that point 
he simultaneously equal to zero. 


Example 1. Find the shape of (he covered rectangular box having a given volume 
V and a minimum surface area. If the box has dimensions z by y by z, then the 
volume is V ■= xyz, and the surface area is S - 2 (xy + yz + zx). Since z - V/zy, 




Hence 


dS o ( v\ 


and 


d V \ y*J 


Setting these derivatives simultaneously equal to zero, wc have 
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Therefore 


V = — 


and 


x — 


V*/x' 


whence 


x- ? = ° 


Since x cannot be zero, we must have 1 — — = 0, and x = VV*. From this, we get 


V V 

v = ? = = and 


V V 

2 ” xy ~ KM ■ VH 


VH 


Since x = y = z = KM, the box must be a cube. Clearly, the surface area of the 
box can be made as large as we please by taking z small enough; there is no maximum 
surface area. Consequently, the cube gives a minimum surface area. 

As in the case of functions of a single variable, it is often convenient to 
express the quantity whose maximum or minimum is to be found in 
terms of more variables than necessary. For instance, in Example 
If we use d three variables x, y, z. But these variables were connected 
by a relation V = xyz, so that there were, in reality, only two inde¬ 
pendent variables. Care must be taken to decide which variables are 
to be regarded as independent and to write down all relations before 

differentiating. 

z 

Example 2. Find any maximum or minimum values 

If \ 2 *f 

* = x' - y* 

yS ' (Fig. 191). Here — = 2 j, — = —2y, and these are both 

$ Ox dy 

p IQ jgj zero if x = y = 0. Hence, the tangent plane is horizontal 

at the origin. But note that, for small positive values 

of x, — is positive. Consequently, the xz plane cuts the surface in a curve that rises. 

There are, therefore, higher points than the origin on the surface in the immediate 
vicinity of the origin. The origin is not a maximum point. Also, for small positive 

values of y, — is negative. Consequently, the yz plane cuts the surface in a curve that 

falls. There are, therefore, lower points than the origin on the surface in the immediate 
vicinity of the origin. The origin is not a minimum point. The situation is indicated 

in Fig. 191. Since there are no other points at which — and — are zero there are no 

Ox dy ' 

maximum or minimum points on the surface. 

We see from these two examples that the vanishing of — and — does 

dx dy 

not guarantee a maximum or a minimum. In many cases (as in these 
two examples), it is not difficult to determine whether there is a maxi¬ 
mum, a minimum, or neither. It is, however, possible to state a rule 
that will enable us to determine in most cases the character of a point at 
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which the tangent plane is horizontal. This rule will be stated without 
proof. 

Suppose z = f(x,y). Find values of x and y, say x x and y x , for which 

3^- = 0 and ^ = 0. Calculate 
dx o y 


\dx dyj dx 2 o y l 


dx dy. 

Then, z x = f(x x ,y x ) will be 


for x = x x , and y = y x 


d'z . 


1 . A maximum value if Q < 0 and -r—5 is negative. 

ox 

2. A minimum value if Q < 0 and is positive. 

3. Neither a maximum nor a minimum if Q > 0. 

If Q = 0, this rule docs not suffice to determine the character of z; this may 
be a maximum, a minimum, or neither. 

d 1 S 4 V 

Example 3. We apply this rule to Example 1 above. Here - = — has the 

dx* x* 

d*S AV 

value 4 for x = V^>. Similarly —- = — has the value 4 for y = VH, Also 

dy* y* 

d*S 


dx dy 


d*S 

Hence Q = 2* - 4 • 4 => -12 < 0. Since — is positive (= 4), S has a minimum 

dX* 

value. 

Example 4. Wc apply this rule to Example 2 above. Here — =2 — = —9 

dx* 1 dy* 9 

d*z 

r—— “ l* cncc Q = 0 - (2)(— 2) = 4 > 0, and z has neither a maximum nor a 
dx dy 

minimum value. 

Example 6. Find the dimensions and volume of 
the parallelepiped with sides parallel to the coordin¬ 
ate axes inscribed in the ellipsoid 


(1) 


2+*+? -. 


a 


b* 


and having maximum volume. One-eighth of the 
volume is shown in Fig. 192. The volume that is to 
be a maximum is, therefore, V « 8 zyz where P(x f y,z) 
is a point of the ellipsoid lying in the first octant. 

But x , y, z are not all independent variables since 

they arc connected by relation (1). Suppose we choose x and y aa independent 
variables. Then, from (1) 



- e /i 

\ a' b* 


(2) 
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where we take the positive square root to correspond to the point P in the first octant. 
Hence 


From this, we find 



8 cxy 



y l 

6 * 


Similarly 



dV dV 

We mu9t 6et — and — equal to zero and solve simultaneously for x and y. Observe 

that x = 0 or y ~ 0 give zero for the volume and, therefore, obviously do not give a 
maximum. Hence 



from which we get 


**+ £ * 




o 


6 * 

- x* + 2 j* = 6* 
a’ 


Solving simultaneously gives x a/\/ 3, y =■ b/y/i. We take the positive square 
roots to correspond to point P in the first octant. Using (2), we compute z , obtaining 

z = c/y/ 3. This gives V => 8a6c/3 \/3* That this actually is a maximum volume 
can be shown by computing Q as in Examples 3 and 4, or we may rely upon geo¬ 
metrical intuition. 

Alternative Method . Since V «= 8 xyz, we have 


dV 

dx 




Therefore, since x = 0 and y = 0 obviously do not give a maximum V, 


(3) 


x* y* r* 

Now, since-h —- + — 

a 1 6* c* 


dz 

x- +z - 0 

dx 

dz 

y- ° 0 

dy 

= 1, we have ~ 
a* 

2 z dz 

H—r — = 0, so that 
c* dx 

dz 

c*x 

dx 

a*z 

dz 

c*y 

dy 

b*z 


Similarly 
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Substituting these values of the derivatives into (3) gives 


Hence 



. z* x* 

+ * - 0 or — - — and 

c* o* 

^ " 6* " c* 


z* 

c* 


£ 

b* 


Consequently, the point P must have coordinates satisfying these equations and also 
the equation of the ellipsoid. Substituting x*/a* for y*/b* and z'/c x in the equation 
of the ellipsoid gives 3z*/a* - 1 or x - a/y/ 3. Therefore, y - b/y/ 3, * - c/y/ 3, 
and V - Sabc/3 y/l. 


If u = f(x,y,z, . . . ,1) is a function of more than two independent 
variables with continuous partial derivatives, the geometrical argument 
becomes inconvenient. However, if u has a maximum value for x = x\, 

y = y lt z = z u ... t = h, then ^ must be zero for these values of the 

variables. For if y,z, ... t t are fixed at y u t x , then f(x,y u z lt 

. . . ,t x ) is a function of x alone. For this function to have a maximum, 

its derivative with respect to x must be zero. Hence ^ = 0. Similarly 


= o — = 0 

dy U ’ dz 


^ = 0 simultaneously at (x h y X) z x , 

at 


u). 


In the same way, these partial derivatives must vanish if the function is 
to have a minimum value. It must be noted that this is only a necessary 
condition. The presence of a maximum or minimum is not guaranteed, 
but a discussion of sufficient conditions will not be attempted here. 


EXERCISES 

Find any maximum and minimum values of the following functions Ex. 1 to 6 : 

1. * - z* + 4y* - 2* + 8y - I 2. z - z* - y» + 6x - lOy + 2 

3. z ** zy 4. z - 9 + Ax — y - 2z* - 3y* 

5. z - r* + 4r« + a* — 6s + 1 6. z = r* — ra + 2s* - 5r + 6s — 9 

7. Find any maximum or minimum points of the surface z = 

8 . A covered rectangular box has a fixed surface area. What shape will it have 
if the volume is a maximum? 

9. Formerly, for a package to go by parcel post, the sum of its length and girth 
could not exceed 100 in. Fiud the dimensions of the rectangular package of greatest 
volume that could be sent. 

10. Show that the rectangular parallelepiped of maximum volume the sum of whose 
length and girth is fixed has a square base (compare Exercise 9). 

11. An open rectangular box has a fixed volume. What shape will make the surface 
area a minimum? 

12. The base of a rectangular box costs half as much per square foot as the top 
and sides. Find the most economical proportions. 

13. Find by the use of derivatives the shortest distance from the origin to the plane 

z + V + • - a- 
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14. The cross section of a trough is an isosceles trapezoid. If the trough is made by 
bending up the sides of a strip of metal a in. wide, what should be the angle of inclina¬ 
tion of the sides and the width across the bottom if the cross-sectional area is to be a 
maximum? 

16. A plane passing through the point (1,2,1) cuts off a minimum volume from the 
first octant. Find its equation. 

16. Solve Exercise 15 if the plane is to pass through the point (k,2k,Zk) instead of 

( 1 , 2 , 1 ). 

17. The volume of an ellipsoid is -jrabc where a,b,c are the seraiaxes. If the sum 
a + b + c is fixed, show that the ellipsoid of maximum volume is a sphere. 

18. Find the point the sura of the squares of whose distances from (1,4), (5,2), 
(3,-2) is a minimum. 

19. Find the point the sum of the squares of whose distances from (4,3), (2,4), 
(3,-7), (-2,-1), (-3,-5) is a minimum. 

20. Find the dimensions and volume of the parallelepiped with sides parallel to the 
coordinate axes and maximum volume inscribed in the sphere z* + y* -f- z* = a*. 


146. Exact Differentials. We have seen that, if z =* f(x,y), then the 
differential of z is defined by 

, dz , . dz , 

d * = Tx dx + Ty i V 

The question arises, under what circumstances an expression 


M dx + N dy (24) 

where M and N are continuous functions of x and y with continuous 
partial derivatives, is the differential of some function z = f(x,y). If it is 
the differential of some function, we call it an exact differential. 

It can be proved that a necessary and sufficient condition that 


M dx + N dy 


be an exact differential is that = — ■ We shall prove that this is a 

necessary condition; that is to say, if M dx + N dy is an exact differential, 

dM dN 


then necessarily 


then M = P, and N = —■ 
dx dy 


dy ~ ffx For ’= M dx + N dy, where z = f(x,y), 

r\y. 

Hence 


dM 

dy 


d 7 z 


and 


dN 

dx 


d*z 


dy dx dx dx dy 

But these second derivatives are equal; therefore 


dM = dN 
dy dx 

To prove that the condition is sufficient, that is, sufficient to ensure that 

M dx + N dy be an exact differential, requires proving that, if — = —, 

dy dx 
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then there is a function z = f(x,y) such that ^ = M and ^ = N. 

This proof will be found in Art. 180 (page 476). 

A method for finding the function of which M dx + N dy is the 
differential, that is, for finding the integral of this differential, will be 
illustrated by an example. 

Example. Show that (2xy» + 16x»y) dx + (3x‘y’ + 4x 4 + 5l/‘) dy is an exact 
differential, and find its integral. First, since 


and since 


M = 2xy* + 16x*y 


N = 3x*y* + 4x* + 


dM 

— = 6 xy’ + 16x* 

dy 


dN_ 

dx 


Gxy 1 + 16x* 


This is, therefore, an exact differential. 

To find the integral, we note that, whatever z may be, we must have 

— = M = 2 xy* + 16x*y 
dx 

If we integrate this with regard to x, holding y constant, we obtain 

z = x’y* + 4x‘y + *>(y) 


(25 


where v>(y) is any function of y free of x. But if this is z, then its partial derivative 
with respect to y must be N. This consideration will enable us to determine v>(y), for 


— = 3xV + 4x 4 + v'(y) 

dy 


This must equal N. Hence 


Therefore 


(26) 


3x*y* + 4* 1 + f'iy) “ 3x*y* + 4x 4 + 5y 4 
*'(y) = 5y 4 
*>(2/) - y‘ + C 

Consequently, from (25) and (2G), 

z ~ x’y* + 4x 4 y + y‘ 4- C 

The reader can obtain the same z by first integrating N with respect to y holding x 

dz dz , 

constant, then differentiating the result to get — • Setting — = M will give an 

OX OX 

equation analogous to (26). 

EXERCISES 

Determine which of the following differentials are exact, and then find their inte¬ 
grals. Check by differentiating results. 

1. (2x + 3y) dx + (3x 4- 2y) dy 

2. (3x*y* + 2y 4 4- 15x») dx + (2x*y + 8xy‘) dy 

3. ^3xV + ") dz + ( 2lV y ~ ^ dy 4 (I * + V’) dx + 2 xy dy 
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6. z* sin V dx + x* cos y dy 6. 2xe*' sin y dx + «'* cos y dy 

7. (x 4- sin z tan y) dx + (y + tan z sin y) dy 

8. z cos y*(z cos z 4- 2 sin x) dx — 2z*y sin z cos y * dy 

9- ~7== + (~7== - A d y 10. v - d \ - 

vx* + y* \Vz* + y 1 / x* 4- y* 

11. . 4- \/z* 4- y* rfy 12. 2z In y rfz 4- — dy 

Vx* 4- y* y 

13. ^3z* In - — z*^ dx 4* -— dy 

14. e z |^sinh x ~ ~ t cosh x J dx + - e z cosh z dy 

ydx dy 

IB.- y -\ - 

z v z 1 — y* -y/ z* — y* 


e z cosh x dy 


MISCELLANEOUS EXERCISES 

, ~ z* + y* 4- z* 4- 2y 

1. Does u = ---satisfy the equation 

(z* - y* - z*) ^ + 2 xy — 4 - 2 zz — =» 0 ? 

dz dy dz 

2. Verify that u = zy* satisfies the equation z — 4- y — « 3u. 

dz dy 

3. Verify that 2 = —~ satisfies z — 4- y — - 2 . 

x + y dz * dy 

4 . Verify that u ■= 3u?* — z* — y* — 2 * satisfies the equation 

du , du du 

zyz — 4- yzw — 4- zmz — + wxy — = 0 
dw dz dy dz 

_ , 5 * z ^*z d*z 

0. r ind —> -—— > —- if z = c* tan y. 
dx * dx dy dy * y 


6 . Same as Exercise 5 if 2 => z* cosh y 

7. Verify that 6 g + ^ - 2 g - ° if . - 5z* - 8 zy 4- 13y» 

8 . Verify that — - 2 — 4 - a 0 if 

dx* dz* dy* ^ dy* 

z = sin (z + y) 4 - cos (z - y) 

a .. .. . d*U d*U du 

9 . Verify that — - — 4-2— 4-u = 2e~* if 

dx 2 dy 2 dx 

u « e~*[x 2 + 2x + 2 y -f 2 tan (x + y)) 

10. Find the differential of the function z — ———. 


11. Find dz if z — cot (x/y). 


x + y 

12. Find dw if w — e* • iD * 
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13. Find du if u = In (x sec y). 14. Find du if u = tanh (r/«). 

15. The dimensions of a rectangular box are found to be 30, 24, and 18 in. with 
possible errors of 0.1 in. in each. Find approximately the greatest error in the com¬ 
puted volume; also, find the greatest percentage error. 

16. The radius of the base of a right circular cone is found to be 6 in., with a possible 
error of 0.05 in. The altitude is found to be 10 in., with a possible error of 0.02 in. 
Find approximately the greatest error in the computed volume; also, find the greatest 
percentage error. 

17. The inaccessible distance between two points A and B is found by taking a 
convenient point C and measuring AC = 75 ft., BC = 110 ft., /.ACB = 60°. If 
AC and BC have possible errors of 1 ft., find approximately the maximum error in 

AB. 

18. Solve Exercise 17 if the angle ACB can be in error by as much as 30 minutes, 
with possible errors of 1 ft. in AC and BC. 

19. Find the directional derivative of the function z ~ x* - 4y* at (4,1) in the 
direction making an angle of 45 deg. with the x axis. 

20. In what direction from the point (x,,y,) docs the function z = x* + y* change 

the most rapidly? 

21. Find — if z = - and x ~ a(0 - sin 0), y = a(l - cos 0). 

dO x 

22. Find — by use of partial derivatives; check the results by expressing z in terms 

of t and differentiating: z •= In (x‘ - y‘) where x = cos t, y = sin t. Evaluate for 

t ■* t / 6 . 

23. Same as Exercise 22 for z = 4x> + 9y* where x ~ c‘, y = Evaluate for 
f - In 2 . 

v 

24. Same as Exercise 22 for z =* e r where x ~ cos t, y - sin /. Evaluate for t = 0. 

26. Find — by two methods: z -» xe*» where y = sin x. 
dz 

26. Find — by two methods: z = %/•*' + ,J !/’ where y = x*. 

dz 

dz . 6 ' n x . 

27. Find — by two methods: z = In- where y = x*. 

dz V 

28. Find — by two methods: z = x* arctan y where y = In x. 

dz 

29. Use the methods of Art. 141 to find - and — if z ~ x* + xy where x - r cos 0, 


y — r sin 9. 

zjc \jc 

80. Use the methods of Art. 141 to find—• — if* = ain u-t-ve" where u - x* + 3y 1 , 

Ox Oy 

v - x In y. 

dz dz 

81. Use the methods of Art. 141 to find — ■ — if * = u In i> + t>*u> and u = x/y, 

dz dy 

v — x* — y, u> “ y tan z. 

dz dz dz y 

32. Use the methods of Art. 111 to find —• —• — if z — x 1 In - where x - rt cos 9 , 

Or do 01 x 

y — rt sin 9. 


dz dz 


88 . If u -/(;)• 


, du , du 
show that x — + y - ■ 0. 
dz dy 
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34. If F(x,y,z ) = 0, show that 



— 1 where 



means the 


partial derivative of z with y held fixed and the other symbols have similar meanings. 

36. Find the equation of the tangent plane to the sphere x* + y* -f z* = a* at 
(ii,yi,z,) on the sphere. 

36. The tangent plane to the surface xyz = a* at any point of the surface forms 
with the coordinate planes a tetrahedron with three mutually perpendicular faces. 
Show that the volume of this tetrahedron is a constant, namely, fa*. 

37. Show that the sum of the intercepts of the tangent plane to the surface 


xl* + y^ + zM = oM 

is a and therefore independent of the position of the point of tangency. 

38. Show that the normal to a sphere at any point of the sphere passes through the 
center. 

39. Find any maximum or minimum points on the surface 


z = 16 - 2x + lOy - x* + 2xy - 2y* 

40. Find any maximum or minimum points on the surface z = xy + x*. 

41. Find any maximum or minimum points of the surface z = 

42. An open rectangular box has fixed surface area. What shape will make the 
volume a maximum? 

43. Show th at the triangle with giv en perimeter and maximum area is equilateral. 

[Hint: A = \A(s - x)(s - y)(s - z) if x, y, z are the sides. Make A* a maximum.) 

44. Show that the point the sum of squares of whose distances from the points 

(^iiVi), (.X;,yt), . . . , (x B ,y«) is a minimum has coordinates - (x, + x» + • • • + x„), 
1 

- (.'/i + y* + • • ■ + y .). 
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146. Volumes by Iterated Integration. In Art. 113, we calculated 
certain volumes by integration using the lamina method. The success of 
the method depended upon the possibility of expressing the area of a 
plane cross section of the volume as a function of a single variable. We 
now proceed to consider this method in a somewhat more general form. 
We shall still rely upon our intuition for the meaning of the expression 
“volume bounded by curved surfaces” and postpone a definition to 
Art. 151. 

Consider the volume capped by the surface z = f(x,y), enclosed by a 
cylinder whose elements are parallel to the z axis, and whose base is a 
given region S of the xy plane. Suppose 
that z = f(x,y) is positive (or zero) at 
every point within and upon the boundary 
C of the region S (Fig. 193). Further¬ 
more, suppose C to be a curve that is cut 
by any line parallel to the y axis in not 
more than two points, as shown in the 
figure. Let cross sections of this volume 
be made by n planes parallel to the yz 
plane and at a distance Ax apart. Sup¬ 
pose the plane x = x, cuts the surface 
z = f(x,y) in the curve IIK, the cylinder 
in the lines MH and LK, and the region S of the xy plane in the line LM. 
The area HKLM multiplied by Ax is the volume of a typical element of 
volume. The sum of the n such elements is approximately the required 
volume; and, as in Art. 113, the limit of this sum (as Ax approaches zero 
and ii increases indefinitely) is equal to the required volume. 

We may calculate the area HKLM = as follows: The ordinate 
Ql J = z of any point x„ y, z on the curve IIK is obtained from the equa¬ 
tion of the surface by setting x = x,. Thus, QP = z = f(x„y). Note 
that, for any fixed x„ this is a function of y alone. The area HKLM = A, 

is, therefore, given by the integral J y , f(x„y) dy where F, and Y 7 are the 

y coordinates of L and M, respectively. Let the reader note particularly 
that Yi and Y * depend upon x,. In fact, they may be found by replacing 
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x by Xi in the equation of the curve C and solving for y. To emphasize 
the fact that Y i and Y 2 are functions of x,-, we shall write Y\{x % ) and Yj(x,-). 
The volume of the ith element of volume (the typical element) is, 
therefore 

Ai Ax = Ax f f(xi,y) dy 

JYi{zi) 

Note that, in making this integration, x, is regarded as & fixed constant. 

As in Art. 113, the total volume is J* A dx where a and b are the x 

coordinates of the extreme left- and right-hand points of the curve C. 
Hence 

v = 

The integral enclosed by brackets is to be evaluated on the basis of x 
as a fixed constant; the result is a function of x alone. This becomes the 
integrand of the final integration. The subscript t, having served its 
purpose, need not be written. 

This expression for V is called an iterated or a repeated integral (not a 
double integral) since it is an integral of an integral. It is usually written 
without the brackets as 

f n dx 


where the “inside integral” is integrated with respect to y, x being held 
constant. Note that, in writing this symbol for the iterated integral, 
the inside integral sign with the adjoined limits refers to the variable 
designated by the inside differential dy, whereas the outside integral sign 
and limits refer to the variable designated by the outside differential dx. 

Observe that the limits for the first integra¬ 
tion are, in general, variables, whereas 
those for the second integration are con¬ 
stants. Another symbol used for this 
iterated integral is 

a to f™ *»* 

Example. Find the volume underneath the 
surface 

x* + y* + Az - 16 - 0 





( 2 . 0 . 0 ) 


Ftxi.Tz.o) 
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above the xy plane and inside the cylinder 
x* + y 1 = 4. One-half of the required volume is 
shown in Fig. 194. Cut this volume by planes parallel to the yz plane at a distance Ax 
apart. Let the section BCDLF be the one made by the plane x *■ x,\ Its area is 

f r *(*0 

' 1 ‘ - n “’ v) dy 

• The symbol [* f ^ * /(z»y) dx dy, occasionally used, should be avoided. 

Jo JY\(z) 
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Now. 2 = = t(16 — i,* — y*). Also, (ho points B and F lie upon the circle 

x l + y 1 = 4 in the xy plane. The y coordinate of D t namely, Y\(z x ) t is, therefore, 

Yi(zi) = - \A - Zi*. Similarly, K,(z») = y/A - x t *. Consequently, the area of 
the ith cross section is 


rv/4-x,* , 
J - \/4 -x, 1 


j(16 — z* 1 — y*) dy 


where x is held constantly equal to z x during the integration. 

If we multiply A{ by Ax, we get the volume of the ith clement of volume, 
least value of z on the circle x 1 + y* =* 4 is — 2, and the greatest value is 2. 
total volume is, therefore 


The 

The 


f2 [2 fV 4-** . 

L Adl - 


j-2 j-2 

Carrying out the first integration with regard to y, holding z fixed, we get 


* /*. [ 


(16 - x‘)y 


. W4-x» 

~ HV 1 _ 

- V4-x* 


Substituting the limits v ^ und — V4 — x* for y gives 



These integrals may now be evaluated by the trigonometric substitution x = 2 sin 6 
which gives V = 14r. 

We might have used considerations of symmetry and noted that the volume V is 
four times the volume appearing in the first octant. The efTcct is to change the 
limits of integration and the constant factor. Thus 


r 2 f %/4-x> 

V ° Jo Jo (1G x * “ y,) dy dz 

The student should compare this method with that of Art. 113 and 


observe the similarity. There is no essential difference. In the earlier 
case, we were able to find A % by inspection for volumes whose plane cross 
section was already known. In this case, we find this typical cross-sec¬ 
tional area by means of an integral. 

We have supposed f{x,y) to be positive (or zero) for all points of the 
region S. If, however, /(r,y) is negative for a portion of S, then the 
volume bounded by z = /(x,y) lies below the xy plane in this part of S 
and is counted as negative. Clearly, the iterated integral (1) gives the 
algebraic sum of the positive and negative portions of the volume V. 
We also supposed the curve C to be cut by a line parallel to the y axis in 
not more than two points. If, however, this is not the case and the curve 
C is as shown in Fig. 195, we may think of S as composed of a number of 
parts such as (i), (ii), and (iii) and find the total volume V by adding 
together the volumes standing on these several parts of S. 
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We might have made cross sections of the volume shown in Fig. 193 by 
n planes parallel to the xz plane and at a distance Ay apart. The area 
Ai of the cross section HKLM (Fig. 196) made by the plane y = yi is then 


Ai = ** 

where f(x,y,) = z = QP is the z coordinate of point P. Note that, for y 
held constant ( = t/,), QP is a function of x only. Points M and L have 




x coordinates X ! and X 2 which can be found by setting y = y { in the 
equation of the curve C in the xy plane. The volume of the typical 

element is .4, Ay, and the required volume is, therefore, equal to j* A dy 

where c and d are the extreme values of y on the curve C. Thus 


V= l" fxM 1{z ' y) ix dy ( 2 ) 

Here, of course, y is to be held constant during the first integration. 

The two integrals (1) and (2) are equal to 
one another since both are equal to V. It is 
sometimes more convenient to use (2) than 
(1), or the second iterated integral may be 
calculated to serve as a check on the work. If 
we replace (1) by (2), we speak of inverting 
the order of integration. 

147. Iterated Integrals, Continued. A 
somewhat different interpretation may be 
given to the integral (1). Imagine the 
volume V cut by n planes parallel to the yz plane at a distance A* apart 
and by m planes parallel to the xz plane at a distance Ay apart. These 
planes cut the region S by lines parallel to the y and x axes, respectively 
(Fig. 197). Let L be the point (x„ Y ,,0) and M the point (x,-, F 2 ,0), as before. 
Now, imagine a vertical rectangular column of height QP and cross-sec¬ 
tional area Ax Ay as shown in the figure. The volume of this column is 
f(x it y) Ax Ay where (x<,y,0) are the coordinates of Q and QP = z = f(x it y). 
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The two systems of parallel planes form columns of this type, the sum of 
whose volumes is approximately the required volume under the surface. 
If we add together all the columns along the (fixed) line LM, we get 
approximately the volume of the lamina HKLM. This sum may be 

expressed by the symbol ^ /(x„y) Ayj Ax where the sum is extended 

V 

for y along the line LM. Holding x and Ax fixed and taking the limit of 
the sum in brackets as A y is made to approach zero, we get, by a familiar 
argument, 


j™, \2 S(Z " y) Ay ] ** = [ IrZ' }{l - y) M 


Ax 


But this is just the volume of the lamina HKLM. We now form the 
s um of all such laminae, take the limit of the sum as Ax is made to 
approach zero, and obtain the required volume, 




f(x,y) dy dx 


We see, therefore, that the integral (1) (Art. 146) may be formed as 
follows: Consider the volume AV = f(x,y) Ay Ax of an elementary 
rectangular column of cross section Ay Ax and height z = f(x,y). First, 
add the columns along a fixed line parallel to the y axis; that is, hold x 
and Ax fixed. The limit of this sum gives the volume of a lamina, or 
slice. Next, add all these slices, and take the limit of their sum. The 
result is the integral (1) which gives the required volume. 

Clearly, the columns could first be added along a line AB where y and 
Ay are held fixed. Taking the limit of the sum as Ax is made to approach 
zero, the volume of a lamina, or slice, whose faces are parallel to the xz 
plane is 

Ay Ix.M f(z ’ y) dz 


Here, X x {y) and X t (y) are the x coordinates of A and B. Now, add all 
these slices, and take the limit of their sum to obtain the required volume, 


V = f." ixZ fM ^ dy 


It is particularly convenient in setting up integrals to regard an iter¬ 
ated integral from the point of view adopted in this section, namely, as 
the limit of a sum of elements added first in one direction, then in another. 

Example 1. Recall the example of the preceding section. Cut the area of the 
circle x» + y* = 4 in the zy plane by lines parallel to the x and y axes, forming ele¬ 
ments of area Ay Ax. Let MN (Fig. 198) be a typical rectangular column whose 
cross-sectional area is Ay Ax and altitude /(x,y) - -*(16 — x* — y»). This column 
is a typical element of volume, AK - *(16 - x* - y*) Ay Ax. The required volume 
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r 2 /■ V4-i» , 

L - * - y ' 


) dy dx 


To find the inside limits of integration, we note that we first add columns from B to F, 
with x held fixed to obtain a slice parallel to the yz plane. The y coordinates of B and 

Fare, respectively, — y/4 — z* and \/4 — x*. We then add the slices from x => —2 
to x = 2. This integral has already been found to be equal to 14x. 



Example 2. Find the volume bounded by the surfaces (a > 0) az ~ y* -f ax, 
y = x, x + y = 2a, y = 0, z = 0. The volume is shown in Fig. 199. Cut the area 
of the triangle OCD by lines parallel to the x and y axes, forming elements of area 
At Ay. Consider the rectangular columns standing on these elements. A typical 
column is shown in the figure. Its volume is 


z Ax Ay = - (y* -f ax) Az A y 
a 


If we first hold y and Ay fixed, add all such columns along a line AB, and then take the 
limit of this sum, we shall have the volume of a slice of cross section ABEF and thick¬ 
ness Ay. This volume is 

^ (y* + ax) dx j Ay 

where the limits of integration are the z coordinates of points A and B, each expressed 
in terms of y. We next add all the slices from the point C to the point D and take the 
limit of the sum, obtaining for the entire volume 



i/7 

a J 0 Jy 


2a — y 


(y* + az) 


1 f 

dx dy =■ - / 
a Jo 


[y’z + dy 


7v 

a Jo 


y* + a yl _ a ty a ») Jy = T fl , 


Observe that it would be inconvenient to reverse the order of integration by first 
adding columns along a line parallel to the y axis and holding x fixed. 
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Evaluate the following integrals (Ex. I to 14): 

1. 


J Q J Q ( 1 +x)dydx 

2. J x J 0 (* + V) dy dx 

f* f V 

/ j xy dx dy 

[' [Vv 

4. / / x dx dy 

Jo J y f /2 

LI v< dvdx 

[l r y 

& J 0 J 0 ^^dx 


fVWi [*' 

7. / / x cos y dy dx 

Jo Jo 


f r/3 r2a cot 9 
8. I I r dr dO 


n o (1 + cos 9) rw/i Ca sec 6 

r* sin 6 dr d$ 10. / / r l dr d6 

Jo Jo 


/2 r cos 9 


r*(cos 0 — r) dr dO 


/ w/2 f2a cos • f *72 /“ 

/ r* sin* 6 dr dO 12. / / 

-w/2 Jo _ JO JO _ 

f W 3 f vV+a* v rfx d» f Va*-v* 

• / / , , , 14 - / / (o* ” dy 

7o Jo *' +v* +«' do Jo 


IS 


Find the following volumes by use of iterated integrals (Ex. 15 to 32): 


18. The volume bounded by the paraboloid x‘ + y* = z and the plane z => 4 

16. The volume in the first octant bounded by the surfaces y* = 4 — x, y «. 2x, 
x - 0, z - 0 

17. The volume in the first octant bounded by the surfaces y* ~ Ax, 2x -f y = 4, 
t - y, and inside the first cylinder 

18. The volume in the first octant bounded by the planes i + y + z = 9, 


2x + 3y - 18 

and x 4- 3y = 9 

19 . The volume in the first octant bounded by the cylinder x* + y* «=* a* and the 
plane z — x + y 

20 . The volume bounded by the cylinder x* = 4ay and the planes x + 2y - z, 
2y - x, and z - 0 

21 . The volume bounded by the paraboloid 4x’ + y* = 4z and the plane z ■ 2 

22 . The volume in the first octant bounded by the cylinder y* - 4ax and the plane 
x + x — a 

23 . The volume in the first octant between the cylinders y* - ax and x* - ay and 
under the plane x + y - x 

24 . The volume above the xy plane and bounded by the cylinders x* + y* = a * 
and x* — 4a* — az 

26 . The volume in the first octant bounded by the cylinder ay - a* — z* and the 
plane x + y - x 

20 . The volume in the first octant bounded by the surface x* + y m * and the 
planes y - x, x - 1 

27 . The volume cut from the paraboloid x* + y* - z by the plane z - y 

28 . The volume bounded by the paraboloid x* + y> - t and the planes 

3z + 4y - 18 - 0 

2y - 3z, y - 0, * - 0 
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29. The volume bounded by the cylinder z& + yVi = aM and the planes y + z — a t 
i = 0, y = 0, z = 0 

30. The volume inside the cylinder x 1 + y* — 2 ax = 0, outside the paraboloid 
x 2 + y* = az, and above the xy plane 

31. The volume of a sphere of radius a 

32. The volume in the first octant bounded by the surface 


xW -f- yV* + zM = 


33. Show that the area under the curve y = f(x) in the xy plane from x = a to 
x — b can be calculated by using the iterated integral 


/: r 


dy dx 


Using the results of Exercise 33, calculate the following areas by use of iterated 
integrals (Ex. 34 to 40): 

34. Bounded by the curve y * = x* and the line y = x 

8 a* 


35. Bounded by the curves X* = Aay and y = 

x 1 + 4a* 

36. The area of a circle of radius a 

37. Bounded by x’ — y 7 = a* and the line z = 2a 

38. Bounded by y 7 = 4z and 2x + y — 4 = 0 

39. Bounded by + yV> = a^ and x + y = a 

40. Bounded by ztt + y$i = a?4 and x + y = a 

148. Cylindrical Coordinates. The reader will recall from his study 

of analytic geomet ry a coordinate system known 
as cylindrical coordinates. Instead of specifying 
the rectangular coordinates ( x,y,z) of a point in 
space, we replace x and y by the usual polar 
coordinates r and 0. In other words, to locate 
point P (Fig. 200), we first locate Q, the foot of 
the perpendicular from P to the xy plane, by 
giving its polar coordinates. The distance QP 
is then the usual z coordinate of P. The rela¬ 
tions between the rectangular coordinates ( x,y,z) 
and the cylindrical coordinates ( r,0,z) of point P are, clearly, 



P(r. 0.z) 
(**•*) 


z 

X 





/y 


x = r cos 0 y = r sin 0 r 2 = x 2 + y 2 0 = arc tan y - z = z 

X 

149. Volumes by Iterated Integration; Cylindrical Coordinates. Let S 
be a region in the xy plane with a boundary C whose equation is given in 
polar coordinates. Consider the volume V topped by the surface 
2 = <p{r,Q) and enclosed by the cylinder, with elements parallel to the z 
axis, standing on the curve C. Suppose that C is cut by any line through 
0 in not more than two points. Let the radius vectors OL and OM 
(Fig. 201) make angles a and 8, respectively, with O.Y, and suppose 
these to be the smallest and largest values of 6 for points on the curve C. 
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We shall modify the “column method” of Art. 147 to apply to this case. 
Divide the angle LOM into n equal angles each of measure A0. Now 
draw m circular arcs with 0 as center, with radii differing by Ar, and 
cutting the area S bounded by the curve C. The planes through the 
2 axis standing upon the sides of the n angles and the cylinders with 
axes on the 2 axis standing upon the m circular arcs will form vertical 
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columns. A typical column is shown in Fig. 201. If T is a point of the 
surface 2 = v(r,0) with coordinates r, 0, z, then the volume of this typical 
column (with horizontal plane top) is its altitude <p(r,0) multiplied by the 
area of the base. 

The area of the base can be shown to be r Ar AO as follows: Let P be a 
point in the xy plane with polar coordinates r, 0 (Fig. 202). Consider 
points A and B with the same vectorial angle but with radius vectors 
r - \Ar and r + \Ar, respectively. Rotate the 
line OB about 0 through an angle AO, forming an 
area ABCD = AS as indicated in the figure. This 
area can be calculated, for it is simply the area 
of the circular sector OBC minus the area of the 
sector OA D. Thus 

AS = j(r + bAry AO - £(r — *Ar) J AO = r Ar AO 

Now, multiplying the area r Ar AO by <p(r,0), we obtain 



AV = <p(r,0)r Ar AO ^ 

Holding 0 = 0 { and AO fixed and adding such columns along the fixed 
line AB, we get approximately the volume of a wedge-shaped element 
If we take the limit of this sum as Ar is made to approach zero we eet 
exactly the volume of this wedge-shaped element, namely, 
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where and RM are the r coordinates of A and B, respectively. 

Now, adding all these wedge-shaped elements and taking the limit of the 
sum, we obtain 

( 4 ) 


V - *>(r,S)r dr dB 

Ja JRi{0) 


Example 1. Consider the volume cut from the sphere r* + z* = 4a* by the cylinder 
r ° a. By cutting it by planes through the z axis and by cylinders with axes on OZ 
as just described, elements of volume, namely, columns, are formed. The half of a 

typical element appearing above the xy 
plane is shown in Fig. 203. Its volume is 
zr Ar AO ■= s/ 4a* — r* r Ar Ad where r, 0, z 
are coordinates of a point T on the sphere 
r* + z* = 4a*. Hence, the whole column 
has volume 2 \/ 4a* — r* r Ar AO. Adding 
the columns along the line OC from r = 0 
to r = a gives the volume of a wedge- 
shaped slice 



|^2 J q y/ 4a* — r* r dr J 


AO 


Adding all these slices from 0 =■ 0 to 0 — 2r 
gives 

V = 2 J q y/ 4a* — r* r dr dO 

I-^r(8 - 3 \/3)a' 

The order of integration could be inverted. That is, we could first 
add the columns along the arc IIK (Fig. 201) for which r = rand Ar 
are held fixed. The sum would be approximately the volume of the 
cylindrical shell of thickness Ar standing on the arc HK. The limit 
of this sum as Ad is made to approach zero is the volume A ; F of such a 
shell, 

AiV = [ /.!('')’ * (r, ' <l)r ’ Ar 

where di(r>) and 0,(r ; ) are the vectorial angles of the points H and K. 
Now, adding these shells from the innermost point on curve C to the 
outermost (that is, from the smallest to the largest value of r) and taking 
the limit of the sum as Ar is made to approach zero, we obtain 


v = v(r ’ e)r de dr 


where a and b are the extreme values of r. 

Example 2. Let us invert the order of integration in Example 1. The volume 

of the typical element has been seen to be 2 y/ 4a* - r* r dr do. If we hold r fixed 
and integrate first for 0, we get a cylindrical shell whose volume is 



401 


Art. 149J volumes by iterated integration 

Now, adding all these shells and taking the limit of the sum, we obtain 

V 2 J 0 J Q y / 4a * — T% T d0 dr 

- 2 J* 2r Via* ~ r * r dr 
= ^r(8 - 3 \/3)a» 


EXERCISES 

Find the indicated volumes by use of iterated integrals and cylindrical coordinates 
(Ex. 1 to 18). 

1. The volume above the xy plane, under the paraboloid, r* - 2 z, and inside the 
cylinder r =» 2 

2. The volume of a right circular cone of altitude h and radius of base a 

3. The volume of a sphere of radius a 

4 . The volume cut from a hemisphere of radius a by a cone with vertical angle 
90 deg., with vertex at the center of the hemisphere 

6. The volume under the cone r ® z, inside the cylinder r = 2a cos 0, and above 
the xy plane. Transform these equations to rectangular coordinates, and set up the 
integral for the volume. Observe the advantage of cylindrical coordinates. 

6. The volume cut from a sphere of radius 2a by a cylinder of radius a if the center 
of the sphere lies on the surface of the cylinder 

7. The volume under the cone z = r, inside the cylinder r - a(l + cos 0 ), and 
above the xy plane 

8. The volume inside the cylinder r - a(l + cos 0 ), above the plane z - 0, and 
under the plane z = r sin 0 

9. The volume under the paraboloid x* + y 1 “ 4x, inside the cylinder x 1 + y l — 4x, 
and above the xy plane (first transform the equations to cylindrical coordinates) 

10. The volume between the cone z* + y* = z* and the paraboloid x* + y 1 — z 
(first transform the equations to cylindrical coordinates) 

11. The volume above the plane z - 0, inside a cylinder standing on one loop of the 
curve r — a cos 20 , and under the spherical surface r* + z* = a* 

12. The volume above the plane z = 0, inside the cylinder r = a, and below the 
paraboloid az - 4a 1 - r 1 

13. The volume under the plane z + z - a, inside the cylinder x* + y* - a 1 , 
and above the plane 2—0 

14 . The volume inside the cylinder x* + y* - 4a* and outside the hyperboloid 
z* + V* - 2* ■ 

16. Set up the integral for the volume in Exercise 1 * without first transforming the 
equations to cylindrical coordinates. Note the advantage of cylindrical coordinates. 

16. The volume under the paraboloid r* « az, inside the cylinder r = 2a sin $, and 
above the plane z - 0 

17. The volume under the paraboloid r* - 4a(a — z), inside the cylinder 

r - a(l + cos 0) 

and above the plane z — 0 

18. The volume cut from the sphere x* + y* + z* - a* by the cylinder 

(x % + y 1 )' - a>(x* - y*) 

19 . Show that the area bounded by the polar curve r - f( 0 ) and the radius vectors 
4 — a and 0 ■■ 0 can be found from the iterated integral 



r dr d $. 



402 


MULTIPLE INTEGRALS 


[Chap. 18 

Using the results of Exercise 19, calculate the following areas (Ex. 20 to 22): 

20. Inside the cardioid r = a(l + sin 0) and outside the circle r = 2a sin 6 

21. Between the circles r = 2a cos 6 and r = 2a sin 0 

22. Bounded by the spiral rd = k and any two of its radius vectors n and r 2 

160. The Double Integral. In Chap. 14 (Art. 104), we introduced the 

n 

idea of the limit of a sum of the type lim V /(x,) A,x, where/(x) is a func- 

n—♦ « l -4 

i-1 

tion of a single variable and where the limit is taken as the greatest interval 
A cc is made to approach zero. We shall extend the notion of the limit 
of such a sum to the case of a function of two independent variables. 
Instead of subdividing a given interval from a to b on the x axis, we shall 
subdivide a given region in the xy plane; instead of dealing with values 

of a function f{x) for points in an interval, we shall 
deal with values of a function f(x,y ) for points of 
this region. 

Let z = f(x,y ) be a function of two independent 
variables that is continuous throughout a finite 
region S of the xy plane. Let C be the curve bound¬ 
ing the region (Fig. 204). Divide the region into 
n subregions AiS, A 2 S, . . . , A^S of any desired 
shapes. Let Pi(x„y,) be any point in, or on the 
boundary of, the subregion A, S. Then /(x„y t ) is the value of the func¬ 
tion at this point. Form the sum 

/(xi,y,) A,5 + f(x 2l y 2 ) A,S 4- • • • + f(x n ,y n ) AJ$ 

n 

= ^ AiS ( 5 ) 
i-l 

Now, let the greatest linear dimension of each of these subregions ap¬ 
proach zero; consequently, let ;i increase indefinitely. The limit of the 

sum (5) is called the double integral of f(x,y) over the region S y and we 
write 

n 

2 /(*»»•) = ff f(x,y) dS 

n- *- 1 (S) 

Note particularly that the shapes of the subregions A <S play no part in 
the definition. Some may be circles, others rectangles, others of any 
arbitrary shape. All that is important is that the ma xim um linear 
dimension of each should approach zero. The proof of the existence 
of this limit is left for a more advanced course. 

161. Geometrical Interpretation of the Double Integral. In Art. 105 
the definite integral of a function of a single variable was interpreted as 
an area under a curve. We shall now see that a double integral may be 
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interpreted as a volume under a surface. Suppose f(x,y) positive (or 
zero) throughout 5; and consider the portion of space under this surface 
and enclosed by the cylinder with elements parallel to the z axis and 
standing upon the curve C. The z'th term of the sum (5), namely, 
/(*.-,) A,-«S is the product of the area A,5 by the altitude /(x„y.) of a 
slender cylindrical column with horizontal plane top. We define this 
product to be the measure of volume of the column. Hence the sum (5) 
of the preceding section, namely, 


n 

£ /(*.-,y.) a.s 


«■- 1 


is the sum of measures of volume of all such columns (see Fig. 205). 
The limit of this sum, taken as the maximum linear dimension of each 
A iS is made to approach zero, is defined to 
be the measure of the volume V bounded by 
the surface z = f(x,y), the cylinder stand¬ 
ing upon C, and the xy plane. That is 


V = ff/(x,y)ds 

(S) 



We have now assigned a meaning to the 
expression “volume bounded by curved 
surfaces." 

Though we have supposed f(x,y) positive 
throughout S, this is an unnecessary restriction. If it is negative, the 
volume lies below the xy plane, and each term of the sum (5) is negative. 
Hence, the double integral, though numerically equal to the measure of 
volume, will be negative. If f(x,y) is positive for some parts of S but nega¬ 
tive for others, the double integral clearly gives the algebraic sum of the 
volumes above and below the xy plane. 

162. The Fundamental Theorem. In Art. 105, we made use of a 
geometrical argument to show the connection between the limit of the sum 

n 

2 /(*<) A.X and a function whose derivative is /(x), that is, between 

l-l 

a definite integral and an antiderivative. We again make use of a 

geometrical argument to achieve an analogous result in the case of a 

function of two variables. Observe that the volume of measure V of 

the preceding section is simply the volume calculated by means of the 

iterated integrals of Art. 146 and 147. Consequently, the value of the 
double integral 


a 


f(x,y) dS 
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can be found by calculating either of the iterated integrals 


I' I™ dy * or l! n n**) ^ dy 

This result may be stated as follows, as the fundamental theorem of 
integral calculus for double integrals: 

Let f{x,y) be a function of x and y, continuous throughout the region S 
of the xy plane. Subdivide S into n subregions of area A iS, A 2 S, ...» 
A nS, and let (x„y.) be any point of the ith subregion. Form the sum 

n 

»•-1 

Let the maximum linear dimension of each subregion approach zero; 
consequently, let n increase indefinitely. The sum will approach a limit, 
namely, the double integral 

ff f(x,y) dS 

(.5) 

and the value of this limit is given by the iterated integral 

r ir™ f(x - y) dy dz ° r r * dy 

That is, 

dS = f dydx = ff ffff ’ fM dxd v 

^ 2 = f( x >y) * s transformed into cylindrical coordinates, the above 
double integral may be computed by either of the iterated integrals 

// v,(r ' 9)r ir dS = (! f,™ V>(r,Or dO dr 

Note that the argument is actually independent of the physical or 
geometrical meaning of f{x,y). Any continuous function of two inde¬ 
pendent variables can be represented by a surface; consequently, if in 
any problem an arbitrarily close approximation to the required quantity 
can be found by adding terms of the type f{x,y) AS over a region in the 
xy plane, then that quantity is given exactly by the double integral 

ff f( x >y ) dS. This is called the double integral of the function over the 

region S. In other words, the problem is formulated in terms of a double 

integral which can then be computed by means of a convenient iterated 
integral. 

EXERCISES 

Find the values of the following double integrals: 

1. The function x*y l over the rectangle whose vertices are (0,0\ (3,0), (3,2), (0,2) 

2. The function x/y over the rectangle whose vertices are (0,1), (3,1), (3,2), (0,2) 
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8 . The function zy* over the right-hand semicircle of x* + y* =* a* 

4 . The function xy over the area in the first quadrant bounded by the ellipse 



6. The function z'y over the area bounded by the x axis and the first arch of the 
curve y — sin x 

6. The function (r* + y *) over the area bounded by the parabolas y* - or and 
x* — ay 

7. The function r* over the area bounded by the circle r = 2a sin 0 

8. The function r* — ra over one loop of the curve r = a cos 20 

9. The function r over the area inside the cardioid r - a(I -f- sin 0) and outside 
the circle r •= a 

10. The function r* over the area bounded by the spiral r = a 0 and the radius 
vectors 0 = 0 and 0 = r 


163. Volumes of Revolution, Polar Coordinates. Suppose that an 
area S bounded by curves whose equations are given in polar coordinates 
rotates about the polar axis. If this area is divided into elements of 
area A,S, A 2 S, . . . , AnS, then when the area S rotates about the polar 
axis each such element will generate a ring-shaped element of vol¬ 
ume whose cross-sectional area is A,S. The volume of the ring will be 
2 irRi where /?, is the distance from the polar axis to some point 
r„ 0,. The limit of the sum of all such elements is the volume of revolu¬ 
tion. It can, therefore, be expressed by the 
double integral 

ff27r RdS 

(S) 

To evaluate this double integral, we set 
up an iterated integral as follows: Form 
elements of area by drawing lines through O 
making an angle Ad with one another, and 
circles with centers at O and radii differing 
by a distance Ar. If r„ 0 t is a suitable point of a typical element of 
area (Fig. 206), then, when the element rotates about the polar axis, we 
shall have R { = r. sin 0 { . The area of the cross section of the ring-shaped 
element formed by this rotation is r, Ar Ad (Art. 149), and its volume is 

2irr, sin 0, r, Ar Ad 

Adding all such elements together and taking the limit of their sum we 
have 

V = fj 2*R dS = f* j*™ 2rr* sin 0 dr dd 

( 3 ) 

The limits *,(«) and Ii,(6) are the values of r for a fixed « upon the 
bounding curves, and a and fi are the smallest and largest values of » 
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for points on the boundary. If more convenient, the order of integra¬ 
tion may be reversed. 

Clearly, if the area is rotated about the line 9 = v/2, R> = r,- cos 0,-, 
and the iterated integral would be 




2tit 2 cos 6 dr dO 


If rotation is about some other line of the plane, a suitable adjustment 
must be made in expressing R. 


Example. The upper half of the cardioid r = a(l + cos 0) rotates about the polar 

axis. Find the volume generated. Here, we may use the 
iterated integral 



n 


a(l -f cos B) 


r* sin 6 dr dO 


-— -^ - — — w ~ ^ ^ • - —— » ^ O M ****** j ** v* 

found from the following considerations: When the element 
of area r,- Ar A0 rotates about the polar axis, it generates a 
ring-shaped element of volume. For a fixed 0 , we may add 
all such elements by letting r increase from 0 to its value r = a(l -f cos 0 ) on the 
cardioid (Fig. 207) along the line 0 = constant. This forms an element of volume 
something like a conical shell whose thickness decreases as we approach the vertex. 
Now, add all such shells from 0 = 0 to 0 = * to include the entire volume. This gives 


2* [ T "la(l +cos 8) 

V - — / r 1 sin 0 dO 

•» Jo Jo 

_ 2ra 3 r (1 + cos 0)‘l r 8 

= 3 [ 4 Jo = 3 




(1 + cos 0)* sin 0 dO 




EXERCISES 

Find by use of double integrals the volumes of revolution described in the following: 

1. The volume of a sphere, using the equation r = a; the equation r = 2a sin 0 

2. The area in the first and fourth quadrants bounded by the cardioid 

r = a(l + cos 0) 

rotated nbout the line 0 = jr/2 

3. The volume of a torus, using the equations r = a and r = b sec 0 

4. The area bounded by the right-hand half of the curve, r’ = a* sin 0, rotated 
about the line 0 - v/2 

5. The area bounded by the part in the first quadrant of the curve r = a cos* 0, 
rotated about the polar axis 

6. The area bounded by the upper half of the first loop of the curve r = a cos 20, 
rotated about the polar axis 

7. The area in the first quadrant inside the cardioid r = a(l + cos 0 ) and outside 
the circle r = a, rotated about the polar axis 

8. The area inside the circle r = 2a cos 0, rotated about the line 0 = r/2 

9. The area of the upper half of the limafon r = 2 + cos 0, rotated about the 
polar axis 
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10. The area bounded by r = a tan 6, r 
the line 6 = x/2 


407 

(o/V2) sec 6, and 0-0, rotated about 


164. Area of a Curved Surface. We have seen how to calculate the 
area of a surface of revolution (Art. 115) and of a cylindrical surface 
(Art. 116) by means of simple integrals. We shall now see how to find 
the area of a curved surface of less restricted type and, incidentally, shall 
provide ourselves with a definition of such an "area.” Let 2 = f(x,y) 
be the equation of a surface, and let S' be a portion of the surface bounded 
by a curve C'. Let 5 and C be the projections of S' and C' upon the 
xy plane, as indicated in Fig. 208. Suppose, further, that f(x,y) > 0 
throughout S. Divide the region 5 into n subregions A,5, A 2 s’ . 

A n S. Construct cylinders with ele¬ 
ments parallel to the 2 axis upon these 
n subregions, as indicated in Fig. 208. 

These cylinders cut the region S' into 
n subregions A, S', A 2 5', . . . , A JS'. 

Let Pi be any point in the subregion 
A iS', and let the angle between the 
normal to the surface at P, and the 
direction of the 2 axis be 7 ,. Observe 
that, since we shall suppose that the 
tangent plane is not vertical, this angle 
is not a right angle. Consider the 

tangent plane to the surface at P,. The cylinder standing on A,S cuts an 
area A X T from this tangent plane of which A ,S is the projection upon thexy 
plane. The areas A,7’ and A,S are connected by the relation 

A ,S = AiT cos 7 , 

Hence A.T = A ,S sec 7 , 

If we now add together all such areas A,7\ we obtain a sum 



n n 

^ A. 7* = Y A,S sec 7 , 

.-1 1 


whose limit, taken as the maximum linear dimension of the greatest 
AiS is made to approach zero, is the double integral 


!J 


sec 7 dS 


Since we have had, as yet, no definition of the "area” of a curved surface 

this supplies us with such a definition: The area is defined as the limit of 
the sum of elementary plane areas. J 

In order to express the double integral in more convenient form we 
shall find an expression for sec 7 . We recall (Art. 143) that, if P(x,y, 2 ) 
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is a point on the surface z = f(x,y), then the direction cosines of the 

normal at that point are proportional to — 1 where the partial 

derivatives are evaluated at P. The student will remember from his 
study of analytic geometry that, if the direction cosines of a line are 
proportional to a, b, c, then the cosine of the angle between the line 

and the direction of the z axis is numerically equal to |c|/ y/a % + b 2 + c 2 . 
Hence, in the present problem, 


cos 7 = 


1 + 


(-V+f-V 

W T W 


If the equation of the surface is given in the form 

F(x,y,z) = 0 

dF dF OF 

the direction cosines of the normal at P are p*oportional to — > — » — > 

dx dy dz 

these partial derivatives being evaluated at P. 

\dF\ 


Hence 


Therefore 


cos 7 = —; 


S' = 


IfdF V , /dFV , fdFV 

\\&) + \di) + W/ 

ff sec y dS = If yjl + (I)’ + (|)' dS 

(S) _( 6 )_ 

[ NlSf+<$)’+( g) ' j: 


To evaluate the double integral, we use an iterated integral, replacing 
z dS by dy dx and choosing limits of integra¬ 

tion to include the region S of the xy plane. 
The method is best made clear by examples. 

Example 1. Find the area A of the surface 
jW cut from the cylinder y* + z* = a* by the cylinder 

- _ x* + y* ** a*. The shaded area in Fig. 209 is that 

^ part of the required area which appears in the first 
a-p'S'Z-^' octant. It is evident from symmetry that the total 

/ area is eight times the area shown. Since a portion 

y of the surface 

Fig. 209. F(x,y,z) = y 1 + z* - a* = 0 

forms the required area, we may set up the double integral a3 follows: 


dF dF 

— = 0 — 

dx dy 


n dF 

2y — 

dz 



AREA OF A CURVED SURFACE 


Art. 154] 

Therefore 
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>/©’ + S)’ + O’ • V'V +«•*-* V7T7 - 2a 


and 



dS 



(S) 



\/a* — 


dS 


where the region S is the first quadrant of the circle x’ 4- y* = a* in which the xy 
plane cuts the cylinder x* + y* = a*. Wc may calculate this double integral by use 
of an iterated integral. Term rectangular elements of area as indicated in the figure. 
We then have 



The limits of integration for the inside integrsl are the x coordinates of points H and 
K (Fig. 209) for a fixed y. Since K is a point of the circle x* + y* «■* a*, z ™ 0, we 

have x => y/a* — y ’ for its abscissa. Integrating, we obtain 



fa x Vo«-v* r a 

a / — . dy = a dy - a* 

Jo v«*“ y*Jo do 


Therefore A ■= 8a*. Note the convenience of this order of integration. If we reverse 
the order of integration, wc get 



since arcsin 


. - 


a 


— = QFCC03 — 
a 


This can be integrated by parts to obtain 


A - 8a* 

Example 2. Find the area cut from a sphere 
of radius 2a by a circular cylinder of radius a one 
of whose elements lies along a diameter of the 
sphere. Wc shall take the sphere with center at 
the origin and the cylinder with elements parallel 
to the z axis (Fig. 210). The equations of the 
sphere and cylinder arc, respectively, 

x* 4- y’ + ** “ 4a* and z* -f y* — 2ax — 

To find the area cut from the sphere, we have 

F(x,y,s) - a:* + V* + ** - 4a* - 0 



Fxo. 210. 
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and 

Therefore 


\/4z* + 4y* + 42* ■= 4a 



dS 

\A a* - ( x * + y*) 





where we take for our region S the area in the first quadrant of the xy plane, bounded 
by the circle z* 4- y* — 2ax = 0. The form of the integrand suggests a change to 
cylindrical coordinates since the combination z* + y 1 = r* appears. Note that the 
equation of the sphere becomes r* + z* = 4a* and the equation of the cylinder 
becomes r = 2a cos 0. Since we now use dS =■ r dr dd, the iterated integral which 
gives the required area is 



= —8a / (2a sin Q — 2a) dd = 8a*(x — 2) 


EXERCISES 

!• Find the area of the surface of a sphere of radius a using the method of Art. 154. 

2. Find the area of the surface of a cone of altitude h and radius of base a. 

3. Find the area cut from the plane z = mi by the cylinder z* + y* =■ a*. 

x V z 

4. Find the area cut from the plane - + - -f— = 1 by the coordinate planes. 

a b c 

6. Find the area cut from the surface of the upper half of the cone z* + y* = z* 
by the cylinder z* -f y* — 2 ax = 0. 

6. Find the area cut from the surface of the upper half of the cone z* + y* = z* 
by the cylinder standing on the cardioid r = a(l -f cos 0). 

7. Find the area above the plane z = 0, cut from the surface of the cone 

x l + y* - z* 

by the cylinder standing on one loop of the curve r =» a cos 2d. 

8. Find the area cut from the surface of the upper hemisphere z* + y* + z* ™ a* 
by the cylinder standing on one loop of the curve r = a cos 20. 

9. Find the area cut from the surface of the upper hemisphere z* + y* + z* ™ a* 
by the cylinder standing on one loop of the curve r = a cos nO. 

10. Find the area of that portion of the surface of the sphere x* + y* -f z* =» 2az 

lying within the paraboloid y* -f z 1 = bx. 

11. Find the area above the plane z =■ 0 of the surface cut from the cylinder 

V* + z* = a* by the planes z = a/2, y = z, y = 0. 

12. Find the area of that part of the surface of the paraboloid y* 4- z* = 4az 

which is inside the parabolic cylinder y* = ax and cut off by the plane z = 8a. 

13. Modify the argument of Art. 154 to cover the case in which the portion S' 
of the surface is projected upon the zz plane rather than upon the xy plane. Similarly 
for 5' projected upon the yz plane. 
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14. Find the area cut from the surface of a cylinder of radius a by a sphere of 
radius 2 a whose center is on the surface of the cylinder (compare Example 2, Art. 154 ). 

16. Find the area above the plane z = 0 cut from the cylinder x 1 + y* = a 1 by the 
cylinder x 3 + az = a 3 . 


166. The Triple Integral. Consider a region V of the space of three 
dimensions, and suppose that f(x,y,z) is a function which is continuous 
throughout this region. Divide V into n small parts A,F, A 2 V, 

A n V in any desired manner. If x„ y it z. is any point in or upon the 
boundary of the ith subregion A.F, then /(x„y„ 2 .) is the value of the 
function at this point, and we may form the sum 


1 - 1 


It can be shown, although the proof will not be given here, that when 
the maximum dimension of the subregions is made to approach zero and 
therefore when n increases indefinitely, this sum approaches a limit. 
This limit is called the triple integral of f(x,y,z) throughout the region V, 
and we write 


tt 

lim £ f(Xi,y t ,Zi) A,V = JJJ f(x,y,z) dV 
‘ * > - 1 m 


The meaning of such an integral may be clarified by an example. 
Suppose a nonhomogeneous mass occupies the volume V, and suppose 
we know the density at every point of V. That is, the density at any 
point is a function f(x,y,z ) of the coordinates of that point. Now 
imagine the volume V divided into n small parts A,V’, A 2 V. A V 

and let the element of mass contained in the ith element of volume"be 
A iM. Now, AM = f(x,,y,,z,) A, V. The total mass is, therefore, 



n 


^ &M = ^ f(Xi,yi,Zi) A.F 

t - 1 % - 1 


To find M, we take the limit of this sum. 


M = Lvy dM =/// f(*'V,*)dV 

( v) 

In other words, to find the mass M , we take the triple integral of the 
density function throughout the volume V. 

166. Iterated Integral, Rectangular Coordinates. In Art 152 we were 
able to show that a double integral can be evaluated by use of an iterated 
integral. The method depended upon Showing (hat both could be 
represented by the same volume. In order to use this method to show 
that a triple integral can be evaluated by use of an iterated integral, wo 
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should require a space of four dimensions. We shall, therefore, modify 
our method of attack and proceed as follows: Let V be cut by a system of 
planes parallel to the yz plane and at a distance Ax apart. Cut V, 
similarly, by a system of planes parallel to the xz plane at a distance Ay 
apart and by a system of planes parallel to the xy plane at a distance Az 
apart. These systems of planes form rectangular box-shaped elements 
of volume each of which has volume AV = Az Ay Ax. All these ele¬ 
ments together approximately fill 
the volume V (Fig. 211). If 
f(x,y,z ) is the function whose triple 
integral is to be found throughout 
V, then we form the sum 


n 

£ f(Xi,y it z t ) Az Ay Ax (6) 

i- 1 

the summation being taken to 
cover all the elements of volume 
included in V. The point x„ y„ z, 
is any point of the tth element of 
volume. Let us select from this 
sum certain terms, namely, those 
which include elements of volume 
situated in a column parallel to the 
z axis, as indicated in the figure. 
This involves holding x, y, Ax, Ay fixed. Suppose we take x = x jt y = y k 
and add the corresponding terms in the sum (6) : 
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m 

f(Xj,yk,Zi) Az J Ay Ax 


if there are m elements in this column. Now, let Az approach zero, and 
let m increase indefinitely, at the same time keeping x, y, Ax, Ay fixed. 
The function/(x >( y*,z,) is now a function of z alone, say ^(z), and the sum 


^ tp(zi) Az approaches a limit, namely, 

=c::: w<) * 

where Z x (xj,y k ) and Z 2 (x i} y k ) are coordinates of the points in which the 
line x = Xj, y = y k cuts the bounding surfaces of V. For simplicity, we 
shall assume that any line parallel to a coordinate axis cuts the boundary 
of V in only two points. Hence 

Zl (x,.v>) S&’V*’ 2 ) dz \ A y Ax = Ay Ax 
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is the integral of f(x,y,z) over the column Z X Z 7 shown in Fig. 211. If we 
now hold x = x, and Ax fixed and add all such columns together along 
the plane x = x>, we shall obtain the sum 


r 

[ ^ Ay] ax 

1 J 


if there are r columns in the slice cut from V by the planes x = x, and 

x = x, + Ax. If we now let Ay approach zero and r increase indefinitely, 
the sum in square brackets approaches a limit, namely, 


Hence 


Sr'u'! * (x " y) dy 

[ SyZ! *<■ x ” y) d, A 41 


[where Y i(x>) and F 2 (x,) are the extreme values of y in the curve of inter¬ 
section made by the plane x = x, with the boundary of V] is the value 
of the integral of f(x,y,z ) throughout the slice suggested in Fig. 211. 
Recalling the meaning of 4>(x>,y), we may write 

{ Sr!!’,! I Sz!!!!,H 1{x ‘- y ' z) d A dy } ** - ** 

where y is held fixed throughout the first integration. Observe that the 
expression in braces is a function of x> only. We now form the sum 

£ vKx>) Ax, if there are s slices cut from V by the planes parallel to the 
/-i 

yz plane. If we let Ax approach zero and $ increase indefinitely, the 

limit of this sum is +(x) dx where a and b are the x coordinates of the 

extreme left- and right-hand points of V. Recalling the meaning of *(x), 
we have 

s:\ i 

This is equal to the triple integral over the volume V, and we have the 
fundamental theorem of integral calculus for triple integrals: 

HI f(x,y,z) dV = f o f™ f(x,y,z) dz dy dx (7) 

Here, x and y are held fixed during the first integration, and x is held 
fixed during the second. 

Another notation frequently used for this iterated integral is 

f b . f i'.m , rztiz.y) 

Ja Jy,(z) dy JZ,{z. v ) f( X >y> Z ) d * 

The order of integration may be changed if more convenient, modifica- 
tions in the limits of integration being properly made. 
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Example. Find the mass of a tetrahedron with three mutually perpendicular 
faces if the density at any point is proportional to the square of its distance from one 
of the three perpendicular edges. Let the three mutually perpendicular faces lie 
in the coordinate planes, and let the edges formed by these planes be of lengths 
a, b, c. The equation of the fourth plane surface ABC of this tetrahedron is 


- +1 + f 
a b c 


1 


If ( x,y,z ) is any point within or upon the boundaries of the tetrahedron, the density 
at that point is proportional to the square of its distance from, say the z axis. Thus, 
5 = A;(x* + y *). If the mass is divided into elements of mass A ,M each of volume 

A,F, then the mass of an element of mass is 
k(xi* + y<*) A iV, and the total mass is given by 
the triple integral 



M 


kffl (** + y») dV 
(K) 


To evaluate this triple integral, we employ an 
iterated integral. Form rectangular elements of 
volume A z Ay Ax as shown in Fig. 212. The 
mass of a typical element is fc(x,» + y<*) A z Ay Ax. 
The total mass is 


Fio. 212. 


M 




(x* y 1 ) dz dy dx 


The limits of integration are obtained as follows: In the first integration for 2 , x and y 
are held fixed, and we pile the small boxlike elements up from the xy plane to the plane 

ABC; hence, 2 varies from zero toe^l - ^ This gives the mass of a rec¬ 

tangular column, as indicated in the figure. These columns are now added from back 
to front along a line DE parallel to the y axis (that is, x is kept fixed). On this line, 

y varies from zero to its value on the line AB. The equations of AB are - + - =. 1 

a b 

z = 0. Hence, y varies from zero to - (a - x). This gives the mass of a slice 

parallel to the yz plane. These slices are now added from left to right, x varying from 
zero to a to include the entire volume. As indicated in this example, limits should be 
found by considering carefully the geometrical and physical meaning of the successive 
integrations. Proceeding to the evaluation of this integral, we have 


£(a —x) 
a 


M = k 


o Jo 


(x* + y*)z 


0-H) 


Aa-x) 


kc 


i 


kc 


s: 
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-si 

■ -1: \^i\-“ ■]) 


£(0-z) 


dx 


dx 


= abc(a* + 6 *) 

167. Iterated Integral, Cylindrical Coordinates. A triple integral may 
frequently be evaluated readily by use of cylindrical coordinates. If the 
region V is cut by planes through the 2 axis 
that make equal angles A0 with one another, 
by circular C3 r linders whose axes are on the z 
axis and whose radii differ by Ar, and by 
planes parallel to the xy plane ( r6 plane) at 
a distance Az apart, an element of volume 
(Fig. 213) is formed whose cross-sectional 
area is r, Ar A0 and whose altitude is A 2 . 

Its volume is, therefore, r, ArAOAz. If f(r,d,z) 
is some function of r, 0, z, form the sum 

I /(r ' A ^ )r ' 42 Ar AS Fig. 213. 

t — l 

The limit of this sum is expressed by the iterated integral 

L /*.<») ki..» KrMr dz dr d0 

The first integration adds the boxlike elements to form a column. The 
next integration adds the columns to form a slice. The third integration 

adds the slices to include the whole volume. 

Example. Find the inass of a right circular cone of 
altitude 4 and radius of base 2 if the density at any 
point is proportional to the square of its distance from 
the vertex. We take the vertex at the origin and axis 
on the : axis (Fig. 214). The equation of the cone 
is 2 ~ Zr If P(r,0,z) is some point within theelement 
of mass, then the dista nce of th is point from the vertex 
of the cone is OP = y/7' + z*. Hence 




* -*///"' 


+ dV 


where V is the volume of the cone. To express this as an iterated inter .,1 „ u 
dV «= r dr dO dz, and M becomes ^ 11 • we 


M ~ k Jo' /„’ k (r ' + *■>' * * •“> 
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Limits are chosen as follows: The first integration keeps r and 0 fixed and adds the 
masses of the boxlike elements along a vertical line from the surface of the cone to 
the plane z = 4. Hence z varies from 2 r to 4. This gives the mass of a column. 
The next integration keeps 0 fixed and adds the columns from the z axis out to the 
circle AB. This gives the mass of a slice. All such slices are now added from 0 = 0 
to 0 = 2r. Calculation of the integral gives M = as the student may readily 

verify. 

The order of integration may be changed if desired, suitable modifications being 
made in the limits of integration. 


EXERCISES 


Evaluate the integrals (Ex. 1 to 9): 




n ein 6 rr sin 8 

/ r cos* 0 dz dr dO 

» Jo 

n i/* r i+v 

I x dzdz dy 

n j/i rin(y+*) 

J e* dx dz dy 

n Va'-J 1 [a — t 

Jo '*** 

10. Find the mass of n cube of edge a if the density at any point is proportional to 
the square of the distance from one edge. 

11. Find the mass of a cube of edge a if the density at any point is proportional 
to the square of the distance from one corner. 

12. Find the mass of a right circular cone of altitude h and radius of base a if the 
density varies as the distance from the axis (use cylindrical coordinates). 

13. Set up the integral for Exercise 12, using rectangular coordinates, and compare 
with the work in cylindrical coordinates. 

14. Find the mass of a right circular cone of altitude h and radius of base a if the 
density varies as the distance from the base. 

16. Find the mass of the cone of Exercise 14 if the density at any point is pro¬ 
portional to the square of the distance from the vertex. 

16. Find the mass of a sphere of radius a if the density at any point is proportional 
to the distance from a fixed diametral plane. 
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17. Find the mass of a sphere of radius a if the density at any point is proportional 
to the distance from a fixed diameter. Set up with both cylindrical and rectangular 
coordinates. 

18. Find the mass of a sphere of radius a if the density at any point is proportional 
to the square of the distance from the center. 

19. Show that a volume can be calculated from cither of the iterated integrals 
/// dz dy dx or ///r dz dr do, provided that limits are chosen to extend the integration 
over the entire volume. 


Using the results of Exercise 19, find the following (Ex. 20 and 21): 

20. The volume bounded by the paraboloid x* + j/ s = z and the plane 2-4 
(Exercise 15, page 397) 

21. The volume under the cone z = r, inside the cylinder r = a(l + cos 0), and 
above the plane z = 0 (Exercise 7, page 401) 


168. Iterated Integral, Spherical Coordinates. The reader will recall 
from analytic geometry that a point may be located by spherical coordi¬ 
nates as indicated in Fig. 215. The distance of 
the point from the origin is p = OP, its radius 
vector. The plane containing OZ and OP cuts 
the xy plane in a line OQ, making an angle 0 with 
the positive half of the x axis, while the line OP 
makes an angle <p with the positive half of the 
z axis. The numbers p, 0, >p are called the spheri¬ 
cal coordinates of P. If P is regarded as a point 
on the surface of a sphere of radius p, then 0 is 
the longitude of the point, and v» is its colaliludc* Y 
In the figure, it is clear that, if P has rectangular Fl °- 215 

coordinates x, y, z, then these are related to the spherical and cylindrical 
coordinates in the following way: 


i 

p 


X 


X 




r = p sin <p 

x = r cos 0 = p sin <p cos 6 
y = r sin 0 = p sin <p sin 0 
2 = p cos yJ 


If we wish to evaluate a triple integral over a volume V by use of an 
iterated integral in spherical coordinates, we proceed as follows: First 
we consider a point P,(p.A,Vi) and construct a set of spheres with centers 
at O and with radii differing by length Ap. One such sphere of radius 
Pi passes through P, and is indicated in Fig. 216. Next, we construct a 
set of planes through OZ, making equal angles Ad with one another 
That plane passing through P, has for its equation 0 = 0 t . Lastly we 
construct a set of cones with vertices at 0 and axes on OZ and with the 
semivertical angles of successive cones differing by A<p. The cone passing 
through Pi has for its equation <p = The radius of the circle cut by 

• It is not uncommon to interchange the designations for the angles 6 and v . 
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this cone from the sphere p = p, is QP, = p, sin <?< (Fig. 216). An 
element of volume is shown in the figure; it is bounded by portions of 
two consecutive spheres, two consecutive planes, and two consecutive 
cones. Three edges are, evidently, of lengths as indicated: a straight-line 
segment of length Ap formed by the intersection of a plane and a cone, a 
circular arc of length p, A<p formed by a plane and a sphere, and a circular 
arc of length QP t Ad = p, sin & Ad formed by a cone and a sphere. This 
element of volume A,F can be shown to differ very little from a rectangular 



Fio. 216. 


parallelepiped with these three lengths for edges. Furthermore, it can be 
shown that, in taking the limit of the sum of such elements of volume as 
the maximum linear dimension of each element approaches zero, these 
small differences have a sum whose limit is zero. Although we shall not 
establish these facts here, we shall use for the element of volume 

A iV = Ap • p, A<p • p» sin <p { Ad 
= Pi 2 sin <pi Ap A ip Ad 

Now, if F(p,d,<p) is a continuous function throughout the volume V, 
we evidentl}’ have 


n 

[ff F(p,d,<p) dV = lim y F(p il d i ,tp i )p i 2 sin Vi Ap Aip Ad 

m ^ - 1 


there being n elements of volume and the limit being taken for the maxi¬ 
mum linear dimension of each element approaching zero and n increasing 
indefinitely. This limit is expressed by the iterated integral 

f Bi j R ' F(p,0,?)p* sin <p dp dip dd 
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The first integration holding and 0 fixed adds all elements along a 
radius vector to form a column which tapers toward the origin. The 
second integration holding 0 fixed adds all such columns along a circle 
HK (Fig. 216) to form a slice much like a section of an orange. The third 
integration adds all such slices to form the integral of F(p,0,<p) over the 
volume V. The choice of limits is best made clear by an example. 


Example. A solid sphere of radius a has the density at any point proportional 
to the distance from the center. Find the mass of the sphere. Let the center of the 
sphere be the origin. Its equation is then p = a. Divide the sphere into elements of 
mass A,M, A,A/, . . . , with volumes AiF, A ; F, . . . , A. V, respectively. Let 
Pi, Oi, <Pi be an appropriate point of the «'th element. We then have A,.l/ = kp x A,V. 
Hence, the mass is given by the triple integral 

"' * /// pdV. This may be expressed by an 
(V) 

iterated integral with 


dV = p* sin v dp dp dO 


Thus M 


r i; /»' 


p • p* sin v> dp dtp do 



Observe the choice of limits. For the first integra¬ 
tion with <p and 0 fixed, we add elements along a 
radius vector from the origin out to the sphere, that 
is, from p = 0 to p = a (Fig. 217). This gives the 
mass of a tapering column. We next add all such 
columns with 0 held fixed, from the upward vertical 

position to the downward vertical position, that is, from <p =* 0 to <p = r. This gives 
the mass of a slice, as indicated in the figure. All such slices are then added together, 
that is, from 0 = 0 to 0 =* 2t. The calculation is as follows: 


Fio. 217. 


M 


k 
ka 


r2r rw r 

Jo Jo Jo 
: /; [ - 


p* sin *p dp dp dO = k 


0 

COS tp 


do 


ka* f 2 ’ 

2 Jo 


i:i > 


sin v* dp dO 


dO — units of mass 


In choosing limits, the student should always visualize clearly the geometrical 
situation. 

169. Change of Coordinate System. If a triple integral 

1 = IJI dV 

is to be evaluated, it may be convenient to use an iterated integral in the 
rectangular coordinate system, / = ////(x,y, 2 ) dz dy dx, where the limits 
are chosen to extend the integration over the volume V. If it is desired 
to use cylindrical coordinates, we may use x = r cos 6, y = r sin 6 and 
write 

/ = ////O' COS e.r sin 0,z)r dz dr dO 
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where limits are chosen to extend the integral over the volume V. If 
spherical coordinates are more convenient, the triple integral may be 
expressed by the iterated integral 


I = /// f(p sin v? cos 0, p sin <p sin 0, p cos <p)p- sin <p dp d<p dQ 


limits again, being chosen to include the entire volume. 


Example. It is instructive to set up the integrals for the mass of the sphere dis¬ 
cussed in the example of the preceding section. Using rectangular coordinates, we 
have the density at the point x,y,z given by 5 + z*. The equation 

of the sphere is x 1 + y* + z* = a*. The element of mass is, therefore, 

dM = k s/x 1 + y* + z* dz dy dx 

and the total mass is 


fa f v a* — 1 * f 


y/a* — x* f \Zo* —x* —y* 


Vx* -f y* + z* dz dy dx 


Note that the limits are chosen to cover the first octant of the sphere and that the 

result is multiplied by 8. The difficulty of carry¬ 
ing out the integration indicates the advantage in 
using spherical coordinates. 

Using cylindrical coordinates, the equation of the 
sphere is r* + z 1 = a*, and the density at any point 
is 5 =* k "x/r* -4- z*. The element of mass is 



and 

M 


k yW z* 

dM = k \/r J -f- z* r dr dz dO 


- r f; ( 


vo*—7* 


r dr dzde 


Note that limits have been chosen to cover the 
first octant and that the result is multiplied by 8 (see 
Fig. 218). 


EXERCISES 

1. Find the volume of a sphere of radius a, using spherical coordinates. 

2. Find the mass of a sphere of radius a if the density at any point is proportional 
to the distance from a fixed diameter. Use spherical coordinates. 

3. Find the mass of a sphere of radius a if the density at any point is proportional 
to the distance from a fixed diametral plane. Use spherical coordinates. 

4. Find the mass of a spherical shell of inside radius a and outside radius b if the 
density at any point is proportional to the distance from the center 

5. Find the mass of a spherical shell of inside radius a and outside radius b if the 
density at any point is inversely proportional to the distance from the center. 

8. rind the volume inside a sphere of radius 2a and outside a cylinder of radius a 
whose axis is a diameter of the sphere. Use spherical coordinates. 

7. Find the mass of a solid occupying the volume of Exercise 6 if the density at any 
point is proportional to the square of the distance from the center of the sphere. 
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8 . Find the mass in Exercise 7 if the density at any point is inversely proportional 
to the square of the distance from the center of the sphere. 

9. Find the triple integral of the function x* + y’ over a cube of edge a three of 
whose faces are in the coordinate planes. 

10. Find the triple integral of xyz over the cube of Exercise 9. 

11. Find jjj x* dV where V is the volume of the cylinder x’ + y* = a* between 

(») 

the planes 2 = 0 and z = h. (Hint: Use cylindrical coordinates.) 

12. Find jjj xy dV where V is the volume of Exercise 11. 


<K) 


13. Find 


i„d HI ' 


dV where V is the volume above the plane z >■ 0, inside the 


cylinder x* + y* = 2ax, and under the sphere x* + y* + z* = 4a*. 

14. Find jjj yz dV where V is the volume in the first octant, inside the cylinder 

x* 4 . y * = 2az, and under the sphere x’ + y* + z’ = 4a». 

16. Find jjj (x* + y*) dV where V is the volume of the sphere 
(V) 

x* + y* + z* = a* 

16. Find jjj y/x* + y* dV where V is the volume of Exercise 15. 

iH 

160. Centroids; Moments of Inertia. The methods for finding the 
centroid of a mass (Art. 121) and the moment of inertia of the mass with 
respect to some axis (Art. 129) can readily be generalized to include cases 
in which the moment of the mass is best expressed by a double or triple 
integral. The formulas required, namely, 

M = / dM M2 = fX dM I = dM 

are easily expressed by double or triple integrals. It is only necessary to 
express dM, X, R in terms of the coordinate system involved. The 
method is best made clear by examples. 

Example 1. Find the centroid of a thin plate of constant 
density & = k g. per square centimeter that covers the area 
bounded by the curves y = x* and y’ = x (Fig. 219). We 
note first of ull that, because of symmetry, £ = y. Now, 
divide the area into elements of area dS. Then 


dM - k dS and 


M 


/ 


dM 


II 


k II dS 
(5) 



Also, if x, y arc the coordinates of the centroid of a typical clement of mass, then 
X — x, and we have 


j X dM “ k jj 


xdS 


M£ - 
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Ml = 


k fo j/* dvdx = * k 

k Jo dydx = * fo 


— x *) dx 


~ru k 


20 k 20 


Example 2. Find the moment of inertia of a circular sector (area) of radius a and 
central angle a (see Example 4, Art. 129) with respect to a line through the center 

perpendicular to the plane of the sector (polar moment of 
Y inertia). Using polar coordinates, we have r = a for the 

equation of the circle. Dividing the sector into convenient 
elements of area and letting (r,0) be a suitable point of a 
typical element, we have R = r and dM = dS. Hence 

^ = JJ ri dS. This double integral may be evaluated by an 
_iterated integral in which dS = r dr do (see Fig. 220). Thus 


“ X 


Fio. 220. 


I - fJr'dS = J q ° J° r’drdO = \a*<x 


- a 4 a • —— = - a*M. 


Since M = - a*«, we may write I = - a*a • = - a*M 

z 4 q}cx 2 

Example 3. Find the centroid of a right circular solid cone with radius of base a 
and altitude h if the density at any point is proportional to the distance from the 
axis of the cone. If we take the vertex at O and use cylindrical coordinates, the 
equation of the conical surface is z = ( h/a)r . Considerations of symmetry give 
£ = y = 0. Divide the volume into elements of volume, and let r, 0 z be a point 
of a typical element as indicated in Fig. 221. We then have dM = kr dV Z = z and 


"/// 


kr dV Mz 


-III 


kzrdV 


To evaluate these triple integrals we use dV = r dr dO dz and write iterated integrals 
as follows: R 


Hence 


Mz 


m * f f f r* dz dr dO 
Jo Jo J (h/a)r 

hk f f a 

= ~ J o / ( r ’*' - »■») dr do = farka'h 

m h 

zr 5 dz dr dO 

h/a)r 

kh * f 2r f a 

“ 2a 1 Jo J 0 (a ’ “ r,)r * dr de " TS* kh 


(a* - r*)r* dr dO = Yrrkh'a* 


2rkh*a* 6 4 

15 ' rka*h = 5 h 
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Fig. 221. Fig. 222. 


Example 4. Find the moment of inertia of a solid sphere of radius a with respect to 
a diameter if the density at any point is proportional to the distance of that point 
from the center of the sphere. In spherical coordinates the equation of the spherical 
surface, if we take the center at 0, is p = a. We divide the mass into elements of mass 
dM each occupying an element of volume dV. If p, 0, <p is a suitable point, the mass 
of a typical element is dM = kpdV. Furthermore, the radius of gyration of the 
element of mass is the distance of some point of the element from a diameter, say 
from the z axis. Hence, R = p sin ^ (Fig. 222). Therefore 

I = J R* dM ~ JJf p* sin* v k P dV 

m 

To evaluate this triple* integral, we employ an iterated integral, using 


thus: 


-a: i. 

- • i:i:i. 

ka* f 2 ’ 4 , 4 

= — / -dO = - 

G Jo 3 a 


dV = p* sin dp d# dO 


p 1 sin* p • p • p* sin dp d*p do 


p s sin* p dp d*p do 


-" 7 . 7 :- 


sin 3 d*p dO 


cos* *>) sin ^ d^ dO 


ka 1 


From the example of Art. 158, we have M = xka 4 . Consequently 


I ° t nka* ■ = -j a*3/ 

9 rka* 9 


Observe that the radius of gyration of this mass is £a. 


EXERCISES 

Find the centroids of the masses as indicated (Ex. 1 to 17). 

1. A straight wire AD, l units long, if the density at any point of the wire is 
proportional to the distance from A. 
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2. A straight wire AB, l units long, if the density at any point is proportional to the 
nth power (n > 0) of the distance from A. 

3. A semicircular plate of radius a and constant density. Use double integrals. 

4. The area bounded by the cardioid r = a(l + cos 0). Use double integrals. 

6 . A semicircular plate if the density at any point is proportional to the distance 
4‘rom the center. 

6 . A semicircular plate if the density is proportional to the distance from the 
diameter that forms its straight edge. 

7. A thin plate covering the area between the parabolas x* = ay and t/* = ax 
if the density at any point is proportional to the square of the distance from the origin. 

8 . A thin circular plate of radius a if the density at any point is proportional to the 
distance from a point A on the circumference. 

9. A thin plate covering the area bounded by the cardioid r = o(l + cos S) if the 
density at any point is proportional to the distance from the pole. 

10. A thin plate covering the area inside the cardioid r = a(l + cos 0) and outside 
the circle r = a if the density at any point is inversely proportional to the distance 
from the pole. 

11. A rectangular plate of base a and altitude b if the density at any point is pro¬ 
portional to the square of the distance from one corner. 

12. A cube of edge a if the density at any point is proportional to the distance 
from one face. 

13. A cube of edge a if the density at any point is proportional to the square of the 
distance from one edge. 

14. A cone of altitude h and radius of base a if the density at any point is propor¬ 
tional to the distance from the base. 

16. A hemisphere of radius a if the density at any point is proportional to the 
distance from the plane that forms the base. 

16. A hemisphere of radius a if the density at any point is proportional to the dis¬ 
tance from the center. 

17. The mass cut from a hemisphere of radius a by a right circular cone having the 
same base, the same axis, and vertex on the hemisphere; the density at any point 
is proportional to the distance from the common base. 

In each of the following, find the moment of inertia with respect to the indicated 
axis (Ex. 18 to 32): 

18. The polar moment of inertia of a circular plate of radius a if the density at any 
point is proportional to the distance from the center. 

19. The plate of Exercise 18 with respect to a diameter. 

20. A square plate of side a with respect to one side if the density at any point is 
proportional to the distance from this side. 

21. A square plate of side a with respect to a line through one corner perpendicular 
to the surface of the plate if the density at any point is proportional to the square 
of the distance from this corner. 

22. The polar moment of inertia of a thin plate covering the area bounded by the 
circle r =* 2a cos 0 if the density at any point is proportional to the distance from the 
pole. 

23. The polar moment of inertia of a thin plate covering the area bounded by the 
four-leaved rose r = a cos 20 if the density at any point is proportional to the dis¬ 
tance from the pole. 

24. The polar moment of inertia of a thin plate covering the area bounded by the 
cardioid r « a(l + sin 9) if the density at any point is proportional to the distance 
from the pole. 
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25. A right circular cylindrical shell of inner radius a and outer radius b with respect 
to the axis of the shell if the density at any point is proportional to the distance from 
the axis of the shell. 

26. A solid sphere of radius a with respect to a diameter if the density at any point 
is proportional to the square of the distance from the center of the sphere. 

27. A cube of edge a with respect to one edge if the density at any point is pro¬ 
portional to the square of the distance from this edge. 

28. A right circular cone of altitude h and radius of base a with respect to its axis 
if the density at any point is proportional to the distance from this axis. 

29. A sphere of radius a with respect to a diameter if the density at any point is 
proportional to the distance from this diameter. 

SO. A solid bounded by the sphere x‘ + t/» + z* => a* with respect to the z axis 
if the density at any point is proportional to the distance from the xy plane. 

31. The volume of Exercise 6, page 420, with respect to the axis of the cylinder. 

82. The solid of Exercise 7, page 420, with respect to the axis of the cylinder. 

MISCELLANEOUS EXERCISES 

Evaluate the integrals (Ex. 1 to 8): 


1 . 


S. 


6 . 


J V J V 

n; 


x y dy dx 

y/*' + v' 

'III. 

x sin y dx dy 

- a. 


edy dx 


(x‘ + {/«) dx dy 



z dV where V is the volume of the hemisphere x* + y* + z« _ a » above 


z ~ 0 

6. JJJ z dV where V is the volume inside the shell between the spheres 

x* + y* + z* = a‘ 

and x* + y* + z* ■= b 1 (6 > a) and above z => 0 

7. y/x* + y* dV where V is the volume inside the cylinder x* + y • 



“ 2 ax 


and between the planes z ■** 0 and z - h 

8 . JJJ zyz dV where V is the volume of Exercise 7 


9. Find by use of an iterated integral the volume of the solid bounded by the 
planes x - a, x - 2a, y ™ a, y - 2a, z - 0, z = z. 

10. Find the volume in the first octant bounded by the surfaces x l y l - z y - 2x 
V - 2. ' 


11. Find the volume enclosed by the surface xJi + y)i 4- M 

12. Find the volume cut from the paraboloid x* + y* - 2zby the plane y + z - 1 

13. Find the volume in the first octant bounded by the surface 


(z/a)« + (y/6)M + (z/c) H - 1 
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14. Find the volume inside the cylinder r = o(l -f cos 6), above the plane z = 0, 
and under the plane z = r cos 0. 

16.' Find the volume cut from the paraboloid z = r* by the plane z = r cos 0. 

16. Find the volume above the plane z = 0, under the plane x -+- z = 2a, and 
between the cylinders z 3 + y 3 = a 3 and x 3 + y 3 = 4a*. 

17. Find the volume under the spherical surface r 3 + z 3 = 25a 3 and above the 
paraboloid 3r* = 16az. 

18. Find the volume generated by revolving the curve r* = a* cos 0 about the 
polar axis. 

19. Find the volume generated by rotating the right-hand half of the cardioid 
r = a(l + sin 0) about the line 0 = x/2. 

20. Set up integrals to express the volume of a sphere of radius a, using as many 
different methods os you can think of. 

21. Find the area of the surface of the cylinder x?4 + z?4 = a H which is inside the 

cylinder x?4 + = a3*. 

22. Find the area of the surface of the cylinder x?4 + pH = Q ?4 which is inside the 

sphere x* + ;/* -f z 3 = a*. * 

23. Find the mass of a thin circular plate if the density at any point is proportional 
to the distance from the center. 


24. Find the mass of a thin circular plate if the density at any point is proportional 
to the distance from a fixed diameter. 

26. Find the mass of a right circular cylinder of altitude h and radius of base a 
if the density at any point is proportional to the distance from the axis. 

26. Find the mass of a right circular cone of altitude h and radius of base a if the 
density at any point is proportional to the square of the distance from the base. 

27. Find the mass of a thin circular washer whose edges arc concentric circles of 
radii a and b if the density at any point is inversely proportional to the square of the 
distance from the center. 

28. Find the centroid of a thin semicircular plate if the density at any point is 
proportional to the square of the distance from the center. 

29. Find the centroid of the thin plate whose boundary is the upper semicircle 

j* + ,/* = a* if the density at any point is proportional to the square of the distanee 
from the y axis. 

30. Find the centroid of a thin circular plate if the density at any point is pro¬ 
portional to the square of the distance from a point A on the circumference. 

31. I- md the centroid of a thin plate covering the area inside the circle r = 2a cos 0 

and outside the circle r = a if the density at any point is inversely proportional to the 
distance from the pole. 

32 Find the centroid of a cube of edge a if the density at any point is proportional 
to the sum of the distances from three adjacent faces. 

33. Find the centroid of a cube of edge a if the density at any point is proportional 
to the square of the distance from one corner. 

34. Find the centroid of a hemisphere of radius a if the density at any point is 
proportional to the distance from the axis. 

35 Show by using double integrals that the polar moment of inertia of an area 

equals the sum of the moments of inertia of the area with respect to the x axis and the 
y axis. 


36. Find the moment of inertia of the volume under the cone z = r, inside the 

cylinder r = a(l + cos 0), and above the plane z = 0 (Exercise 7, page 401), with 
respect to the z axis. 

37. Find the moment of inertia with respect to the axis of a right circular cone of 
altitude h and radius of base a if the density at any point is proportional to the dis- 
tance from the base. 
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88 . Find the moment of inertia with respect to the z axis of the mass lying above 
the xy plane and common to the sphere i* + y* + z 1 = 4a* and the cylinder 

X* + y* = 2ax 

if the density at any point is proportional to the distance from the xy plane. 

39. A homogeneous spherical shell of density 6 has inside radius 3 ft. and outside 
radius 4 ft. A ring-shaped solid is cut from it by two parallel planes on the same 
side of the center and at a distance 1 ft. and 2 ft., respectively, from the center. Find 
the moment of inertia of this ring with respect to its axis. 

40. Solve Exercise 39 if the density at any point of the ring is proportional to the 
distance from a plane through the center of the spherical shell and parallel to the two 
cutting planes. 

41 . The value of A = f e~ ** dx can be found as follows: 

JO 

A ' - /„ * dx 7o " dx - /o " ** ■ fo ' d « 


Since the limits of integration do not involve x or y , this product can be expressed as 
an iterated integral, thus: A 1 = dx dy. This is equivalent to the 

double integral JJ e- ist + y9 > dS where S is the entire first quadrant. Express this 

(S) 


double integral as an iterated integral in polar coordinates, evaluate, and thereby 
show that A = } \Zr. As previously mentioned, this integral is of importance in 
the theory of probability and statistics. 
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161. Infinite Series. If we have n 4 1 numbers ao, a x , at, a n 

and add them together, the result is called a series of n + I terms. The 
sum may be denoted by s„, thus: 

n 

s„ = a 0 + ai 4- a* + • • • 4 = ) a< 

»—o 

For example, ’ * ’ “*"^ = 2 ~^ ==s "^ s ^ am ^ ar as 

a geometric progression. 

If n becomes infinite, the symbol 

°o + Q-\ 4 at 4 • • • On + * * * = ^ a n 
is called an infinite series. For example, 



4---4--4- 


+ ^ + 



n -0 


is an infinite series. Frequently, 2a„ is written instead of £ a„ if no 

ambiguity can result. *"° 

The term a n of our infinite series is called the general term, and it 
expresses the law of formation of the series. If the general term is not 
given, but the symbol a 0 4 a x 4 a 2 4 • • • is written to express the 
infinite senes, we may try to formulate an expression for the general term 
For example, if we write l+* + * + |+ -- -,itis suggested that 

this is simply —-f-_ + —+ ^. 4 . . . . > so that the general term j g 

It should be noted that it may be more convenient in certain cases to 
start with n = 1 instead of n = 0, thus 


a » 4 a 2 4 a 3 4- • • • 4 a n 4 • • • 


Example 1. Given the series ~ + ~ 4 • • • . Here the general 


term 


“ (n +”I)(i> 3 + 2)' “° d the 6£ric3 ma y be written Y, 

n-0 

428 


4 3 


D(» 4 2) 


It ia 
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more convenient, however, to begin with n = 1 instead of n = 0 , in which case the 


6 eries can be written 


y- 

Z-/ n(n 


+ 2 


+ 1 ) 


n — 1 


Example 2. Given the series 7 +T+ 3 + 3 + 
2 n - 1 


. Here the general term is 


2 n 


> if we start with n *= 1 , and the series 


• • V 2n ~ 1 

1CS 13 L< 2 n 

n — 1 


EXERCISES 

Discover the general term and express each series in the form 2 a, (Ex. 1 to 10). 

1 . l+i + » + i+*** 2 . 1 —T + T- 3+--* 

3. 1 + x + x* + j» + • • • 

‘•^ + r3 + 


x y/x x 


+ - + • • • 

3-4 4-5 


ft 1 JL 4. y 
*' 1 • 3 + 1 • 3 • 5 


V* 


1-357 
1 3 5-7 


. 1 , u , 135 +_ 

2 _t '2-4 2 4-6 2-4 0 8 

7 I + J-+J- + -L + ... 

2 + 2- 3 + 3- 4 4 5 


+ 


8 . 7 + 7 + T + ff + TT + • ‘ * 

a 2 4 1 8 1 n , 3-2 . . . 

y* t ~ t + ? “ 15 + f j 

10. 1— -J+T - 7T + “ ■ ■ ■ 

Write the first five terms of the series whose general terms arc given below (Ex. 11 
to 18). In each case start with n = 1. 


n* + 1 
(-l)"+'x" 
n 1 

(- 1 )—**«— 1 

( 2 n - 1)1 


17. (I - 

\n n + 1 / 


11 . 

13. 

16. 


18. 


k(k - l)(k - 2 ) 


n! 


the binomial series. 


12 . 

14. 

16. 


(-l)"+‘( 2 n - 1 ) 
n! 

(-l)n—i x> ,—I 

( 2 n - 2 )! 

3-/» 


(k — n + 1 ) 


x n (k a fixed constant). This is known as 


162. Convergence and Divergence. Let us consider the following sums 
formed from the infinite series 


a 0 + «i + Qj + * ’ ' + Gn + 
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and called the successive partial sums: 


50 — do 

51 = a 0 + a i 

= Qo + a\ + a.* 


s n — flo + ai + a 2 + • * ■ -f* a n 
If the series starts with a h we may take s 0 = a 0 = 0. 


If s n ho.s a limit as n increases indefinitely , the series ^ a n is said to be 


n -0 


convergent. If s„ does not have a limit as n increases indefinitely , the series 
is said to be divergent. 

The limit lim s n = S is called the sum of the series, or the series is said 


n—♦ 


to converge to the sum S. It is important, however, to note that S is not 
actually a sum, but the limit of a sum. For example, in the series 




+ ^ + 


- 2 - h 


Evidently, Urn s n - jim ^2 — —^ = 2. The series converges to the 
sum 2. 

It should be carefully noted that a series is divergent if lim s„ fails to 

exist for any reason. For example, the series 1 + 2 + 3 + • • • -f n 
+ ■ • • has s n = n(n + l)/2, and s„ -> + oo when n —► ». Such a 
senes is said to diverge to + «. On the other hand, the series 


1 - 1 + 1 - 1 + • . • 

has *. = 1 if » is even but Sn = 0 if n is odd. The series diverges but is 
said to oscillate. 

It will be clear to the student, especially if he tries to find s „ for the 
senes in the exercises following Art. 161, that the determination of con- 
vergence or divergence by investigating directly the behavior of s n is 
difficult if not impossible in most cases. However, it is often of great 
importance to know whether or not a given series is convergent In 
more advanced texts devoted to the theory of infinite series, many useful 
tests for convergence are developed in which use is made of the general 
term a n rather than the partial sum s n . We shall consider a few of the 
less elaborate of these tests. We first investigate two important special 
senes, then series of positive terms, and then series of both positive and 
negative terms. Having discussed these various cases of series of con¬ 
stant terms, we turn our attention to power series in which each term is a 
constant times a power of a variable x. It should be remarked that, if a 
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series is divergent, little use can be made of it in work of an elementary 
character. 

It is important to observe that, in determining the convergence or the 
divergence of a given series, we may neglect a finite number of terms, either 
at the beginning or scattered through the series. Their sum is simply 
some definite constant which affects the sum, but not the. convergence, 
of the given series. 

163. Geometric and Harmonic Series. Two very important series are 
the geometric series 

a + ar ar* + ar 3 + • • • + ar n + • • • 


and the harmonic series 1 + ~ + 5 + • ' • 4-t- • ■ • The former 

£ «5 Ti 

is simply an extension of the familiar geometric progression a + ar + ar 1 

+ ar 3 + • • • + ar n with whose sum the student is already acquainted, 

, a — ar n+l 
namely, 


1 - r 


> r 1. 


Sr. = 


a 


— ar n+t 
1 - r 


a 


1 - r 


We investigate first the properties of the geometric series. To clarify 
our ideas, we suppose that a is positive. Since 

Q-rn+l 
• ^ ■ - 

1 - r 

we have at once 

1 . If Irl < 1 , lim s n = -r -~— ’ and the series converges with sum ^ —, 

n— « 1 — r 1 — r 

since lim r n+l = 0. 

n—* 

2. If |r| > 1, lim r n+l does not exist, and therefore lim s n does not 

n—• « n—♦ « 

exist. The series diverges to + «> if r > 1 and oscillates if r < — 1. 

3. If r = 1, the series becomes o + a + a + • • • , so that 

s n = (n + l)a 


Therefore, s„ —» + ® when n —► «, and the series diverges to -f «. 

4. If r = — 1, the series becomes a — a + a — a + • • • f so that 
s n = a for n even and 0 for n odd. Consequently, s„ oscillates, and the 
series diverges. 

To sum up: The geometric series 

a + ar + ar 2 + • • • + ar n + • • • 

converges for |r| < 1* and diverges for |r| ^ 1. This holds also for a < 0. 
Consider now the harmonic series 


l+ k + l + ''' + s+•• • 


• Including, of course, the trivial caso r - 0 for which the series reduces to a. 
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with terms grouped as follows: 


1 + (i) + (* + *) + (* + i + i + *) 

+ (F + A + rr-l-rj + rff + T* + Tr + Tff)+ * * * 

In the first parentheses, there is 1 = 2° term, in the second parentheses 
there are 2 = 2 ! terms, in the third 4 = 2* terms, in the fourth 8 = 2* 
terms, and so on. In the fcth parentheses there are 2 t_l terms. Note 
that the last term in the A:th parentheses is 1/2*. The sum in each 
parentheses (except the first) exceeds £, for 


l_l_ll,l _2 ^_i 
3"^4 4" t *4 4 2* “2 

5 + 6 + 7 + 8 > 8 + 8 + 8 + 8 _ 



1 


+ 


1 


2 *~‘ + 1 ' 2*-‘ + 2 


+ 


+ —> — + — + 
T 2 * 2 * ^ 2 * ^ 


, 1 _ 2 *-» 1 
2 * 2 * “ 2 


Consequently, we can make s n as large as we please by taking n sufficiently 
large; for s„ exceeds some multiple of i, and this multiple can be made 
as great as we please. Therefore, s n — + «, and the harmonic series 
diverges. It is interesting to point out that the series “diverges very 
slowly," for the sum of 1 million terms is less than 15.* 

164. A Necessaiy Condition for Convergence. Let us suppose that the 

series a 0 + a x + a 2 + • • • + a„ + • • • converges to the sum S. We 
then have 

lim s n = lim s„_ x = S 

n—* • n—♦ • 

But s n — s«_i = a n . Taking limits, 

lim a n = lim s n — lim «n-i = 0 

n-* • n— - n— » 

•O 

Consequently, if a series £ a « converges, a n must approach zero as n 

n -o 

becomes infinite. If a„ does not approach zero, the series cannot con¬ 
verge. This condition is, therefore, a necessary condition for convergence. 
However, it is obviously not sufficient to ensure convergence; for the 
general term of the harmonic series a n = l/n approaches zero as n 
mcreases indefinitely, but the series diverges. 

JVe may now easily prove the following useful theorem : If k is any 

•«. - l + ^ + ^ - l + in ». Hence 

fl i.ooo. mo < 1 + In 1,000,000 - 1 -f 6 In 10 < 1 + 14 - 15 
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constant ( other than zero), then, if ^ a n converges to a sum S, ^ ka M 

n-0 n -0 

« «0 

converges to the sum kS. If ^ a n diverges, so also does ^ ka n . 

n-0 n-0 

The nth partial sum of the first series is 

s n = do + + a* + ‘ • • -f a n 

Hence, the partial sum of the second series is 

s' = fcao + ha i + ka 2 + • • • + ka n = ks n 
Consequently lim s' = lim ks n = k lim s„ = kS if the first series con- 


n—• • 


verges or fails to exist if the first series diverges. This proves the 
theorem. 


Example 1. The series ^+7 + -^;+^- + 

2 6 18 54 


+ + ’ * • converges. 


For 


1 11 , 

- a - . —. and 

2-3" 2 3" 


1 


U 


1 


is the geometric series with r =» — This sum is 

3 


n —0 


2 1-i 4 

Example 2. The series 


1111 

2 + i + 6 + i + 


+ r» + 


Vi.i 

Lf 2 n 


n — 1 


i 


diverges, since 7 ” diverges. 

n - 1 


EXERCISES 


Determine the convergence or divergence of the following series: 

1. 7+b + h+ i+--- 2. 3+$+{+f+... 

3. 1 -I- ^ -f- ir + uV 4. 1— -y + £ — TT+**. 

5. 1 + v / 2 + 2+2\^+4+4v / 2 + 

6. 1 - \/3 +3-3 y/l +9-9 y/t + • • • 

7. y/b + 100 + 1+ 7+ T + H + TTT + ••• 

8. 1+7+F+T+F + • * * 

9. log 7 + log T + log y + log Tff + • • • 

10 . 100 + + Vr + w + • • • 

11. ren + rfff + toti + Tins + • • • 

12. 1 — | + v - 17 + FT — • • • 

18. 1 + f + H + rri + ■ ■ ■ 

14. 2 + l+ -y+-y + y+ g+ ••• 

16. 6+3+f + i + f+ ... 
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A. SERIES OF POSITIVE TERMS 

166. Integral Test A test of convergence due to Maclaurin makes 
use of integration and often is easily applied. 

If f( x ) a positive nonincreasing function in the interval a ^ x < oo 

co 

(a a positive integer) such thuif(x) -+0asx-> + «>, then the series £ f(n) 


n- 1 


I 


converges if the integral j* f(x) dx converges* and diverges if the integral 

r ao 

fix) dx diverges < 0 + 00 . 

We give a proof based upon geometrical considerations. We shall 

make use of a fundamental principle, the 
proof of which will not be given here: If a 
function steadily increases (or remains un¬ 
changed) but never exceeds a definite constant, 
that function must approach a limit. 

The series that we wish to test for con¬ 
vergence is 

/(f) + /( 2 ) + /(3) +•••-{- f(a) 

+ /(<* + 1) + * * * + /(a + n) -f • ‘ • 

Since convergence is not affected by dropping a finite number of terms, 
we need consider only the series 



a+l a+2 

Fio. 223. 


a+n 


f(a) + /(a + 1) + /(a + 2) + • • • -f- /( a + n ) -f • • • 

First, suppose that ^ f(x) dx converges (Art. 108). The graph of 

f(x) is shown in Fig. 223. Draw ordinates at points a, a + 1, a + 2, 

• • • , a + n, . . . , and form rectangles as indicated. The width of 
each rectangle is unity, and the altitudes are f(a -f 1), f(a -f 2), f(a -f 3 ) 

. . . ,/(a 4 - n), ... . Consequently, the partial sum 

= f(a) + /(a + 1) + /(o + 2 ) + . . . + /( a _j_ n ) 

Is /(a) plus the measure of area of the sum of these rectangles. Hence 

s n <f(a) -f f a+n f(x) dx 

fo-fn -' a 

R,nce J a dx is the area under the curve. Now, let n increase; s„ 

steadily increases but remains less than 


+ fa + "fW dx < f( a ) + J a " f( x ) dx 


Because this integral is supposed convergent, s n steadily increases and 
* See Art. 108. 
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always remains less than a known constant and so must approach a limit. 
The series 


/( a ) + f(a + 1) + • • • +/(a + n)+ • • • 
therefore converges. 

Next, suppose that f(x) dx diverges to +«. Construct rec¬ 
tangles as shown in Fig. 224. Here we 
have 

s n = f(a) + /(a + 1) + /(a + 2) 

+ * * * +/(a + n) > J a a+n f{x) dx 

But this integral diverges to + °° as n 
increases indefinitely; and since s n is greater 
than this integral, the series diverges. 

Example. This test can be used advantageously to investigate the behavior of the 
following important series of positive terms: 



n - 1 

where k is any (real) number. Here we take f(x) « l/x k , and a ~ 1. 
Consider first k y* 1 . We have 



If k > 1, 


r m *- r *. _l_ . ± ]*. _l_ /± _ a 

J1 J\ x k 1 - k x*-* Ji 1 - k \b k ~ l ) 


■f.rhGM-rh-/'?-/ 


fW dx 


and the series converges by the integral test. If k < 1, 


as 6 —♦ + ao 


so 


*=i = 

f • dx 

that J 1 x* d,verKCfi 10 + 00 » ftnd the 8Cries diverges by the integral test. 
Next consider k =» 1. The series is now the harmonic series 


1 + £ +5 + 


+ - + 
n 


which diverges by Art. 163. Or, using the integral test, 

f f(x) dx - j — -limlnfc 

J 1 J 1 x . 

and the series diverges by the integral test. 


- + co 
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Summarizing these results, we have the following: The aeriee 


1 -|- — 4 - — 4 - ... — 4 - • 

2* 3* n* 


converges if k > 1 and diverges if k £ 1. 



n-l 


EXERCISES 


Test for convergence by the integral test: 

l»l+-g , + F+ T+**‘ 

2 . 1 + 7 + y + tV + rr + • • • 


8. 


X 

n - 0 

•0 

X 


n 


(n* + 4)« 


6 . 


n — 1 

7% 1 H- > + 


x 

n — 1 

x 

n-0 


1 


1 


1 


• • 


2 x/2* - 1 3 - 1 + 4 4* - 1 

8 . 1 + —^— + —^— + —— +---+ • 

1 + 9 16 + 9 81 + 9 256 + 9 

9* l+7 + T + i+ Tff + • •• 

10. a + ar + ar* + ar* + ar« + • . • where a and r are both positive, 
aider r < 1, r = 1, r > 1.) 

11. 1 H- j= + - jz H- — + —+ . . . 

v 2 2 V3 3 V4 4 y/ 5 

12 . - + -, + -, + - + • • • 

e e* e* e 4 


(Con- 


166. Comparison Test. We are now acquainted with certain known 
convergent and certain known divergent series. Convergence or diver¬ 
gence of other series can often be ascertained by comparison with these 
series of known character. 


We have the following test for convergence: 



c n isa convergent series 


of positive terms and if 0 ^ a n ^ c n for every n, then £ a n converges. 

0»n 

In applying this test and also the succeeding test for divergence, if the 
relation indicated does not hold for the first few terms of the series, we 
may omit these terms and consider the two new series in which the rela¬ 
tion holds for every n. Convergence is not, of course, affected. 
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The proof follows at once, for 
s n = a 0 + di + a 2 -f • • • + a n ^ c 0 -f C! + Cj 4- 
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+ Cn <C 


where C is the sum to which the series ^ c„ converges. Since we are 

n — 0 

dealing with series of positive terms only, s n continually increases as n 
increases but remains less than the constant C. Consequently, 

«D 

approaches a limit, and ^ a n converges. 


n - 0 


Example 1. The series 7 -^— + —^- 1 ---h 


1-2 2-3 3-4 


^ n(n + 1 ) “ 


convergent; 


for we have 


n(n + 1 ) n 
converges for A; =» 2 . 


< — for every n, and / — is 

n — 1 


n -1 

the series of Art. 1G5 which 


Example 2. The series 1 + ^ + j; + 


Vi. 

Z-/ n n 


n- 1 


is convergent; for — < — 

n n 2* 


2 1 1 

- is the geometric scries with r = - which converges by Art. 163. 


n-1 


Example 3. The scries 1 + ^ + y t + 

We may compare this with the convergent series 

I 1 I 

1 + ? + ? + '' 


-f _i_ 

Zv (2 n + 1)« 

n—0 


converges. 


+ h + 


since we have 


< — for all n £ 1 . 


( 2 n + l ) 4 n 4 

We have the following test for divergence: If £ d n is a divergent series of 


n - 0 


positive terms, and if a„ ^ d n for every n, then ^ a n diverges. 

We have 

= ® 0 “h a,\ Oi "1* • • • + a„ ^ d 0 + di + + • • • -f d» = D 

•o 

But since y d„ is a divergent series of positive terms, D H —» -f 


„-o 


» as n 


increases indefinitely. Hence, s„ -> -f », and £ a „ diverges. 


»-o 
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Example 4. The series — / H- 7 = + — i— + 


VT^2 yfiTz \/3^4 


V 


1 


Z/ y/ n(n + 1 ) 

n — 1 


diverges, for 


Vn(n + 1 ) V(« + l)(n + 1 ) n + 1 


and 




the harmonic series which diverges. 


n — 1 


Example 6 . The series 1 + ^+ -+ - + 

3 5 7 


$ 


2ra + 1 


diverges, for 


1 


n — 0 

l i 


2 n + 1 2 n + 2 2 n + 1 


and 


ti.-L..a. 

Zv 2 n + 1 

7J -0 


diverges. 


I he student should note carefully that, to obtain information about a 
given series from the comparison test, terms of the series must be less than 
or equal to corresponding terms of a convergent series or greater than or 
equal to corresponding terms of a divergent series. Nothing is gained 
from knowing that terms are greater than those of a convergent series or 
less than those of a divergent series. In making the comparison, a finite 
number of terms may be neglected if desired. 


EXERCISES 


Test the following series for convergence by use of the comparison tests 
1- J + i+ 5 + ff + 1 V + 8 1 T + ' • • 


2 - l+-^+-I= + A= + 


3. 


V* Vi V~7 
1 1 1 1 
1 - 2 + jr~4 + + 7 ~8 + 


** 2 + 2- 4 + 3- 8 + 416 + 5-32 + 

2 2 * 2 * 2 1 * 

6 . 1 +- + -+ Z-+T- + . . . 

5 5< 5* 5*‘ 


6 . 1 + 


1 + 1 


+ 


1 


+ 


1+1 4 + 1 9 + 1 

7. 2 + -| + ^ + 1 \ + ^-|- . . . 

8 - ~^ + ~^ + ~+~ + 
V 2 V5 y/W Vl7 
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9. — + 


+ 


8 


16 


10 . 


11 . 


3 • 1 ' 9 • y/2 27 • \/3 81 • y/i 

12 3 4 


+ 


2-3-4 ^ 3 4 • 5 + 4 • 5 • 6 ^ 5 • 6 • 7 

1 , 2 , 3 . 4 

+ r—: + -- + — + 


+ 


+ 


+ 


2-3 3-4 4*5 5-6 


12 .v^ + ^ + ^ + 


13. 7 + 7 + n 3 ff + + 

.. 1 1 

14. - + -- + 


3 + l" r 9 + l + 27 + I + 81+l 

IK 1 , 1 . 1 1 

‘ In 2 + In 3 + In 4 + In 5 + 

16 - M + *■* + !•* + *•« + • • • 

167. Ratio Test. A very useful test «,f convergence is D’Alembert’s 
ratio test* which involves the ratio of any term to the preceding one. 


+ 


the 


Given the series of positive terms ) u n . If lim *^±- 1 = p exists 

n— *> Q n 9 

n ** 0 

series converges when p < 1 and diverges uh< // p > 1 ; i/p = 1 , the test fails. 
The proof is given in three parts. 

1- Suppose p < 1. Now let r be some number between p and 1; thus, 
P < r < 1. Since lim a -~ = P , the variable quantity must even- 

n _ 00 Un (l n 

tually become and remain less than r; that is, < r for all n ^ N where 

N is some definite number whose value depends upon r. The situation 

is clear graphically. Let values of be represented by points on the 

horizontal axis, as in Fig. 225. Values of this variable must become and 
remain closer to p than any arbitrarily assigned constant. Points repre¬ 
senting these values must, therefore, even- - _ _ 

tually all fall to the left of r; that is, for all n 0 p r 1 

greater than or equal tosome definite integer Fia. 225. 

N, these points fall to the left of r. If r is close to p, N may be large, since 
we may have to go quite far along in the scries before the ratio of « n+1 to a 
becomes and remains less than r. If r is comparatively far from’p N 

may be small; but once r is chosen, N is fixed, and the first N terms may 
be disregarded in determining convergence. y 

Now let n take successively the values N, N \ N 4- 2 vj 

have ' . We 


* Named for J. D’Alembert (1717-1783). 
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n 

= w 

0 " +1 < r 

and 



ay 


n 

= N + 1 

ay +2 < r 

and 


ay +1 


n 

= W + 2 

av+ * < r 

and 


ay+i 



< ra N 

o-N+t < ra N+ i < r*ay 
ay+a < ras+t < r*ay 


We find, therefore, that beginning with a N the terms of our given series 
are less than the terms of the series 

a N + a N r + a N r 1 + ayr* + • • • 

But this is a geometric series in which |r| < 1, and it therefore converges. 
Consequently, our original series converges by the comparison test. 

2. Suppose p > 1. Then the ratio a»+i/an eventually becomes and 

remains greater than 1, that is, > 1 for all n ^ N where N is some 

A# 

definite positive integer. We have, therefore 


av+i > 1 

and 

a.v 


°" + ’ > J 

and 

a,v+i 


a " + ’ > 1 

and 

fly+i 



ay+i > fly 

fl.v+2 > fly+i > Oy 
a.v+* > ay+* > ay 


Consequently, from n = N + 1 on, the terms of the series are all greater 
than the number a, v and so cannot approach zero. Hence, the series 
diverges. 

3. Suppose p — 1. The test fails, as is clear from the following: 



n -1 


converges, 


and 


lira ^ = lim , = lim 

- (n + 1)* «- « 


1 


a, 


But ^ ^ diverges, and 

n — 1 

lim ?=±? 


l + ?+i 

n n* 


n 


= lim 

n—• n—♦ • W T 1 


12 3 4 

Example 1. Teat the series 1+-H - 1 - 1 — + 

2 2 * 2 * 2 « 

gspection, we observe that the general term is a m « n /2\ 


• • • for convergence. By 
Notice that the first term, 
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immaterial. be \Ve°have d ^ l ° " “ ' his tut this is 


lim 

n—* «0 (In 


.. n + 12" / A 1 

lim -r—-- lira ( I + - ) . - 

“ 2 n n —• •> \ n/ 2 


1 

2 


Since p n £ < 1, the scries converges. 

Example 2. Test the series 1 + — + -Ill + - 2 3 . 

1000 1000 * 1000 * 

The general term is clearly = a». We have 


for 


convergence. 


.. .. (* + D! 1000" t . n -f 1 

lim - « lim - -- - )i m _Z_i 


« a, 


• 1000"* 1 n! 


n—♦ • 1000 


+ « 


ftnd the series diverges. 

It might have been thought that this scries would converge since the denominators 

° the terms are such very large numbers. But factorial n becomes so great as to 

destroy this effect of large denominators. The next example will further illuminate 
me nature or nJ. 

Example 3, Test for convergence the scries 


. k k* k' 

1 + i + 2! + 3i + 


• • 


where k is any positive constant. We have 

a^i k n + l 


i 

n-0 


lim 


- =» lim 


• i' - lim 


n— • <*« n— « (n + 1)1 A* • n + 1 

Since p 0 < 1, the series converges. 


0 - 


m 

from this result, we derive a useful piece of information. Since, if ^ a. con- 

"- 0 

verges, Jmi. a, - 0, we have Jim. - - 0 for any positive k. Since we are consider- 

mg only series of positive terms, we are not yet ready to discuss the case of k negative 

But in Art. 170 the ratio test will be extended to apply to series of both positive and 

negative terms, and the student will have no difficulty in seeing that the result holdq 
lor k negative. w 

Note: A good general rule to follow in testing series for convergence 
is first to apply the ratio test. If p = 1, then the comparison or integral 
tests may be tried. It is possible to detect divergence at once when a 
clearly fails to approach zero as n becomes infinite. * 


EXERCISES 


Teat the following series for convergence: 


L l + i+ l + i + I + 

21 ^31 + 4I + 


J - 1+ ^i + ii + ii + 
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8. £ + * + ! + ^+ff + 

1 2! 3! ,4! , 

6 - 1+ i + i5 + 8i + ? + 


*■ 1 + S + fi + li + 


. 3 _L + i! + J1 

2 2-4 3-8 4 -16 ' 5*32 


+ ^ + 


4 4* , 4* 4 4 

7 * 1+ 2-5 + 3-5* + 4-5* + 5-5« + 

e. 1+ 5 + L’ + °! + ... 

^ 12! 3! 

12 3 4 

9 - 1 + i + ? + r* + ? + -*- 
.. l + Vi.i + V*,! + >/* , 1 + Vi j. 

10 * 1 + 2 3 4 


11 . 


I + y/l . i + V~2 , 1 +, i + y/l 


+ 


+ 


+ 


8 


+ 


12. I+1+1+1+... 

2 + 2* 2* V T 

\/i v5 v^ + v5, 

1S ‘ 4 + 9 + 16 + 25 + 


1-2 1-2-3 

14. 1 + — + + 


• • • 


1 • 3 

1B - Si + V + 


1-3-5 

1-3-5 

6! 

1-4-7 


+ 


n! 


+ 


+ 


1-3-5 

1-3-5 


(2n - 1) 
(2n - 1) 


(2n)i 


+ 


1S - 1 + ri + i-3-5 


+ 


+ 


1-4-7 


(3 n + 1) 


1-3-5 


(2 n + 1) 


+ 


1-411-4-7 1 
17 ’ 1 + 1 • 3 ' 1 + 1 • 3 • 5'2* 


+ 


+ 


1-4-7 


1-3-5 


(3 n + 1) 1 

a 


(2n -f 1) n* 


2 2* • 3 2* • 3* 2 4 • 3* 

,8 -i + — + — + — + ■ 

2* • 3 2* • 3* 2 4 • 3 s 2‘ • 3 4 

1®- -- + ——r + z ~.—n + 


5’ 


5 4 • 7 
5 4 


“■ 1+ ? + ,2.4,- 


5 & -7* 5 4 • 7* 

5* 


+ 


+ 


+ 


5* 


(2-4-6)* (2-4-6-8)* 


+ 


B. SERIES WITH POSITIVE AND NEGATIVE TERMS 

168. Alternating-series Test. A series in which the terms are alter¬ 
nately positive and negative is called an alternating series. Thus, if a n 
is positive for every n, 

flo — d\ + at — a 3 + * * * + (—l) n a„ 4* • • • 

is an alternating series. There is a simple and easily applied test for the 
convergence of such a series 
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Art. 169J remainder in the alternating series 

A Xk 7 • _ is numerically less than 

the preceding term and the limit of the nth term, as n increases indefinitely 
is zero. 

The proof is as follows: 

For n odd, say n = 2m — 1, 

«„ = « 2 m—i = (a 0 — aj) -f (a 2 — a 3 ) + • • • -f (a 2m _ 2 — a 2m _,) 

Since the a n decrease numerically, each difference in parentheses is posi¬ 
tive, so that s 2 m-i increases when m increases. In particular, 

s 2m _i ^ Sj = a 0 — a 2 
For n even, say n = 2m, 

Sn ~ S2m = a o ~ (di — o 2 ) — (a 3 — a t ) — • • • — (a 2m _, — a 7m ) 

Each of the differences in parentheses is positive, so that $ 2m decreases 
when m increases. In particular, 

$2m = So = Qq 

We next observe that s 2m _, = s 2 „ - a 2n < s 2rn ^ 5o = ao . Since s 2m _, 

always increases with increasing m but remains less than a 0 , it must 

approach a limit according to the fundamental principle stated in Art. 
165. Also 

8 2m = 52m —1 “f" ^2m ^ $2*n — 1 = S\ = ((2q — Q j) 

Therefore, s 2m always decreases with increasing m but remains greater 
than (a 0 - a,). By an obvious modification of the fundamental prin¬ 
ciple, s 2m must approach a limit. 

We now show that the limits of s 2 . n _, and s 2m are equal. We have 
« 2 .» = s 2m _! -f a 2m . Since lim a n = 0 by hypothesis, we have 

n—♦ « 

lim s 2m = lim s 2m _, + lim a 2n = lim s 2m _, 

m~* «> m— oo m— • m— «o 

The partial sum s n therefore has a limit as n increases indefinitely, and 
the series converges. 

Example. The scries 1—-+^—--f- ••• 4- ( — l)*+i . I _i_ . . 

2 3 4 ' \ n ■ * • converges, 

for the terms decrease in numerical value, and lim - => 0 . 

n—• «o n 

169. Remainder in the Alternating Series. An approximation to the 
sum of any convergent infinite series can be obtained by adding the 
first few terras of the series. For instance, «o + Mi + + • . . ± 

BO 

is an approximation to the sum of the series £ Un . The series 

n -0 

Un = U n + j ”f" XL rv+ 2 “f~ XLfi+% 
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is called the remainder and is the error committed in using the first 
n + 1 terms of the series as an approximation to the sum. In case of a 
convergent alternating series with numerically decreasing terms 


a 0 — ui + — <*3 + * • * 


we have a very convenient means of finding an upper limit to the numer¬ 
ical value of this remainder. For if we stop with the term a„ the numer¬ 
ical value of the remainder is less than a„ + i- 
To prove this, we note that 

|/?„| = a n +1 — a n +a + a n +a — a n+4 + • • • 

is the numerical value of the remainder whether n is odd or even and 
that this convergent series necessarily has a positive sum. This is clear 
since the differences in parentheses 


(a„ + i — a n +t ) + (fln +3 — a n + 4 ) + • • * 


are all positive. Furthermore 


|I2n| — ^n+1 (On+2 Ufi+j) (u n +4 Qn+t) — • • • 

= Gn + l |/?n+)| ^ U n + 1 


Example 1. Find the upper limit to the error if eight terms are used as an approxi¬ 
mation to the sum of the series 


1 iii 1,1 r , 1 1. 

I— — T+5~7+T~F + **• 

The next term is and so the error is less than Using this rule, to be sure of an 
error of less than we should have to take 90 terms. 

Example 2. Compute the sum of the series 


1 1 1 
“ 2! + 4! “ G! + 


correct to three places of decimals. We have 


and 


1 = 1.0000 - 0.5000 

* l 

~ = 0.0417 _ - 0.0014 

41 

^ = 0.0000 
01 


1.0417 0.5014 

S =» 1.0417 — 0.5014 « 0.5403 approximately 


Since 1/81 is less than the required limit of error, we are sure that the remainder 
after that term cannot affect the third place of decimals. The sum of the series is 
therefore 0.540, correct to three places of decimals. 
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EXERCISES 


Test the following series for convergence (Ex. 1 to 10): 

'ff + y — t + • * • 

8 . 1 — 7 + ! — f + &— •• 

6 - 1 - 2+ T- -T5+tV — 

«•*-! + *- *+ ••• 
i i 


8 . 1 - 


9 . - i _+_•_!5_ 

2 l+2\/2 1 + 3 \/3 1 + 4 \/4 

10. 1— T + ff — rj + iTr — ••• 


V2 + y/z \A + 


2. 1 — * + x - 

4- 1 -i + }- 


i + tv - 

tV + 5T - 


n 1 4 * 

•• T — + 


o 

TO 


1 6 . 
TS + 


• • 


■ • 


+ 


11. Find an upper limit to the error if 10 terms arc used in computing an approxi¬ 
mate value for the sum of the series in Exercise 4. 

12. Same as Exercise 11 for the series in Exercise 7. 

18. Compute the sum of the series correct to five places 

of decimals. 

14. Compute approximately the sum of the series 


1 1 • 2 + 2 -3 3 • 4 + 4 • 5 

using 15 terms, and state an upper limit to the error. 

170. Absolute and Conditional Convergence. Consider a series 
«o + «i + u 2 + • • • + u„ + • • • composed of infinitely many posi¬ 
tive and negative terms. Let the positive terms be represented by 
°*» a t> oj, . . . and the negative terms by — 6|, — b it — . . . L et 

the sum of the first p positive terms be 

= a! -f aj + a, + • • • -fa, 

and the sum of the first q negative terms be 

— B q — ~bi — bt — bi — • • • — b Q 

The sum «„ of the first n + 1 terms of the original series can be repro- 
seated by K 


S n = Uq + U\ + Ut + 


+ U n = A p ~ B, 


where p and q have suitable values (if there are no positive terms vet 
present in a„, we take p = 0, and A 0 = 0; or similarly, B 0 = 0) 

If we now let n increase indefinitely, both p and q will increase indefi- 
mtely, and we have the following possible results: 
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(1) lim A p = A and lim B q = B. In this case, 

p—♦ oo q—+ « 

lim s„ = lim A p — lim B q = A — B = S 

n—» ® p-. « «-* ® 

and the series converges. 

(2) lim A p = +oo and lim B q =,+ «. In this case, the difference 

P~+ « Q —♦ ® 

A p — B q may or may not have a limit; the series, therefore, may or may 
not be convergent. 

(3) lim A p = A and lim B q = + *>, or lim + = +<*> and 

p—♦ 00 Q —► « p —• W 

lim B q = B 

*-* ” 

In these cases, it is clear that A p — B q cannot approach a limit; the 
series, therefore, diverges. 

The following simple examples illustrate these possibilities: 


In the series 1 - ^ ^ ^ + • • • + (- 1 )"-i + * • • » 


Ap “ 1 + h + h + ' ' 
111 
* = 2 + 2* + V + 


+ 


2 


1 +j+? + 


we have 
1 


+ 


4^-1 


+ 2 ^ - 5 (‘ + 1 + i + ■ ■ + 


Evidently, A p and /?„ being geometric progressions with |r| < 1, both approach 
limits as p and 7 become infinite. Therefore, by case ( 1 ), the original series converges. 
The series 1 — 5 + 3 — j + • • • converges by the alternating-series test, but 


•Ip 

B q 


1 + 5 + S + 

1 1 1 

2 + J + 5 + 


+ 


2 P - 1 


1 

+ 2q 


and both diverge to + «. On the other hand, the series 1 — 1 + 1 — 1+ .. . 
diverges, and both .1 P = 1 + 1 + 1 + • . . + 1 and B, = 1 + 1+1+. ..+1 
diverge to + ». 

The series 1— — + 3— — + 5 — — + ••• has for its general term — 1/n! when 

n is even and n when n is odd. It diverges since its general term does not approach 
zero. Also 

A P = 1 + 3 + 5 + • • • + (2p - 1) 


while B q = 2 | + + * • • + • Evidently, Ap— * +» while B, converges for 

p and q increasing indefinitely. 

We are now ready to prove an important theorem: If the series |m 0 | + 
|ui| + |u 2 | + • • * + |u„| + • • • converges, then u 0 + Ui + u a + • • • 
+ u n + • • • also converges. 
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To prove this theorem, we use the same notation as before: If u„ is a 
positive term, write it as a p ; if u n is a negative term, write it as — b g . The 
nth partial sum of the series u 0 4* Ui + u t 4- • • • + u n 4- • • • is 


Sn = A p — B g 

We wish to show that this approaches a limit as n-* «, that is, as 
p —♦ co and q —» «. 

Now, the nth partial sum of the series 


+ |Un| + 


is, clearly, 


|n 0 | 4- |n,| 4- |u,| 4- 


s' n = A p + B q since | —6,| = b> 


This series is convergent by the hypothesis of the theorem, and therefore 
s' n approaches a limit as n becomes infinite. Now, A „ and B g are both series 
of positive terms and are therefore increasing as p and q increase. Since 
their sum is always less than S', the limit of s', A p and B g both are increasing 
and are less than a constant S' and so must approach limits. That is, 
lim A p = A and lim B g = B. 

p— - «— •» 

Consequently lim s n = lim A p — lim B„ = A — B, and the series 

n—♦ j>-* ■> q —• *> 

«o + «t + «i + • • • + «n 4- • * • converges. In other words, if in 
a given series we replace each term by its absolute value and this series of 
absolute values converges, the series itself converges. We give a special 
name to such a series: 

A series is said to be absolutely convergent if the series of absolute values 
of its terms is convergent. Other convergent series are said to be conditionally 
convergent. 

For example, the series 1 ~ 2! 3 ! — 4 ] + ‘ ‘ ‘ * s absolutely con¬ 


vergent since 1 + 2 ! + 3! + 4! + ’ ' ' is conver g e,l t- On the other 


hand, 1 -v+v-t + •••is conditionally convergent since 1 + | 
4- i + t -f * ’ • is divergent. 

Evidently, any convergent series of positive terms is absolutely 
convergent. 

We may now restate the ratio test for application to series of positive 
and negative terms: 


If lim 

n—♦ «> 


Kn+1 

U n 


= p{u H * 0), then the series 


«0 + U\ 4- u 2 -f- • • ■ 4- Un 4- • • • 

is absolutely convergent if p < 1 and divergent if p > 1 , and the test fails if 
P = 1. 

For proof, it is sufficient to note that if p < 1 the series of absolute 
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values converges, by the test as proved for series of positive terms. If 
p > 1, then |w„| cannot approach zero, and hence u n cannot approach 
zero, as already shown. 

Example. For what values of x does the series 

X* X* x n 

1+X+ — + — +••• H-h ■ * * 

z 6 n 


converge? In the first place, we note that if x = 0 the series converges with sum 1 
since every term except the first is zero. For every x 7 ^ 0, the ratio test gives 


lim 
n—♦ «> 


ttn+I 

Un 


lim 

n-* «> 


x n+l n 
" ■ —— 

n + 1 x” 




The series converges absolutely for |x| < 1 and diverges for |x| > 1. The case 
|x| = 1 must be investigated by other means since the ratio test fails. For x = 1, 
the series becomes 

1 1 1 

1 + 1 + o + o + ‘ ’ + "+ ••• 

2 O Tl 


which diverges. For x = —1, the series becomes 


1111 
1 - 1+ 2-3" + 4-i + 


+ (- 1 )"- + • 
n 


which converges conditionally. We may summarize these results by stating that the 
series converges for —1 ^ x < 1 but diverges for all other values of x. 


EXERCISES 


Test the following series for absolute and conditional convergence: 
1 ~ S + 5 “ T + ••• 


2 . 1 - 


1 1 

V2 + V3 


3 - 1 “ 7 + 5 ~ 3T + 

5-1— 7+5“ T + ■ • • 6. x 

7. 2 + 2(f)* + 3(f)* + 4(f)* + • • • 8. £ 

1 12 123 1 2-3-4 . 

V. “ — - •+■ - — - -4- . . • 

1 1-3 1-3-5 1 -3-5-7 

10- 7 + T + 8 + T? + + • • • 

1 2! 3! 4! 

11* 7” -f- - — - 4- • . • 

10 10* 10* 10* 


1 1 
Vi + Vs 


• • 


4- 1 — ff 4- TT 
6- t - | + i - 
I + ri 


- tt + 
* T¥ + 

~ A + 


10 - 7 + T + 8 + Tff 

11. ± - 2! 3! 

10 

12 . 2 + 


13. 1 


2 y/2 

4,9 

tr + t 
2 


_4_ + _5_6_ 

3 \/s 4 \/4 5 y/l 

_ JL° _i_ 36 ^ 


+ 


• • 


10,25 30 


14 - I -5i + 


1 _ 1 16 

2! 1 3! 4! + 5! 



• • 


171. Operations with Series. In working with finite sums, we may 
group the terms, rearrange the terms in any desired order, or combine two 
different sums by addition, subtraction, multiplication, or division. 
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Under certain circumstances, these operations may be extended to 
infinite series. A summary of some of the admissible operations will be 
given in this section, but proofs will not be supplied. The student is 
referred to more advanced texts* for a more extensive discussion. 

The convergence or the sum of a convergent series will not be dis¬ 
turbed if the terms are grouped without changing their order. 

Multiplication of every term of a series by a constant, k, does not 
affect the convergence but multiplies the sum of the series by k. We 
have already proved this in Art. 164. 

In an absolutely convergent series, the terms may be rearranged 
in any way without affecting the convergence or the sura of the series. 
On the other hand, a change in the order of terms affects the sum of a con¬ 
ditionally convergent series and may destroy its convergence altogether.f 


Addition and Subtraction. 


Given two series 




form their sum means to construct a new series I w n where 


n -0 


u>„ = Un + v„ 

Similarly, to form their difference means to construct a new series where 
v>n = Un - y». If the two given series are convergent with sums U and 


sum 


V, respectively, then the series £ (u, 4- v„) is convergent with 

n-0 

U + V. Similarly, the series ^ (u n — v n ) is convergent with 

n-0 

U - V. 

Multiplication. Given two series ^ u„ and ^ v n . Their product\ 


sum 


may be written as a series ^ w n whose terms are 

n-0 

W 0 = Rot^O 

W | = Ro«'l + Rl^O 

Wi = U 0 l'i + R|Vl + U t V 0 

w% = uovi 4- RiVj 4- u } vi 4- Rjt>o 


w n = uoVn 4- u, 0 B _, 4- 4- • • • 4- 4- u n v 0 


* For example, to Small, op. cit., or to K. Knopp, Theory and Application of Infinite 
Series, Blackie 4 Son, Ltd., Glasgow, 1928. ^ 

t For an example, Bee Smail, op. cit., pp. 117-118. 

} Referred to aa their Cauchy product after A. L. Cauchy (1789-1857). 
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If the two given series converge to sums U and V, respectively, the series 


00 

^ w n represents their product if it converges to a sum W = U • V. 

n-0 

This will occur under the following circumstances: 

W to GO 

1. If ^ u n and ^ v n are both absolutely convergent, then ^ w n is 

n —0 n — 0 n — 0 

absolutely convergent with sum W = UV (Cauchy’s theorem). 

•o co 

2. If ^ u n and ^ v n are convergent and at least one is absolutely 


convergent, then ^ w n is convergent with sum W = UV (Mertens’s 

n —0 

theorem).* 

to w 

3. If ^ u n and ^ v n are convergent, with sums U and V, and if 


n-0 


n-0 


aa 

^ w n is convergent, with sum W, then W = UV (Abel’s theorem).f 

n —0 

® «o 

If neither ^ u n nor 2 v n is absolutely convergent, we cannot be si 

n-0 n —0 


from the (conditional) convergence of these series that £ w n will con- 


n-0 


verge, as can be shown by examples, t But if it does converge, its sum is 
W = UV. 

Division. The question of division of series is more complicated and 
will not be discussed. It may be noted, however, that a new series 


“ Y 

2‘. = 4- 
2 - 


n —0 


can be formed in such a way that the product (as defined above) 


« • «o 

t '*■ 2 2 




n-0 n-0 


n-0 


* Named for F. Mertena (1840-1927). 
t Named for N. H. Abel (1802-1829). 
t See Smail, op. tit., pp. 123-124. 
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The 6um of the series ^ t n will be U/V provided that v 0 9 * 0 and that 

n - 0 

00 to 

I '• and 2 Vn are absolutely convergent. 

n“0 n-0 

It is worth remarking that absolutely convergent series behave much 
like finite sums, whereas, in general, conditionally convergent series do 
not. 

V 1 V 1 

Example 1. Add the two series ) — + ) — • Each series converges; and, 


n — 1 


n — 1 


adding them, we get 


n - 1 n — 1 


V' 1 

Example 2. Write the first four terms of the series giving the product of / — by 

n-1 


li 


n - 1 


These series can be written 


1 + r. + ^ + f> + ' 
1 1 1 
1 + 2i + r- + ? + ' 


= U 0 + U| + U| + U, + 

=* Vo + Vi + t>j + l>» + • 


We have 


UoVo 

-1 







i 


1 

3 



UoVi + UiVo 

" 2* 

+ 

2 * 

“ 8 




1 


1 

1 

l 

_ 155 

Uo^j + Uil>l + Ulto 

” 3* 

+ 

2 > 

V + 

3* 

= 861 


1 


1 

1 

1 

1 . 1 

ilqV% + u\Vt + tii^i + u*yo 

” 4* 

+ 

2 * 

+ 

1 7T3 

3~ J ' 

- -i- - 

2* 4* 


The product series is, therefore 


1 + I + TBT + TTTS + 


EXERCISES 

Find the series formed by the sum or difference as indicated (Ex. 1 to 6), 


y_^ + y_L_ 

Z/ n* + 1 Z/ n* - 1 
n-2 n-2 


,y_!__y_L_ 

*-/ n* — 1 Zv n* + 1 

»-a n-2 


1. 
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ii-i 


n — 1 


n — 1 


-i) 


n — 1 


« +1 


30 

2 

n — 1 


2i*2 

n — 1 n — 1 


— 1 \*+l 


6 . 


oo 

2 

n — 1 


(-i ) n+1 

2n + 1 


2 
n — 1 


— n»+t 


7. Write the first four terms of the series resulting from the product 

( 1 +7 + T + i + iV+-- -)(1 + i + j + T7 + FT + • • ) 

8. Write the first four terms of the series resulting from the product 

(l+T + i+ Tff + inr+-* 0(1 + * + t + s + tV + • • 0 

9. Write the first five terms of the series resulting from the product 

(I +7 + T + I+ A+ •• 0(1 - i+ i- T + y- • • 0 

10. Find the first four terms of the series resulting from the product 

O-T + F- T + ff-iT + • • 0d - ^ + + 

11. Find the first five terms of the series resulting from the division 

(1 + i + t + 5 + tV + ***) + (l+v + i + ^r + • • 0 

(Hint: Proceed as in ordinary long division.) 

12. Find the first five terms of the scries resulting from the division 

(l+T + * + Tff+ry + ••0 + (l+* + i + i+ 1 ^ + .. .) 

13. Find the first five terms of the series resulting from the division 

(l+7 + T + 5 + rff+- - 0-s- (l - v+ i- v + rt - •• 0 

14. Find the first five terms of the scries resulting from the division 

d-j + i- s + A- ••0 + (i-£ + i — sV + jlj.-. ... } 


C. POWER SERIES 

„ n f , 2 ' f ° Wer Senes : . U * is a variable and «■. «„ . . . , <2.ore 

constants, a scries of the form 

«o 

ao + a,j + a 2 x i + • • • + a n z" + • • • = y anX » 

n -0 

is called a power series in x. As heretofore understood, we restrict z and 
a 0 , a h a 2 , . . . to real values. Certain special cases in which complex 
numbers play a part will be taken up later. 

A Power series always converges for z = 0, since all its terms, except 
possibly a 0 , are zero. It may converge for no other values of x, or it may 
converge for some values and diverge for others, or it may converge for 
all x. The set of values of z for which the power series is convergent is 
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called its interval of convergence, and we can often determine this interval 
by use of the ratio test. We have 


If lira 

n—♦ •© 


Qn+l 

a n 


a n +ii n+l 


G«+l 

a n x n 


a. 


= l, then 




This will be less than 1 if / ■ |x| < 1, that is, if |x| < 1/7, and the series 
will be absolutely convergent for such values of x. Note that, if / = 0, 
then l • \z\ < 1 for allx. If \x\ > l/l, the series diverges; and if \x\ = 1/7, 
the test fails. 

We may summarize these results as follows: If 


lim 

n—♦ • 


A »+1 
a* 


exists, then the power series 


a 0 + a ix -f- a 2 x* + a jx* + • • • + a*x n -f 




is absolutely convergent within the interval — l/l < x < l/l and divergent 
outside this interval. If l = 0, the power scries converges for all values of x. 


If 


Q n+1 

a n 


«, the power series converges only for x = 0. 


The series may be convergent or divergent at the end points of the 
interval, and these values of x must be investigated separately. The 
number l/l = r is sometimes called the radius of convergence of the power 
series. 


Example 1. The series 1 + x -H 21r* -f- 3!x* -f- • 
for x - 0 but diverges for all other values of x. For 


+ nix' + 


• converges 


lim 

n—• « 


1 

a« 




(n + 1)! 


lim ( n + 1) . |x| ■=■ +00 
n—• • 


for every z different from zero. 

Example 2. The interval of convergence for the scries 


1+2 x + lx* + 8x J + • • • + 2 n z n + • • . 


is found as follows: lim 

n—♦ « 

absolutely convergent in t 


Ow-fl 


2* +| 


lim 

n- - 2 


“ 2 - Z. Consequently, the scries is 

9 9 • • 

-■» —.°. hc intcrval “i < * < y. If x - the series reduces to 

1 + 1 + 1 + 1 + • • • which diverges; if x ~ it reduces to 1 - 1 + i _ i . 

• • • which also diverges. The interval of convergence includes neither end point 
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Example 3. To find the interval of convergence of the series 




X n 

+ (-l)n- + 

n 


we have lim 


n—♦ « 


gn + | 

a n 


= lim ——— = 1=1. The series converges absolutely for 

n—♦ « Tl + 1 

-1 < x < 1. Now, consider the end points of this interval. If x = 1, the series 
reduces tol — 1+* — ■g’-f-i- — y + • • • which converges, but only conditionally, 
by the alternating-series test. If x = —1, the series becomes the’harmonic series 
which diverges. The interval of convergence is, therefore, -1 <z g 1 which 
includes one end point. 

Example 4. Consider the series 


1 + 


+ 


+ 


+ 


Here 


lim 


2-1* 4 • 2* 8 • 3* 16-4* 

Qnt i 


+ 


x n 

+ 2^? + 


lim - 

n—♦ « 2*+i(n 


2 "-n» 1 / n V 1 

*(n + D* " n™. 2 \n + 1 / 2 


The series is, therefore, absolutely convergent within the interval -2 < x < 2. 
Furthermore, if x = 2, the series becomes 

1 + I + ii + ? + ' • ■ +i+ ' • • 

which is (absolutely) convergent. If x =■ -2, the series becomes 

I_1 + ^-? + ? + • • • +(-‘)'v,+ • ■ ■ 

which is (absolutely) convergent. The interval of convergence can be written as 
2 ^ 1 ^ 2 which includes both end points. 

Example 6. The series 


X* z* X* 

2! + 4! “ G! + 

converges for all values of x, for 


x ** 

• +( - 1) *wi + 


lim 


a * + l 


lim 


(2n)l 


lim 


. (2n -f 2)1 «, (2n + l)(2n + 2) 


0 


Consequently lim 

n—♦ no | fli 

vergence is said to be — « < x < ». 


+1 


• |x| =0 for every x. For this reason the interval of con- 


If we choose to do so, we may set x = x' - x 0 . Our power series can 
then be written 

Oo + di(x' - x 0 ) + a s (x' - x 0 ) s -f a ,(x' - x 0 )* -f • . . 

mi' • 11 J ... ®n(x X 0 ) n 4“ * • • 

1 his is called a power senes m x — xo. 
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Multiplying these series together, we get 

rrp - i + (-1 + i)x + (i - i + i)x* 

+ (-1 + 1 - 1 + l)x* + (1-14-1-1 + l)x« 

+ • • • = 1 + X 2 + X* + • • • 

which holds for — 1 < x < 1. The student may verify this result by 
finding the series for -—-— 5 by performing the indicated division. 

Jl X 

5. One power series may be divided by another as if they were both 
polynomials (see Art. 171). If we use the notation of (3), the quotient 

Qo + a\X + a 2 x 1 + dji* + • • • f(x) 
bo + bix + b 2 x 2 + bjx* + • • • g(x ) 

provided that b 0 0. However, there is no simple elementary method 
available for finding the interval of convergence of the resulting series. 

6. A power series whose sum is f{x) may be differentiated term by term, 
and the resulting series will represent the derivative of f{x) within the 
interval of convergence of the originally given series. That is, if 

/(x) = a 0 + aiX + a 2 x 1 + djX* + • • • + a n x n + • ■ • 

with interval of convergence — r < x < r, then 

J'(x) = a 2 + 2a 2 x + 3ajx 2 + • • • + na^x*- 1 + • • • 

with interval of convergence — r < x < r. 

For example, consider 

■j—-— = 1 + x + x* + x* + • • • + x n + • • • 

1 X 

Differentiating term by term, we have 

^ _! z p = 1 + 2x + 3x* + 4x* + • • • + nx" -1 + • • • 

The student can verify directly by use of the ratio test that both series 
have the interval of convergence — 1 < x < 1. It is likewise instructive 
to verify that the second series results from multiplying the first series 
by itself and also that it arises from carrying out the division of 1 by 

(1 - x) 1 »= 1 - 2x + x* 

It should be noted that the series for /'(x) converges and represents 
/'(x) within the interval of convergence of the series for /(x). A given 
power series may converge at an end point of its interval of convergence 
whereas the series obtained by differentiation may diverge at this point* 
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7. A power series whose sura is f{x) may be integrated term by term 
between any limits lying within its interval of convergence, and the 
resulting series will represent the integral of j(x) between those limits. 
For example, consider 


1 

1 + x 


1 - X + X 2 - X 1 -f- • • • + (-l) n x B + • • • 


which converges 


1U1 




4 * V 


/. 


dx _ _ & , x s _ x* 

ol+s 2 2 3 4 ' 


+ (- J + 


for all x in the interval —1 < x < 1. Since 


J 0 rh = la (i + x) 

we have a series that represents In (1 + x) in this interval. 

By means of this series for In (1 -f- x), an interesting application of 
Abel's theorem (1) can be given. The series 



• • • 


converges for x — 1; and since by (1) the power series represents a func¬ 
tion that is continuous from the left at this end point, we have 



= lim In (1 -f x) = In 2 

X—* 1 “ 


It may be mentioned that, in the interior of its interval of convergence, 
a power series behaves in many ways like a finite polynomial. 


1. By division, 


1 + x 


EXERCISES 


+ ••• and 


1 — x 


I + X + X* + x % + • • • 


Find a series for -- by adding these two series. Find the interval of convergence. 

2. By division, find series for and Add the resulting series to get a 

x 

series for ---• Find the interval of convergence. 

1 “ x % 
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8. Add the power series x — — + — — — + 

2 3 4 


and 



and find the interval of convergence of each series involved. 


x* x * 

4. Subtract the series x --J--4- 

2 3 4 


from the series 


z* x 9 x « 

x+ ? + i + 7 + 


and find the interval of convergence for each series involved. 


2* 2* 2® 

6 . Multiply the series 1 — — H-f- 

21 4! 6! 


by twice the series 


x* z* z» 

1 " 3! + 5! " 7! + 


and find the interval of convergence of each series involved. 

6 . Multiply the scries for ^ ^ by the series for ^ * to obtain a series for 

x* 

f _ x4 * Verify your result by dividing z‘ by 1 - x 4 . Compare with Exercise 2, and 

find the interval of convergence. 

7. Find the scries resulting from the division of 

l+z+z' + i'+z'+ ••• 

by 1 - x + z* - z* + z 4 - • • • . Find the interval of convergence of each series. 

8 . Find the series resulting from the division of 

1 + z + 2z* + 3z* -f 4z 4 + • • • 

by 1 + z + x* + z* + x* + • • ■ , and find the interval of convergence of each 
series. 

9. If f(x) ~ 1 + 2x + 4z* + &z* + 16x 4 + • ■ • , find /'(x) and its interval of 
convergence. 

10. If /(X) -l+^+~ +-£- + — + • • - .find /'(*) and its interval of conver¬ 
gence. 


D. EXPANSION OF FUNCTIONS 

174. Maclaurin’s Series. In Art. 83, we saw how a function that 
possesses n derivatives in an interval including x = 0 can be approxi¬ 
mated by a polynomial, namely, 


/(*) " /(0) + /'(O') ■ x + • x* -f • • • 


21 


' 8—1 


for ( between 0 and x 
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The error, or remainder after n terms, is R n = ^ ^ x n . Now, suppose 

that/(z) possesses derivatives of all orders in an interval including x = 0. 
We need not stop, as in (1), with n + 1 terms but may allow n to increase 
indefinitely. The series (1) then becomes a power series, and we can 
state the following theorem : The power series 


/(x) =/(0) + /'(• • • 



/ (n) ( 0 ) 

n! 



represents the function f{x) for those, and only those, values of x for which 
R n approaches zero as n becomes infinite. 

The function is said to be expanded in Maclaurin’s series about x = 0. 

It should be noted that the series (2) might converge for values of x 
for which R n does not approach zero. Then the series, though con¬ 
vergent, does not represent the function for the values of x in question. 

Example 1. In Example 1, Art. 83, sin x was expanded by Maclaurin’s theorem to 
give 

x* x* x 7 x l 

s,n x “ 1 3 | 5 j 7! 8! S * n * *° r * between 0 aad x 


\\ c now find the interval in which sin x can be represented by Maclaurin’s series. We 
have at once 


x* x‘ 

ein x = x- 1 - 

3! 5! 






(2n - 1)! 


• I* 


The numerical value of the remainder is 


+ ( — 1)" —— sin 
(2n)! 


for £ between 0 and x 


li 


(2n>! | 


Isin $1 - |ft„| 


Now |sin {| £ 1 , and consequently |* B | £ |x*«|/(2n)l. But we saw in Example 3, 
Art. 167, that Jim - = 0 for any positive k. Taking k ~ |x|, we get R n - 0 when 
n -» » for any fixed value of x, positive or negative. The series 


ein x = x- 1 -u 

31^5! 71 + 


+ (-D 


•j»+i 


(2 n + 1)! 


+ 


therefore represents sin x, for all values of x, that is, for - « < * < ro> Note that 

this interval coincides with the interval of convergence of the series. 

Example 2. Expand e* by Maclaurin’s series, and find the interval in which the 
series represents the function. We have 
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/(X) 

- e 2 

m -1 

f’(x) 

- c* 

ft A ft ^ft 

/'(0) - 1 


• • • • 

- c* 

- 1 


Hence, Maclaurin’s development gives 


x' x * 

e* = l+ z+ — + — + 


+ - + 
n! 


and the remainder is — x n = R* where ( is between 0 and z. The interval of con- 

n! 

vergence is easily found by the ratio test, for 


lira 


+ | 


*■' |z| - lim 

On 


n! . , l*i 

. -: • x = Urn -- 

m (n + 1)! n—• - n + 1 


0 


so that the series converges for every x, that is, for — « < x < ®. 

We now consider the remainder. First, let x be any given positive number. Then 


|tf„| = — i" where 0 < f < x 
n\ 


Hence |tf„| < e*(x n /nl). Since x is a fixed number, e* is some fixed constant. We 
have already noted that x"/n! -* 0 when n -* ® for any fixed x. Consequently, 
R n —» 0, and the scries represents the function for all positive x. 

Next, if x = 0, the scries reduces to the first term, and e° = 1; therefore, the series 
represents the function. 

Finally, let x be any negative number. Then 

|/M =■ ct • 1-^7 where x < { < 0 
n I 

Since e* < 1, 

|x|“ 

|/f.| < — — 0 as n — « 
n ! 


Hence R n —* 0 as n -* ®, and the scries represents the function for any negative x. 

Summarizing these results, wc see that the scries represents e* for every value of x 
and that this interval coincides with the interval of convergence of the series. 


176. Taylor’s Series. If we wish to expand /(x) in powers of (x — a), 
we may use Taylor’s scries, provided that/(x) possesses derivatives of all 
orders in an interval including x = a. We may then state the following 
theorem : The -power series 


f(x) = /(a) + /'(a) •(*-<*)+ • (x - ay + • • • 

/ (n, (a) 


+ 


n! 


(x - a)" 4- 


represenls the function /(x) for those, and only those, values of x for which 
R n approaches zero as n becomes infinite. 







INFINITE SERIES 


462 


[Chap. 19 


/(">(£) 

Here R n = ~ n \ ~ \ x ~ a ) n (£ between a and x), as found in Art. 82. 

In simple cases the interval of convergence of the series coincides with the 
interval in which the remainder term approaches zero. 

As in Art. 82, we may write x — a = h and obtain for Taylor’s series 

/(<* + h) = m + /'(o) ■ h + ^ ■ h' + ■ ■ -+tlM. hn+ . . . 

2! n! 

a power series in h. 

We may note again that Maclaurin’s series is a special case of Taylor’s 
series, namely, a = 0. 

EXERCISES 

Obtain the following expansions of functions by Maclaurin’s series and 6nd the 
interval of convergence (Ex. 1 to 10): 


X* x* x* 

1. CO. X = l- -+ -- -+ . . . 

2 . + - 

21 3! 41 

3. ai nhx-x + i-; + i-;+^+ • • • 

X* X* X* 

4. cosh 1 = 1+ -+ -+ -+ ... 

6. (1 + x)" = 1 + mx + - l - ^ W —- x’ + 

1 


for all values of x 


for all values of x 


for all values of x 


for all values of x 


, m(m - 1 )(m - 2) • • . (m - n + 1) 

+ - - - X" + . . . 

where m is a fixed constant. This is known as the binomial scries. Show that it 
converges for —1 < x < 1. 


** x> x* 


6. In (1 4- x) « x - — 4- —--f ... 

2 3 4 

X® T* T* 

7. In (1 - x)- x ------ - 

2 3 4 

x * i» x 7 

8 . arc tan x=»x-1--4- ... 

3 5 7 


for -1 <xSl 


for -1 ^ x < 1 


for -1 Si S | 


o • 1 x* 1 • 3 x* 1 • 3 • 5 x» 

23 2-4 5 2-4-6 7 

.. , , , x * o x* In 1 a 

10. a* =» 1 -f x In a 4-—— 4-—-h • • - 

" • O I 

11. Using the results of Exercises 6 and 7, show that 

, 1 + x / x* x* x T \ 

ln r^“ 2 v x + i + i + 7 + • • y 


for - 1 < x < 1 


for all values of x 


for -1 < x < 1 
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12. Expand 1/v 1 - z* by the binomial series (Exercise 5); then verify the result 

, _ f z dx 

of Exercise 9 by finding I 

13. Expand — + ^ by division; then verify the result of Exercise 8 by finding 


I. 


dx 


1 


0 1 + z* 

14. Expand -—-—- by division, and use the fact that 
1 — x* 

* dx 

- -- = argtanh i 

0 1 - X» 


to show that 


/. 


X* X 1 X 1 

argtanh x=x + -+ — + — + 

o o 7 


for -1 < x < 1 


t 


15. Expand l/\/l + x* by the binomial series (Exercise 5). Use the fact that 
dx 

' = argsinh x to show that 


vT+ 


1 x* . 1 • 3 x‘ 1 • 3 • 5 x 7 1 • 3 • 5 • 7 

n I 


argsinh x = x ---(- 

232-45 2-4-6 7 2-4-6-8 9 


for -1 < z < 1 . 

16. Use Maclaurin's series to show that 

x* 2x» 17x 7 

! + li + 3i? + 

17. Use the scries for sin x and cos x to derive the result of Exercise 16 by comput- 
, sin x 


... 


mg 


cos x 

18. Use Maclaurin’s series to show that 


in seex = -+-+-+ — 


+ 


19. Derive the result of Exercise 16 by differentiating the series of Exercise 18. 

•* 2z* 17z» 


X * XX w 

20. Show that tanh x - x — —- + — — 7777 - + 

o 15 

21. By multiplication of series, show that 


z w 

e* cos X = 1 + x — —-4- 


22. Show that tan 
28. Show that 


(■*:)- 


6 30 


8 


1 + 2x + 2x‘ + - z‘ + 

3 




-) 




464 


INFINITE SERIES 


[Chap. 19 


24. Use the series for sin x to calculate sin 2° to five places of decimals. Check by 
reference to a table of sines. {Hint: 2° => 0.0349 radian.) 

26. Calculate cosh to five places of decimals. Check by reference to a table of 
hyperbolic cosines. 

26. Find a series whose sum is r by using the result of Exercise 8 and setting x = 1. 

27. Find another series whose sum is r by setting x = £ in Exercise 9. 

28. Show that arctan ^ + arctan ^ = t/ 4. Use the result of Exercise 8 to show 
that 



29. Using the series for e*, calculate \/e to five places of decimals. 

80. The binomial series (Exercise 5) can be used conveniently to make certain 
approximate computations. For example, find y/ 408. Here, 


l 


Com- 


•s/408 = (400 + 8)* - 20(1 + = 20(1 + 

Expand (1 + by the binomial series, using x = =» 0.02 and m 

plete the calculation. 

31. Use the binomial series to find \/39l (see Exercise 30). 

32. Use the binomial series to find \/615 (see Exercise 30). 

33. Use the binomial series to find \/ Tl2 ( see Exercise 30). 

34. Use the binomial series to find \/ 1030. 

36. Use the binomial series to find -^517. 

f 02 dz 

36. Calculate J ^ 10 fivc P laces of decimals by expanding the integrand 

into a power series. 

/* 0 - 2 dx 

37. Calculate j^ “° ** ve p * aces decimals by expanding the integrand 

into a power series. 

38. Verify that 



sin x l dx 



1 x J 1 *n 
7 3! + 11 ' 5! 


1 x>* 

. - 4- 

15 7! 


39. In Exercises 1 to 4, verify that R n approaches 0 as n becomes infinite for all x 
m the interval of convergence of the series, and that, consequently, Maclaurin’s series 
represents the function throughout this interval. 

40. (a) Suppose/(x) to be a function having the power scries expansion 

f(x) B C 0 + C|X + c*x* + • • • + f.X" + • • • 

By calculating /(0), /'(0), /"(0), . . . /<»>(0), . . . show that c 0 - f(0) c, - {'( 0) 

n o) /—(0) . t 1 

c * “ 2 T’ • • • » c- “ n | ’ • • • , and so discover the coefficients in Maclaurin’s 
series. 

(6) The same as (a), but suppose 

/(x) = Co + c,(x - a) + c,(x - a)* + • • • + c,(* - a)» + 
and so discover the coefficients in Taylor’s series. 


• • • 
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176. Trigonometric and Exponential Functions. The reader will recall 
(Art. 53) the definition of the hyperbolic functions in terms of exponential 
functions. We shall now discuss relations between the trigonometric or 
circular functions and the exponential functions. In Example 2, Art. 174, 
we saw that the series 

c ‘ = 1 + z + h +1: + ' ’' + in + ' ’' (3) 


converges and represents e‘ for all real values of z. We now make use of 
an important general principle of analysis. Although the exponential 
function e‘ has as yet no definition for complex values of z, the infinite 
series on the right-hand side of (3) can be used to define e‘ for arbitrary 
complex values of z. 

As a consequence of this definition, we put z = iy, where y is real, and 
obtain 


= 1 + iy + 





1 -f iy 


v 2 _ iv* , y _ 4 , 

2! 3! ^ 4! _r 5! 


Separating real and imaginary parts, we recognize that the real terms 
furnish cos y and the imaginary terms sin y\ thus, 



and e iv = cos y 4- i sin y 

for all real values of y * 

(4) 

Replacing y by — y in (4), we have at once 


er** = cos y — i sin y 

for all real values of y 

(5) 

Now, subtract equation (5) from equation (4): 


• 

e ‘v — e ~' v 


sin y = 

2 i 

(6) 

Next, add equations (4) and (5): 

e iy + e -iv 


cos y = 

2 

(7) 


From equations (6) and (7), we can obtain expressions for the other 
trigonometric functions in terms of the exponential functions. 

Until now, we have had no definitions for trigonometric functions of a 
complex variable. We use the above relations and define, for z complex, 

e { ' — e~ u 


sin z = 

cos z = 


2 i 

e" + €-*• 
2 


( 8 ) 

(9) 


and similarly for the other trigonometric functions. 


• This is usually known os Euler’s theorem, named for Leonhard 


Euler (1707-1783). 


INFINITE SERIES 



[Chap. 19 


Note particularly that these definitions are analytic; that is, z is an 
arbitrary real or complex number and need not be the measure of an 
angle at all. 


EXERCISES 


Using the definitions of sin z and cos z in terms of exponential functions, prove the 
following identities (Ex. 1 to 7): 

1 . sin* x + cos 1 i = l 2. sin 2 x = 2 sin x cos x 

3. cos 2x = cos’ x — sin* x 

4. sin (x + y) = sin x cos y + cos x sin y 
6 . cos (x + y) = cos x cos y — sin x sin y 

6 . sin* x = |(1 - cos 2x) 7. cos* x = £(1 -f cos 2x) 

8 . Show that e x+iv = e*(cos y + i sin y). 

9. Show that e ttT< = 1 where k is any integer. Hence, show that e t+Uri = e* and 
that therefore c* is periodic with period 2 ri. 

10. By use of Euler’s theorem, show that 


(cos d 4- i sin 6 )" = cos nO 4- i sin nd* 

177. Comparison of Trigonometric and Hyperbolic Functions. Since 
we now have definitions for the trigonometric functions of a complex 
variable, let us set z = ix (x real) in the formulas (8) and (9) of the 
preceding section. We obtain 


. . — e ~*(**> e~ x — c* 

sln ** = -g { - = — 2 ~i — since i 1 = — 1 

Multiplying numerator and denominator by t, we get 


Similarly 


( q * _ g—r\ 

- 2 - ) = * sinh x 

gt(ix) g-.(ti) e - x i x 

cos tx = -x- = — X = cosh X 


Relations between the other trigonometric functions of ix and hyperbolic 
functions are easily formulated. 


In Art. 53, the hyperbolic functions were defined in terms of the 
exponential functions of a real variable. Now that we have defined 
the exponential function of a complex variable, we can extend the defini¬ 
tions of the hyperbolic functions. If 2 is complex, we define 

sinh 2 = ? ■ e ■ cosh 2 = — e - 

2 

The other hyperbolic functions are defined as before in terms of sinh 2 
and cosh 2 . 


* This formula i3 called de Mature'a theorem and is named for Abraham de Moivre 
(1667-1754). 
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Now, set z = ix in the foregoing formulas: 


sinh ix 



cosh ix = 


e u + e -ix 
2 


i sin x 
cos x 


Relations of a similar character can readily be found 
hyperbolic and trigonometric functions. 

In Art. 53, it was stated that the hyperbolic func¬ 
tions are connected with a rectangular hyperbola in a 
way comparable with that in which the trigonometric 
or circular functions are connected with a circle. This 
comparison will now be made. 

1. Circle. Consider the circle with radius 1 and 
center at the origin. Its equation is 

x 1 + y 2 = 1 


between the other 



We calculate the area OQPR under the circle (Fig. 226). It is 


J * y/l - x 2 dx = ix y/l - x* + i arcsin x 

But since OQ = x and QP = y/l — x 2 , we see that the area of the 
triangle OQP is ix y/l — x*. Hence, the area A of the (shaded) 
circular sector OPR is A = £ arcsin x, and we may write 


arcsin x = 2A = u 
and 


Therefore, x = sin u and y = y/l — x J = cos u 

These are the parametric equations of the circle where the parameter u 
represents twice the area of the shaded circular sector. 

2. Hyperbola. Consider the rectangular hyperbola with center at the 

origin and semiaxes equal to 1. Its equation is 



y* — x 1 = 1 


We calculate the area OQPR under the hyperbola 
(Fig. 227). The student may verify that it is 

J Q X y/l + x* dx = \x y/l -f x* 

+ ?l n (x + y/l -f x») 

= ix y/l + x r + i argsinh x 


(see Arts. 92 and 93). But since OQ = x and QP = \/l -f x 2 , we see 
that the area of the triangle OQP is ix y/l + x*. Hence, the area B 
of the (shaded) hyperbolic sector OPR is B = | argsinh x, and we may 
write 

argsinh x = 2 B = v 

and y =* y/l + x* = cosh v 


Therefore x «= sinh v 
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These are the parametric equations of the hyperbola where the parameter 
v represents twice the area of the shaded hyperbolic sector. 

3. Let ip be a function of z defined by the equation 

<p = arctan sinh x 

where the arc tangent has its principal value, -t/2 < <p < t/2. This 
function is called the Gudermannian of x* and is denoted by the symbol 
<p = gd x. It is sometimes called the hyperbolic amplitude and written 
<p = amh x. We have at once 

sinh x = tan <p = tan gd x 


EXERCISES 

Verify the following relations between circular (trigonometric) and hyperbolic 
functions (Ex. 1 to 9): 


2. tan z = — i tanh ix 
4. sec x = sech ix 
6. tanh z *■ — * tan ix 


1 . sin z •= — i sinh ix 
3. cot x = i coth ix 

6. esc z = i csch ix 

7. coth z = t cot ix 

8 . sinh (z + iy) = sinh z cos y + i cosh z sin y 

9. cosh (z -f iy) = cosh z cos y + » sinh z sin y 

10. Show that sinh (z + 2kri) - sinh x, so that sinh z has period 2 ri (k an integer). 

11. Show that cosh (z + 2 kri) - cosh z, so that cosh z has period 2xi (k an 
integer). 

12. Find the period of tanh z, coth z, sech z, csch z. 

13. Find sinh (z + ri), cosh (z + W), tanh (z + W) 

14. Find sinh 


- ■ • / \— • - */• 

inh ^ cosh ^z + ^ tanh ^z + ^ A 


MISCELLANEOUS EXERCISES 
1. Find the general term of the series 


ln2+ln3+-+i+!+!® + 

and express in the form £a n . 

2. Find the general term of the series 

_3- 3 + l+ i+ i4-i+rs + 

and express in the form Za,. 

3. Show that any “arithmetic series,” namely, 

o + (a + d) + (a + 2 d) + • • 

is divergent. 

• Named for C. Guderraann (1798-1851). 
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Teat for convergence by any available method (Ex. 4 to 20): 


6 


» 

Li V"* +1 

n -1 


6 . 


m 

y_i— 

n \/n’ + 1 


n— 1 


7. 


n — 2 
1 


2 3 

+ . . . + . - ■ + 


1-2-3 4-5-6 7-8-9 10-11-12 


11 1 1 1 

V^ + V'9 + VS Vos + s/m + 


Z-v 


10 . 


ii. 


n 1 


i 
« -1 


(k a positive integer and a > 1 ) 
1 1.1 


1 + y/\ 4 + \/2 9 + y/z 16 + %/•* 


1 1-3 . 1-3-5 1-3-57 

2 'T + l- 4 + l- 4- 7 + l- 4- 7-10 + '’ 

18 J + lii + L±J + lll±l£ + ... 

11-51-5-9 1-5-9-13 

14. 1-i+i-i + i- ••• 

15. 1 - I + 4 - F + • • • 

xe 1 + J. _5_ + _Z_+ ... 

+ 1 -2 2-3 + 3-4 4-5 

i 7 . \ — l — + -L _ _i_ + . . . 

2 \/2 y /2 \/ 2 

*‘-s+s- 3 +- 

4 4 4 

20. 4- 7 = H- 7 -- 7 - + • • • 

V2 V3 v 4 

21. Find an upper limit to the error if 10 terms are used in computing an approxi¬ 
mate value for the sum of the series in Exercise 19. Find the sum to 10 terms. 

1,1 1,1 

22. Compute the sum 1— —j+gj—— ••• correct to five places of 
decimals. 

Test for absolute or conditional convergence (Ex. 23 to 29). 
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24 . l - + 

V3 v5 V7 

25. 1-I+t-A+bt - • 

26. l-f+4-f+iiy - • 

1 + 


27. 1 - —~t + 1 


1-2 3-4 5-6 

28 ’ 1+ Ji _ ?i + 7i- 

29. 1 —i+iV — iV+Tff — • • ' 

Find the values of x for which the following power series are convergent (Ex. 30 to 
36): 


• • 


30. 1 - x + x* - x» + x* - 

yt yt yi 

31. 1+X+-+-+-+ ... 

32. 1—x+— —— + — - 

2! 3! 4! 

. x , 2!x* , 3!x* 4!x« 

33. 1 - 4-- 4" - 4" - + • • . 

3 9 27 81 

3x 9x* 27x* 81x 4 

34. -4-1-1-h - • • 

2 5 10 17 

36. 1 4- | (* - 3) 4- f a (x - 3)* 4- (x — 3 )* 4- • • • 

36. l+it-^ ^±i>’ 4- ^±J1‘ + 4- ... 

1-2 2 • 2» 3 • 2* ^ 4 - 2 4 + 

37. Show that (o 4- 6)" can be expressed as a power scries by taking x = 6/a. 


38. Show that c - ' 1 


X 4 X 4 X* 


1 “ ■ r * + ~ 4- — — • • • for all values of x. 


39. Use the result of Exercise 38 to find a series for e -«* dx for all values of x. 

40. Use Maclaurin’s series to show that sec x = 1 4- — 4 - — 4 - 4 - . . . 

2! 4! 6! + 

41. Find a series for In (x 4- V1 4- x») by use of integration. 

x 4 x 4 x» 

x*--f- • . . 

3! 5! 7! 

43. Calculate sin 10° to five places of decimals by use of the series for sin x. Check 
by a table of sines. 

44. Calculate cos 9° to Sve places of decimals. 

r 0.2 

46. Calculate J ^ e'* 5 dx to five places of decimals, using the result of Exercise 39. 


42. Show that x sin z 


f 1 sin x . 

/ - dx is 

Jo x 


46. Assuming that J - dx is convergent, use the series for sin x to obtain an 

approximate value for this integral. 


47. Show that e** n 


. , , ** 3x« 8x‘ 

1 4- x 4 — — — — — 
2! 4! 5! 


(, x» , 4x 4 31x' \ 

U “ 2i + n _ ~sr + • • / 


48. Show that e°°* 



CHAPTER 20 


INTRODUCTION TO DIFFERENTIAL EQUATIONS 


178. Differential Equations. As the name implies, a differential equa¬ 
tion is an equation involving differentials or derivatives. We have 
already encountered simple types of such equations. For instance, in 

Example 1, Art. 87, we had an equation ^ = 2x from which y was to be 
found as a function of x. In Example 2 of the same section, we used 
the differential equation = -32 to express the fact that the accelera¬ 
tion of a vertically thrown projectile is -32 ft./sec.* In Example 6, 

Art. 89, we encountered the equation ^ = kx in finding the law of 
natural growth. 

The fact that the derivative represents the slope of a curve indicates 
that the solution of certain geometrical problems, in which information 
is given about slopes, will involve differential equations. Since velocity 
and acceleration are first and second derivatives of distance with regard 
to time, differential equations will play an essential role in the study of 
dynamics. Many other important applications might be mentioned. 

The following are additional examples of differential equations: 


(2 xy l + 16 x*y) dx -j- (3x 2 y 2 + 4z 4 -f- 5 y*) dy = 0 

(Art. 145) (1) 

o 

II 

$Rl 

(2) 

o 

11 

1 

£ 

+ 

(3) 

(„> + ,) g + 2, (ffl = 7 

(4) 

d 2 Z , d 2 Z . 


3x 2 + dy 2 ~ ° 

(5) 

du du du n 

V dx~ X dy~ Z te* S ° 

(6) 

dx 2 L W J 

(7) 

d 'v . o d *y , o dy , 

M+*dxi + Zfo + V 

(8) 
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A differential equation involving a single independent variable, and 
hence only ordinary derivatives, is called an ordinary differential equa¬ 
tion. If there are two or more independent variables present, so that the 
equation contains partial derivatives, it is called a 'partial differential 
equation. Equations (1), (2), (3), (4), (7), and (8) are ordinary and 
equations (5) and (6) are partial differential equations. 

We classify differential equations according to order and degree. The 
order of the highest derivative present is called the order of the differential 
equation. Thus, (1), (3), and (6) are of first order; (2), (4), (5), and (7) 
are of second and (8) of third order. If the equation can be rationalized 
and cleared of fractions in regard to all the derivatives, the degree of the 
differential equation is the degree of the highest ordered derivative 
present. This rationalization may not be possible, in which case the term 
“degree” has no meaning. Here (1), (2), (4), (5), (6), and (8) are of 
first degree, and (3) and (7) are of second degree. Note that (4) is of 
first degree because the highest ordered derivative, namely, the second, 

enters to the first power. The fact that ^ is raised to the second power 


is irrelevant. In (7), we first square both sides to rationalize the equa¬ 
tion. The highest ordered derivative is raised to the second power, and 
the equation is of second degree. 

A solution of an ordinary differential equation means a function of the 
independent variable, say /(x), such that, when this function is substituted 


for v and its successive derivatives for ... in the differential 

* dx dx 2 

equation, this equation is satisfied in the sense that it becomes an identity 

in x. 

Thus, the function /(x) = .4 sin z + B cos x ( A and B any constants) 


and its second derivative when substituted for y and 


d 2 y . /n\ 

^ in equation (2) 


above produce the following result: 


y = A sin x + B cos x 
d 2 y 


d 2 y 
dx 2 


= — A sin x — B cos x 


Hence + y = A sin x + B cos x 

dx- 

= 0 identically 


— A sin x — B cos x 


We say, therefore, that this function /(x) is a solution of the differential 
equation. 

Again, the function y/2Cx + C 2 is a solution of (3). 

The solution of an ordinal differential equation may be a function 
of x that is given implicitly by an equation F(x,y) = 0. The relation 
F(x,y) — 0 determines a solution of the given differential equation under 
the following circumstances: 
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1. The relationship F{x,y) = 0 must define a function of x (known or 
unknown), say y = /(x). The first derivative and derivatives of 
higher order, can then be found in terms of both x and y. 

2. When the expressions for ... are substituted into the 

differential equation, the result must be either an identity in x and y 
or an equation satisfied by all values of x and y that satisfy the relation¬ 
ship F(x,y) = 0. 

For example, the relation 


F(x,y) = xV + 4 x*y + r/ 6 -f C = 0 

defines a function y = f(x) that is a solution of the differential equa¬ 
tion (1). 

From this discussion, we see that a solution of an ordinary differential 
equation may involve arbitrary constants. In fact, it is shown in books 
on differential equations* that the most general solution of an ordinary 
differential equation of nth order involves exactly n arbitrary constants.! 
Such a solution is called the general or complete solution. 

The existence of such a solution for every ordinary differential equa¬ 
tion (under certain restrictions) is proved in more advanced texts. 
There may be solutions that are distinct from the general solution, but 
we shall not discuss them. A particular solution, or particular integral, 
is obtained by assigning definite values to the arbitrary constants. It is 
to be noted that finding the integral J/(x) dx is equivalent to solving the 

differential equation = /(x). To distinguish this case from the solu¬ 
tion of differential equations in general, we call such ordinary integrations 
quadratures. 

As in our study of the problem of integration, we shall see that there 
is no general straightforward process by which the solutions of all differ¬ 
ential equations can be found. We shall consider only some of the meth¬ 
ods for finding the general solutions of certain simple but useful types of 
ordinary differential equations. We shall not take up the study of partial 
differential equations at all. 


EXERCISES 

State the order and, where the term has meaning, the degree of the following differ¬ 
ential equations (Ex. 1 to 10): 

• For example, in A. R. Forsyth, A Treatise on Differential Equations, 5th ed., Tho 
Macmillan Company, New York, 1921. 

t This means, of course, that the n constants cannot be replaced by a smaller 
number of constants. For instance, y — az + 6+lne involves essentially only 
two constants, for b + In c is simply one constant and could be written b -f In c — k 



474 


INTRODUCTION TO DIFFERENTIAL EQUATIONS [CHAP. 20 


d*tI dy 

1.-2 --3y = — 4 sin x — 2 cos x 

dx* dx 


t &y _ (rfyV 

dx' \dx) 

(—V 

\dx) 


^ +x-0 


+yt - 1 - 0 

*S-[‘*(i)T 

■ M - 

10. (i - y) dx + x dy = 0 


fc( 4 Y + fc fi_,. 0 

\ax/ ax 

R ^ . Q ^ d,y V _L f dV \ 

fc 5? + 8 VS?; + W 


-r +xv-0 



d*i/ / dt/\ * 

9 - lD ^ + W +y_I 


Verify that the following are solutions of the indicated differential equations 
fEx. 11 to 18). Arbitrary constants are denoted by C t , Ct, C», ... . 

11. The equation of Exercise 1: y =* Cie~* + Cte* x + sin x 

12. The equation of Exercise 4: y = sin (x + C) 

13. The equation of Exercise 3: 4(x* + y)* — (2x‘ + 3xy + C)* = 0 

14. The equation of Exercise 10: - -f In |x| =* C 

x 

15. (x* + y* + y) dx — x dy = 0: x - arctan (y/x) - C 
d*y 

16. — + y = 2e x : y = Ci sin x -f C» cos x + e x 
dx* 


«• s - ©' 


1: y = Ci + In |sec (x + Cj)| 


d*y dy 

18. — — 3 -—h 2y = 2x — 3 + 4 sin x + 2 cos x: 
dx* dx 


V 


(Ci + C»x)e x -f C»e -,x + x + cos x 


179. Differential Equation Found from the Primitive. Although we 
shall be largely concerned with finding the solution of a given differential 
equation, it is frequently necessary to answer the question “Given a 
relation between x and y involving n arbitrary constants, what is the 
lowest ordered differential equation of which this is the general solution?” 
The given relation is called the primitive giving rise to the differential 
equation. In general, this differential equation can be found by differ¬ 
entiating the primitive n times and then eliminating the n constants 
from the n -f 1 equations. The method will be indicated by examples. 


Example 1. We shall find the differential equation arising from the primitive 

x* + y* — 2cx => 0 

in which c is an arbitrary constant. Differentiating with respect to x, we have 


(9) 
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From (10), we find that 
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Replacing c in (9) by this, we get 

z* + y* 


, dy 
c » x + y — 
dx 


or 


dy 

y* — z* — 2xy -j- =0 

dx 


0 


(ID 


The student may observe that we might have eliminated the constant c by another 
differentiation. From (10), we should have 

But this is not the lowest ordered differential equation that can be obtained. 

Notice that (9) is the equation of a family of circles with centers on the x axis 
(at c, 0) and passing through the origin. We call (11) the differential equation of the 
family. 

Example 2. We shall find the differential equation of the family of central conics 

Ax * + By* = 1 (12) 

(A and B arbitrary constants). Differentiating twice with respect to x, we obtain 

Ax + Byy‘ =0 ( 13 ) 

A + B(y ')* + Byy" = 0 (14) 

From (14), we have A = -B(y’ i + yy")- Substituting this into (13), we get 

xyy" + xy'» - yy' - 0 

a differential equation of second order. This is to be expected, since the primitive 
(12) contained two arbitrary constants. 


EXERCISES 


Find the differential equations corresponding to the following primitives (Ex 1 to 
10 ): 


1. y — A sin x -f B cos x 

8. y - x + Ce* 

6. y = Cix* + Ci 

7. y - Ac* + Be 1 * + Ce u 

9. y - cos (x -f C) 


2. y = Cx + e* 

4. y - C,e* + Cte~* 

6. x*y + x = Cy 
8. y «* (Ci + C,x)e»* 

10. y = cos (x + C) + sin (x + C) 


11. Find the differential equation of the family of lines passing through the origin. 

12. Find the differential equation of the family of hyperbolas having the coordinate 
axes as asymptotes. 

13. Find the differential equation of the family of parabolas with vertex at the 
origin and axis on the x axis. 

14. Find the differential equation of the family of circles with centers on the x axis. 
16. Find the differential equation of the family of circles with centers at the origin. 
18. Find the differential equation of the family of parabolas with their foci at the 

origin and their axes lying along the x axis. 
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A. DIFFERENTIAL EQUATIONS OF FIRST ORDER AND FIRST DEGREE 

We shall consider certain types of differential equations of first degree 
only. Methods for finding solutions of those of first order and higher 
degree are given in more advanced texts. 

180. Exact Equation. The most general form of a differential equation 
of first order and first degree is 

M dx + N dy = 0 (15) 

that is, M + N*y = 0 


where M and N are functions of x and y. In Art. 145 it was stated that, 

if then (15) is the differential of some function z = f(x,y). 

o y ox 

That is, (15) is equivalent to the equation dz = 0 whose general solution 
is z = c, or f(x,y ) = c, where c is an arbitrary constant. We shall now 
prove this statement by finding the function z = f(x,y). Such a method 
is illustrated in Art. 145. The student should study this illustrative 
example again. The steps required in finding the solution are the follow¬ 
ing (observe that they are the steps taken in Art. 145). Keep in mind 

that M and N are given, and that they satisfy the equation 

dy ox 

1. Integrate M with regard to x, holding y fixed.* The result will 
be designated by z: 

z = f x M dx + v(y) (16) 

where <p(y) is an arbitrary function of y alone. 


2. Denote by A the difference N — ^ ^ J M dx'j = A. 
<9.4 dN d 1 


Observe that 


dx 


dx dx dy 


(L M *) - 


dN 


<9 2 


dx dy dx 


(J, M ^ 


since the order of differentiation is immaterial. But — M dx - M . 

dx J x 


so that 


dy dx 


(L M dX ) = V Conse ! uen “!'’ Tx-Tz~ 


dM_ 

dy 


= 0, 


and A is free of x. We shall now determine <p(y) so that 

✓w - 4 - *r - ± (JT Jf *) 

If we do this, then N = — (^J M dx^j + y>'{y). Also, from (16) , we have 
* J M dx is Ok convenient symbol for this process. 
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dx = M, and ^ = j- ^ M dr) -f = N, so that 


M dx N dy = — dx — d.y = dz 

ox dy 

the differential of a function z. We have only to find <p(y). 

3. To find <p(y), integrate <p'(y) with respect to y. 

d_ 

dy 

The resulting value of z is found by putting this value for #(y) into (16). 
Since z = c is our solution, we have 




I. Mdx+ f( w -U. udx ) dv= 


(17) 


Thus, ^ Jx = 1 !f’ we can find a function o{ which M dx + N dy is the 
differential. This completes the proof mentioned in Art. 145. 


Example. Show that 


cos y dx + (2y — x sin y) dy = 0 
is exact, and find the general solution by use of (17). We have 



M = cos y 

N « 2y — x sin y 

Hence 

dM 

dN 

=> — am y = — 


r 

dx 

Also 

L Mdx 

a J cos y dx = x cos y 


— f M dx 

dy J t 

r 

« —x sin y 


z =■ x cos y + / 

(2 y — x sin y -f x sin y) dy 

and 

z — x cos y + y* 

= c 


is the general solution. 

EXERCISES 


Show that the following differential equations arc exact, and find their solutions 
(compare Art. 145): 

1. y dx + (x + y) dy =0 

2. {2xy + y + 1) dx + (x* + z + 1) dy - 0 


3 ' ( V + z) dX + * dy “ ° 4 ' (* ~ x* + ln z ) 

6. (2 xy* - 2 y* + 4x•) dx + (3zV - 4 xy - 3y») dy - 0 


dx + ^dy ** 0 



478 INTRODUCTION TO DIFFERENTIAL EQUATIONS [CHAP. 20 

8. (e* 1 + ye*) dx -f (2xye»* + e*) dy = 0 

7. (v* -J y ^jdx + (2 xy +lJ*^dy- 0 

8. ( 2x cos x 1 + 5 cos y) dx — 5x sin y dy *» 0 

9. [cos (x + y) - y Bin xy] dx + [cos (x + y) - x sin xy] dy - 0 

10 - * + * (* + iT^i) d » ~ 0 

181. Variables Separable. If M is a function of x only and N is a 

function of y only, we have ^ = 0. This is the simplest form of 

exact differential equation, and the variables are said to be separated. 
The general solution can be written down at once, thus: 

/AT dx + jN dy = c 

For example, suppose we have 

e“*‘ dx + tan y dy = 0 

The general solution is 


Je - *’ dx — In |cos y\ = c 

Although we cannot express fe~ z 'dx in terms of elementary functions, 
we say that the solution of the differential equation has been found. In 
general, we regard the solution of any differential equation as achieved 
if a relation between the variables can be written down in which func¬ 
tions of the variables expressed as quadratures appear. It may not be 
possible to carry out these quadratures in terms of elementary functions. 
Nevertheless, the differential equation is solved, for such integrals define 
functions of the indicated variables. 

If the variables are not already separated, it may be possible to separate 
them by inspection. The method is best made clear by examples. 

Example 1. In the equation 

«*’ sec y dx + - sin y dy =* 0 


the variables cau be separated by multiplying through by x cos y. The result is 

xe*‘ dx + sin y cos y dy « 0 

in which the variables are separated. The solution is found by integrating, 

\ sin 1 y — c 


which may be written 


-f- sin* y « k where k = 2c 


Example 2. In the equation 

x(y* - 9) dx + y (1 + x) dy = 0 
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the variables are separated by dividing through by (1 + x)(y* - 9), thus 
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Integrating, we get 

* - In |1 +*| + Jin |y* -9| - e 


for the general solution. There are various equivalent forms in which this may be 
written. For instance 


or 


2x 


1 , Ilf* — 9 | 

z H — In- 

2 (1 +*)* 

2 In |1 + z\ - In |y* - 9| + 2c 




Id 


**(1 + *)* 




where 2c « In 


from which we get 

**0 + z )» . 

- S3 

Ilf* - 91 

If we prefer, we may set k * — 1/c' and write 


(1 +»)* 
y* - 9 


c'<‘* 


The student will observe that, by using various forms for the arbitrary constant 
of integration, he may express the general solution in various ways. It is sometimes 
very convenient in practice to change the form of the solution in this manner. 


EXERCISES 


8olvo the following differential equations: 

- 0 

dx 


8. (y + 1) dx + (z - 3) dy - 0 

6. \/y* — 1 dx + y y/ 1 — x* dy 

7 . du + u tan v dv — 0 


9. ± - 

de cos 0 

dz e** 
ii. - —-— 
dy 4 + y* 


2. x dy + y dx =■ 0 

4- x(y* + 4) dx + y(x -f 2) dy - 0 
0 0. u tan i; du + dv — 0 

g dr sin 0 cos 0 
' dd m r* 
dz 

10. — «=> sec 2 tan* y 
dy 

12. i/ dz + (1 + x*) arctan x dy =* 0 


18. dx + dy = 0 

14. (1 - y*)x dx + y(l + x*)(l + y*) dy - 0 


dy 


16. (xy* -f y*) dx + (xy* — 4x) dy = 0 16. xe* +, » + — 

dx 


0 
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dy 

17. T 
dx 


3i* Vi - y 4 


2 y 


<*y 


19. (1 + X s ) -p + xy 
ax 


18. 2i(l + y*) P + (x 1 + 1)* = 0 

dy 

20. z dz + y J sech z dy = 0 


182. Homogeneous Equations. The reader will recall from his study 
of algebra that a function such as 

z V + 3 xy* -f- y h = f(x,y) 

was called homogeneous of degree 5. We may give a general definition 
of a homogeneous function of x and y of degree n* as follows: Replace x by 
lx and y by ty, and simplify the expression. If the result is the original 
function multiplied by t n , then that function is homogeneous of degree n. 

In symbolic form,/(z,y) is homogeneous of degree niif(lx,ty ) = l n f{x,y) 
where t is any number other than zero. 

N ow, if M and N are homogeneous functions of the same degree, then 
the variables can be separated in the equation M dx + N dy = 0 by 
use of the transformation y = vx, as we see in the following example. 

Example. In the equation 


(y* + xy) dz + 3z* dy = 0 


M and N are homogeneous of second degree. Setting y = vx, we have 

dy v dx + x dv 

and the equation becomes (y*z» + vx *) dz + 3z*(i> dx + x dv) = 0. Dividing out the 
z*, this reduces to 

O'* + 4w) dz + 3z dy = 0 or — + —^—— = 0 

z v* + 4t> 

This may be written 

dx dv 

x + 3 (i» + 2)* - 4 " ° 

Integrating, we get 


In [xj +- In 
4 


v + 4 

Now, let v = y/z, and simplify. We obtain 


In |x| + - In 
4 


y + 4z 


or 4 In |x| + 3 In 


y 


y + 4x 


C' 


This result can be put in a different form if desired. For instance, let C' ■= In |C"|, 
and combine terms in the left-hand member by the usual laws of logarithms: 


In 


*V 


(y + 4z)> 


In |C"| or 


<»> 


x'V 


(y + 4z)» 


r// 


Let the reader verify that this solution is correct. 


• The values n g 0 are included. 
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EXERCISES 


Solve the following differential equations: 
1. (x + y) dx + (x - y) dy - 0 

3. (x* -f- y*) dx + xy dy =■ 0 

6 dy _ x 1 + y 1 
' dx 2xy 

7. (y + V* 1 ~ V*) dx — x dy ■» 0 
9. * - —L,- . 

CUT -r — *\ / ti / 


' x - Vxy 
u dy _ _ 2x« + y* 
dx 2xy — 3y* 


2. (x* - y») dx - xy dy - 0 

4_ ^ a y* 

dr xy — z* 

6. xy dx + (y %/x* + y* - x *) dy - 0 
8. (x + 2y) dx + (y - 2x) dy - 0 

,0. i*- ?L. 

dx x s + xy 

12. (I + 2s) dU + 2« + 4s) ds => 0 


13. 2« + 2s) dt + (6< + 25s) ds = 0 14. (x + (x - y)«*] dx + xs* dy - 0 


( v\ y 

16. I x — y arcsin - J dx + x arcsin - dy = 0 
16. ^x — y sin dx + x sin - dy = 0 17. 


dx + x sin ^ dy =0 17. y(y + xe 1 ') dx — x*<* dy - 0 


18. y cos - dx ( y sin - — x cos - ) dy » 0 

y \ y y) 


19. y dx + (y — z) dy ° 0. Find the particular solution for which x =■ 4, y =■ 1. 

20. {y + y/x* + y*) dx — x dy - 0. Find the particular solution for which 
x = 3, y => 4. Draw this curve, also two or three others of the family. 


183. Linear Equations. A differential equation of the form 


( 18 ) 


where P and Q are functions of x alone, is called a linear differential 
equation of first order. Observe that the derivative and the dependent 
variable y enter only to the first degree. It is easy to verify that, if we 
multiply both sides by the factor cf pdx , the left-hand member becomes 
the derivative of yc! pdz while the right-hand member remains a function 
of x only. For 

~ (ycf' dz ) = yd pdx ' p + eiFdx ' sf = efpdz + Py) 
Consequently, if we multiply equation (18) by e^ pdx , we get 


Integrating, we obtain 


£ (ye/'") = Qe/'" 
y e J pd * - JQ e I pd *dx 


(19) 
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The constant of integration is included in the indefinite integral on the 
right-hand side. 

Example 1. To solve the equation 

dy 

-—h y tan z => sec z 
dx 


we note that P a tan x and Q — sec z. Therefore 


Hence 


J P dx = J tan x dx = In |sec x\ 
e i Pix = = |sec z| 


Using this in (19), we obtain 


and the solution is 


y| sec z| = j sec* z dx 


y sec x = tan z + C 


If desired, this can be written 


y = sin x + C cos z 


Example 2. Solve the equation 


dy 


(1 + x) — t- xy - (1 + z)* 
ax 

This can be put into the form (18) by dividing through by (1 + x). This gives 

dy x 

-T + — V - d + X)* 


dx 1 4- z 


Here P 


1 + x 


so that 


/ PJ, = / rh J ' 


/(-+) 


dx =« x - In 11 -f z| 


Hence a ——— 

|1 + x| 

The solution is therefore given by 


ye* = f 

l+x J 


(1 + x)* 


dx - f 

l+x J 


(1 + x)e* dx 


The right-hand side is readily integrated by parts, and we get 

= xe* + C 

1 +z 

which may be written 

ye* = z(l + z)e* + C(1 + z) or y = (1 + z)(z + Ce“») 
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184. Bernoulli’s Equation. A differential equation that is not linear 
may sometimes be reduced to the linear type by a suitable transformation 
of variables. An equation of some importance is Bernoulli's equation:* 


in—I d V 


IT' 1 ^ 4- Py n = Q 


( 20 ) 


where P and Q are functions of x alone and n is any number different from 
zero. If we set y n = v, the equation will be transformed to the linear 
type. For 


ny 


dy = dv 
dx dx 


and 


V n 


dy _ 1 dv 
dx n dx 


This gives 


- $ + Pv = Q 

n dx 

^ + nPv = nQ 
ax 


( 21 ) 


which is linear. 

Example. Solve y* ^ + - y* - x* + 4. We set y* ~ v, 3y* ~ “ 7"’ an< ^ the 

dx x dx dx 

equation becomes 

1 dv 1 dv 3 

--f- - y ■ i* + 4 or -—h - y = 3(x* 4- 4) 

3 dx x dx x 

dv 

This is linear of the form — + Pv - Q, and we have 

dx 


Hence e$ P d * — \z*\ and 


J Pdx - J -dx - 3 In |x| - In 


VX' 


3 f (x* + 4)x» dx - yx‘ + 3x« + C 


Recalling that v = y l t we obtain from this 

XV - £x» +3x* + C 


aa the solution. 


EXERCISES 


Solve the following differential equations: 

dx x 

6. (x* + 1) ^ -f xy - x* 
dx 


dy 

dy 

4. x — + y - e a + cos x 
dx 

6. (x* - 1) ^ 4- 2xy - e- 

OX 


• Named for Jakob Bernoulli (1654-1705). 
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n dy i • 

7. — = y + sin x 

ax 

9. dy + (y — 2 sin x) cos x dx =* 
ds 

11. — — * tan t = 4(cos l + sin t) 
at 


13. (1 s* = 4* 

at 

dy 

15. x* In x — + xy » 1 
dx 


17. x — + y = xy* 
ax 

+ a* 

19. — = - 

dt st 


8. (x* cos x + y) dx — x dy « 0 

10. x dy -f (y — x In x) dx = 0 

12. — + s cot t = t + sin f 
at 

14. (x + 1)~- 2y = (x + 1)« 
dy 

16. (a* -**)/+ v = (a* - i*)* 


18. — + s = a 1 * 
u 


20. z -—h y = y* In i 
ax 


186. Integrating Factor. We have already seen that we can some¬ 
times separate the variables in the equation M dx + N dy = 0 by multi¬ 
plying through by a suitable factor. In other words, we made the differ¬ 
ential equation exact by this process. For instance, in solving a linear 
equation of first order, we multiplied through by a factor ef pdz , and this 
had the effect of making the equation exact. Such a factor is called an 
integrating factor. It can be shown that the differential equation 

M dx + N dy - 0 

has an indefinite number of integrating factors. Hence, if 

M dx + A T dy = 0 


is not exact ^that is, if it may be possible to discover a factor 


n such that 


nM dx -f- nN dy = 0 

is exact. 

Unfortunately, there is no simple method available for finding inte¬ 
grating factors. In certain cases, factors are known, but a discussion 
of these cases is beyond the scope of this book. Sometimes, however, 
such a factor can be found by inspection. It is not possible to give any 
general rule for doing this, but familiarity with some of the more com¬ 
monly occurring differentials will expedite the search. For instance, 


(1) xdy + y dx = d(xy) 



(3) 
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mb 

') 

The following examples will illustrate ways in which integrating factors 
can be found. 

Example 1. To find an integrating factor for 

- dy + — dx — 2idt = 0 


w XJ ~^ir - G ■» 

(5) 2x dx + 2 y dy = d(x* + 


we observe that multiplying through by x* will give x dy + y dx plus a function of x 
times dx. Thus 

x dy + y dx — 2x* dx = 0 
that is d(xy) - 2x* dx » 0 

Integrating, we get 

xy - ?x 4 = C 

which is the solution. 

Example 2. Solve 

x dy — y dx + x(x 4- 1) dx = 0 
Here, 1/x* is an integrating factor, for 


gives 


The solution is 


Example 3. To solve 



x dy - y dx + /(x* + y*) • (x dx + y dy) 


0 


we may use -as an integrating factor, for this reduces the equation to 

x* + y 1 


d ^arctan ^ + F(x* + y *) • d(x* + y 1 ) = 0 


which is exact. Similar treatment will reduce 

xdy - ydx + /(z* - y*) • (x dx - y dy) 
to an exact equation. 


EXERCISES 


0 


Find an integrating factor by inspection and solve the equation in each of the follow¬ 
ing cases: 

1. x* dy + xy dx + (x* + 1) dx - 0 2 . x dy — y dx + x* In y dy *» 0 

8. xdy — y dx + (x* + V*) tan y dy — 0 
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4. x dy — y dx + (z* — y*) sec x dx = 0 
6. x dy — y dx 4- (z* 4- y*)**(z dx + y dy) = 0 

6. dx + - dy + =0 7. ye*> dx + (: xe *» - 1) dy = 0 

x 1 z X J + 1 

8. xdy - y dx + x*y dy + y'xdx = 0 9. (z* + y) dx + x(xy — 1) dy = 0 

10. (z <fy -f y dz) \/y + \/1 - z V dy = 0 


186. Transformation of Variable; Summary of Methods. If none of 
the methods of Arts. 180 to 184 applies and no integrating factor is 
evident, it may be possible to reduce a given equation M dx -f- N dy = 0 
to a manageable form by a transformation of variables. Such substitu¬ 
tions as y/x = v (Art. 182), xy = v, x + y = v are frequently useful. 

If M and N are linear in x and y, but not homogeneous, a “translation 
of axes” will reduce the equation to homogeneous type. For example, 
suppose 

(x + 2y + 1) dx + (x - y — 2) dy = 0 
Let x = x' + h and y = y' -f- k 


where h and k are suitable constants. Then, 


dx ~ dx' and dy = dy' 

Also x + 2y + \ = x' + 2y’ + h + 2k + 1 

x-y-2 = x'-y' + h- k~2 

We can choose h and k so that these expressions are homogeneous in 
x' and y' . This requires that 


A -h 2A- -H 1 = 0 h - k - 2 = 0 

Solving these equations, we get h = 1 and k = -1. The differential 
equation becomes 

(x' + 2 y') dx' + (x' - y') dy' = 0 

This can be solved by the method of Art. 182, and the relations between 

x and x' and y and y' can be used to express the solution in terms of z 
and y. 

It is very important to be able to recognize the type of a given differ¬ 
ential equation so that an effective method can be adopted for its solu¬ 
tion. If given an equation of first order and first degree, the following 
questions might well be asked: Are the variables separated or easily 
separable? Are M and N homogeneous of the same degree? Is the 
equation linear, or is it Bernoulli’s equation? Is it an exact equation, 

that is, do we have ^ = ^? If it belongs to none of these types, is 

an integrating factor apparent, or can it be brought into conformity with 
one of these types by a transformation of variable? 



MISCELLANEOUS EXERCISES 


487 


MISCELLANEOUS EXERCISES 

Solve the following differential equations (Ex. 1 to 28): 


dy 

dx 

dy 

3. X — + y = x sin x 
dx 


(- --— \ fa + (- + —-— \ 

\x x* + y*/ \y X* + v'J 


6 . 1 -^- I dx + 

6 . x dx -f (y — 2 x) dy = 0 

8- V -j- = \/l6 — y 4 
dx 


2 . (x - l)y dx + (y + l)xdy ~ 0 
4. (x l - y») dx + 2xy dy = 0 


dy = 0 

dy 

7. cot x - 1 + y = 1 
dr 

9. y dx + (x 1 + zV) dy - 0 


y dy 

dx + x cot ~ dy = 0 11 . x -—f- y = cosh x 

X dx 


10 . ^x — y cot 

“■ ( toV + ^ + %) * + ( 3i v - p - ;) 

13. ^ + y^ dy + dx =0 

14. (5x + 3y - 4) dx + (x + y - 2) dy ~ 0 


dy = 0 


<*y 


16. nx — + 2 y = xy n *‘ 
ax 


16. (x* + x 3 y* — y) dx + x dy = 0 

17. (x + 2y - 2) rix + (2x - 3y + 10) dy - 0 

S / S x *\ ¥ * 

18. (x — y* x ) dx + I xc* — — J dy => 0 19. (x — y* x ) fix + zc* dy « 0 

20 . y dx — x dy + y* cot y dy — 0 21 . (x J + y J ) dx + xy 1 dy = 0 

22 . (1 xy* = 0 

dx 


dy 

23. 7 - + y tan x + 1 ® 0 
dx 


24. x dy — y dx + c*(z 7 — y 7 ) dx « 0 26. y* dx — (x* -f xy) dy «=» 0 

26. (2x + y — 4) dx + (z + 3y — 7) dy = 0 


27. cos X7 + 1/ =8inx 
dx 


28. (x*y + l)dx + x«dy - 0 


29. Solve the linear equation 7 ^ + y « z, and add a constant when finding (P dx. 

dx 

Observe what happens to this constant in the final solution. Investigate the general 
case. 

... dy y* — x 1 

30. The differential equation of a family of curves is — ■■ —-Find the 

dx 2 xy 

equation of the family, and sketch several of the curves. 

31. Find the differential equation of the family of ellipses with centers at the origin 
and with a common axis of length 8 lying on the x axis. 

32. Find the differential equation of the family of lines tangent to a circle of radius 
6 and center at the origin. 

33. Find the differential equation of the family of all circles of radius 5. 

84. Find the differential equation of the family of circles tangent to the coordinate 

axes. 
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187. Geometric Applications; Orthogonal Trajectories. The fact that 

^ is the slope of the curve y = /(x) at the point x, y leads to numerous 
ax 

interesting applications of differential equations. The method of attack 
is best made clear by examples. 


Example 1. Find the equation of the family of curves the length of whose sub¬ 
normals is constant. From Art. 30, the length of the subnormal to a curve y = f(x) 

dy 

at point xi, y t is QiNi = m t yi. At the point x, y, this is y —• Our condition states 

ax 

that this is a constant, say a. 


y — = a y dy = adx -y'*=ax+k' 
dx 2 

or y* = 2ax + k where k = 2k' 

a family of parabolas with vertices at the points ( —fc/2a,0). 

An interesting application to geometry is the finding of a family of 
curves each one of which cuts every curve of a given family at right 
angles. Each of these families is said to be orthogonal to the other, or to 
form a set of orthogonal trajectories of the other. We proceed to show 
how to determine a famil}' orthogonal to a given family. 

Suppose we have a family of curves 


F(x,y,c) = 0 (22) 

where c is the parameter (an arbitrary constant). From this we can 
find the differential equation of the family by the process described in 
Art. 179. Let this differential equation be 



Now this equation enables us to find the slope of any curve of the family 
at a point x, y on that curve, for we can calculate at that point. But 


the curve that cuts this given curve at right angles at the point x, y has 

dx 

for its slope — Consequently, every curve satisfying the differential 


equation 

! (*■»■ “ I) - 0 



will have its slope at x, y the negative reciprocal of the slope of the curve 
of the given family that passes through x, y. Hence, (24) is the differ¬ 
ential equation of the orthogonal family. It remains to solve (24) to 
determine the required orthogonal trajectories. 

Notice that the process is comparatively simple. First, find the 



489 


Art. 187J 


GEOMETRIC APPLICATIONS 


differential equation of the given family. Next, replace ^ by - —, 

dx dy 

obtaining a new differential equation. Solve this equation. 

Example 2. Find the orthogonal trajectories of the family of hyperbolas xy = c. 
For c > 0 the curves are in the first and third quadrants (Fig. 228), for c < 0 in the 
second and fourth quadrants, and for c =0 they are the x and y axes. 

The differential equation of this family is x — + y = 0. Replacing — by — — > 

dx dx dy 

we get 


dx 

- x y + y 

dy 


0 


or 


—xdx + ydy = 0 


The solution of this is —x* + y* = —k, a family of rectangular hyperbolas. For 
k > 0 the curves arc shown by solid lines in Fig. 228, for k < 0 by dotted lines, for 
k ^ 0 by the lines y = ±x. 



r 



Example 3. A family of parabolas has a common focus and common axis. Find 
the orthogonal family. For convenience, let the origin be at the common focus nnd 
let the x axis be along the common axis. If the distance from vertex to focus is p, 
then the vertex of any one of the parabolas of the family is at the point — p, 0, and 
the equation of the family is 


y* = 4p(x + p) =* 4px + 4p* 


For p > 0, the curves open to the right (Fig. 229); for p < 0, they open to the left. 
Differentiating, 




The differential equation of the family is therefore 



which may be written 



(25) 
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dy dx . . 
We now replace — by — — * obtaining 

dx dy 



(Chap. 20 



Since we have studied no methods for solving differential equations of higher than 
first degree, we are not prepared to solve this equation. We can, however, solve 
the problem of finding the orthogonal trajectories. For if we multiply equation (26) 

1 

» we get 

-V + 2* d £+v(^) =0 


through by — l — 


-(!) 


which is just equation (25). Consequently, the orthogonal family has the same 
differential equation as the originally given family. From this we conclude that this 
family of parabolas is self-orthogonal. This means that any two curves of the family 
that intersect one another intersect at right angles. 


We omit a discussion of finding orthogonal trajectories when the equa¬ 
tions are given in polar coordinates. 


EXERCISES 

1. At any point P of a given curve, the line OP is perpendicular to the tangent. 
Find the equation of the curve. 

2. At any point P(x,y) of a curve the subtangent equals x*. Find the equation 
of the curve. 

3. At any point P(x,y) of a curve the subtangent equals — 1/x. Find the equation 
of the curve. 

4. At any point P(x,y) of a curve the tangent line and the line OP form the sides 
of an isosceles triangle the base of which lies on the x axis. Find the equation of the 
curve. 

6. The slope of a curve at point P(x,y) is equal to xy. Find the equation of the 
curve. 

6. At any point P(x,y) of a curve the length of the normal (Art. 30) is proportional 
to y*. Find the equation of the curve of this family which intersects the y axis at 
right angles. 

7. At any point P(r,0) of a curve the polar subtangent (Art. 72) is proportional to 
r. Find the equation of the curve. 

8. At any point P(r,0) of a curve the angle between the tangent and the radius 
vector is ^ 0. Find the equation of the curve. 

9. At any point P(r,0 ) of a curve the angle between the tangent and the radius 
vector is 20. Find the equation of the curve. 

10. At any point P(r,0) of a curve the polar subtangent is k* times the polar sub¬ 
normal. Find the equation of the curve. 

11. Find the orthogonal trajectories of a family of concentric circles (take centers 
at 0). 

12. Find the orthogonal trajectories of the family of conics ax* -f by* C where 
a and b are fixed numbers. Sketch. 
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13. Find the orthogonal trajectories of the family of parabolas y* « Cz, and 
sketch. 

14. The equation of a family of circles is x* + y 1 « Cz. Find the orthogonal 
trajectories, and sketch. 

15. Find the orthogonal trajectories of the family of curves z — y + Ct 9 — 0. 


x 1 y l 

16. The equation of a family of confocal conics is — + —-- 

C L K 


1 (C is the arbi¬ 


trary constant). Show this family to be self-orthogonal, and sketch. 

17. A ship moving through still water is subject to a retardation proportional to 
its velocity at time t. If v 0 is the velocity at the instant the power is shut off, find 
the velocity t sec. later. 

18. In the theory of electricity the following differential equation is important: 
di 

L— -f Ri = E. Here i is the current, L the (constant) coefficient of self-induction, 
di 


R the (constant) resistance, and E the electromotive force which may be a constant 
or a function of the time t. Find * if E = constant, and if x = 0 when t = 0. 

19. A particle falls from rest through the air. If air resistance is proportional to 

dv 

the square of the velocity, the differential equation of motion is — ° g - kv *. Find 

cu 


v in terms of /, using the fact that t- 0 = 0. 

20. Using the result of Exercise 19, find the relation between x and t if i is the 
distance from the starting point. 


B. LINEAR DIFFERENTIAL EQUATIONS WITH 
CONSTANT COEFFICIENTS 


188. Linear Equations. An equation such as 



+ (2x - 1) 


< 2 * 2 / 

dx 2 



x 2 6in x 


is called a linear differential equation. Note that it is linear in the depend¬ 
ent variable and all its derivatives and that the coefficients and the right- 
hand member are functions of x only. Such an equation is of the general 
type 


tl 4 - P till 4- P, 

dx n 1 dx*” 1 


till 4- 
dx n ~ 2 ^ 


+ Pn- 1 % + = Q (27) 


where P 0 , P lt P it , P n , Q are all functions of x only (including, of 
course, constants). The equation of Art. 183 is a special case of (27). 
For convenience, we shall introduce the symbol D to represent the 

operator 4~- Thus, = D n y. For example 
dx ’ dx n 


2 % + x % _ 3l ’s + v = 2D ’ V + xD ' v ~ 3z ' Dy + v 

= (2D 5 H- xD 2 - 3 x 2 D + 1 )y 

We call the expression in parentheses a differential operator. We may, 
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therefore, write equation (27) in the form 

(P 0 D n + P x D n ~ l + PjD"- 1 + • ‘ * + Pn-iD + P n )y = Q 

or F(D)y = Q 

We shall prove two important properties of this differential operator. 

(1) F(D)(cy) = cF(D)(y) where c is any constant. That is, oper¬ 
ating with F(D ) upon cy gives the same result as operating with F(D) 
upon y and then multiplying by c. This is almost evident, for 

D k {cy) = cD k (y) 

for every k = 0, 1, 2, . . . , n. Note that D°y = y is a useful convention. 

(2) F(D)(c x y x + c 2 y 2 ) = c x F(D)(y x ) + c 2 F(D)(y 2 ). That is, operat¬ 
ing with F(D) upon a sum of two functions gives the same result as 
operating with F(D) separately upon each of the functions and adding 
the results. Again, this is almost evident since the derivative of a sum 
is the sum of the derivatives. Thus 

D k (c x y x + c 2 y 2 ) = D k (c x y x ) -f D k (c 2 y 2 ) 

= ciD k (yx) + c 2 D k (y 2 ) 

for all k = 0, 1, 2, , n. The extension to any finite number of 

functions y i, y 2 , y 3 , . . . , y m is obvious. 

Homogeneous linear equation. If Q = 0 in (27), the equation is called 
homogeneous, that is, homogeneous in y and its derivative The follow¬ 
ing properties of this homogeneous equation F(D)y = 0 are of prime 
importance: 

(3) If yi, y 2 , yi, ... ,Vk are any k particular solutions of F(D)y = 0. 
then y = c x y x + c 2 y 2 + c 3 y 3 + • • * + c*y* is also a solution. This fol¬ 
lows at once from (1) and (2). For since 

F{D)y x = 0 
F(D)y 2 = 0 


F(D)y k = 0 

we have 

F(D)(c l y 1 + c 2 y 2 -f • • • + c k y k ) = c x F(D)y x + c 2 F(D)y 2 + • • • 

+ c k F(D)y k = 0 

(4) Suppose y x , y 2 , y 3 , . . . , y« are n linearly independent particular 
integrals of the homogeneous linear equation F(D)y = 0 of nth order. 
By this we mean that none of these integrals is a linear combination of 
the others (for instance, none of them is a multiple of another). Then 


Y = C 4/1 + c 2 y 2 + c 3 y 3 + • • • + c^y n 
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is the general solution of F{D)y = 0 containing n arbitrary constants. 
It is important that these particular integrals be independent, for other¬ 
wise there would be present fewer than n arbitrary constants. 

Now, suppose we are given a linear differential equation 


F(D)y = Q 


where Q is not identically zero. One step toward solving this is to 
replace Q by zero and find the general solution of the so-called reduced 
equation F(D)y = 0. This solution is 

Y = ciyi 4 ciy-i 4 c 3 y 3 4- • ‘ * 4 

and is called the complementary function. Now, if y = u is any par¬ 
ticular integral of the complete equation F(D)y = Q, then 

y = c 3 y< 4 ciy 3 4 c 3 y 3 4 * ' * 4 c n y n 4« = Y 4 u 

is its general solution, or complete integral. This is easily seen to be true, 
for 

F(D)(Y + u)=0 + Q = Q 


since F(D)y = 0, an 1 F(D)u - Q. 

We may summarize the results of this section as follows: The general 
solution of any linear differential equation is the complementary function 
plus any particular integral of the complete equation. 

189. Linear Equations with Constant Coefficients; Complementary 
Function There is no general method available for finding the comple¬ 
mentary function or complete integral of a linear differential equation in 

which the coefficients 1\, Px, P>, - of V and lte derivatives are 

functions of x. But if these coefficients are constants, there are simple 
and quite general methods for finding the solution. This class of differ¬ 
ential equations is of considerable importance in applications, and the 

type form is 



4 kn- 1 ^ 4 k n y = Q 



which can be written 

(k 0 D n 4 kiD n ~ l 4 k 3 D 4 * * • 4 k n . x D 4 k n )y 
or, simply 

F(D)y = Q 

where k», k lt k t .*« «re any constants. 

We may find the complementary function; for if 

F(D)y = 0 


= Q 


(29; 
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and we set y — e” 12 , we have 

Dy = me" 11 , D*y = mV” . . . , D n V = m n e~ 
Consequently 

F(D)y = kom n e mx + fcim"- 1 *?"* + • • • + k n -itne nx + fc»e°“ = 0 
or e mr (fc 0 m n -f- kim n ~ l + • • • + k n -\m + k„) =0 

Hence, if we demand that e"* be an integral of (29), we must find m to 
satisfy the equation 

k 0 m n 4- k i m n ~ l + • • • + k n -im -f- k„ = 0 (30) 

This is, of course, F(m) = 0, and it is called the auxiliary equation (or, 
occasionally, the characteristic equation). 

If mi, m 2f ... ,m n are the roots of the auxiliary equation (30), then 

yi = e m,z , yi = e"**, . . . , y» = e"** 

will all be particular integrals of (29). We have two cases to consider. 

1. Roots of the auxiliary equation distinct. Here, mi, m 2 , . . . , m„ are 
all different; therefore, e miz , c m «, . . . , e**-* are linearly independent. 
The complementary function of (28) is 

Y = Cie m,z -f Cie mtx + * * * + Cne"* 2 

Example 1. To solve the equation 


d*V .dy 
dx 1 dx 



0 


(and so to find the complementary function for any linear equation with this for 
left-hand member), we have the auxiliary equation 

m 1 + 5m — 6=0 (m 4* 6)(m — 1) = 0 
whose roots are m = 1, —6. Hence 

y = cie* 4- cte~ u 

is the required solution. 

Example 2. Solve the equation 


d*y 

dx 1 



dy 

+ 3 f + 2y 
dx 


0 


The auxiliary equation is m* - 4m* + 3m + 2 =0. One root of this equation is 
m = 2. Hence we have 

(m - 2)(m* - 2m - 1) = 0 

and the roots are 

mi = 2 m s = 1 + mi = 1 — V2 

and the solution of the differential equation is 

y - c,e** + c 1 e< 1 + V5>« + - v^>* - e,e«» + e»(e,eV5* + r,e" 
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2. Roots of the auxiliary equation repeated. In this case, not all of 
m u Wj, . . . , m„ are distinct. Suppose = m>. Then c x e n>x and c>e m i 
are essentially the same, and the method of (1) does not give a solution 
with n arbitrary constants. It can be shown that if (m - m T )‘ appears 
in the factorization of the auxiliary equation, so that m, is a repeated 
root of multiplicity s, then not only is e m - z an integral of (29), but so also 
are xe n ' x , z J e m ' x , . . . , x , ~ 1 e m - z . The proof will not be given here. Cor¬ 
responding to the repeated root m,, therefore, there will appear in the 
complementary function terms 

(c r + c r+ ix + c r+2 x 2 + • • • + c r+ ,- l x , - 1 )e m ' z 


Example 3. To solve 


,( 4 ) _ 


8 y" + 16y = 0 


we have the auxiliary equation 
that is 


m* - 8m* + 16 = 0 

(m* — 4)* = 0 or (m — 2)*(m -f 2)’ = 0 


Hence, m = 2, 2, —2, -2 are the roots. Corresponding to m = 2, we have the 
terms (ci + c sx)e ,M , and corresponding to m = -2 we have (ci + c t . r)e-“. The 
required solution is 


Example 4. 


V = (ci + czx)e u + (cj + c 4 x)e" s ' 

To solve 


_ G — - 8 — 
dx 4 dx’ dx 


0 


we have the auxiliary equation 


m* — 6 m* — 8m — 3 = 0 

which can be written (m — 3)(m + 1)* = 0. Here 3 is a simple root, but —1 is a 
repeated root of multiplicity three. Hence, the solution is 

V = Cie J/ + (ci + c»x + c 4 x*)c“' 


EXERCISES 

8olvc the following differential equations: 


1. 



a*// ™ 

0 


2 . 

d*y 

- 2 — 


dx 1 


V 



dx » ' 

dx 

8. 

d*y 
dx 1 

— 

dy 

7 -2 + Gy - 0 
dx 





4 . 

d*y 

+ 

2- U - 

d* y 

- 13 — - 

3S y- - 

• 

to 

1 

) 



dx* 


dx* 

dx 1 

dx 



6. 

d^j 

+ 

3 — 

O 

0 

1 


6. 

d‘y 

» 

li 


dx 1 

dx* 



dx 4 

dx 1 

7. 

d*y 

+ 

d*y 

dy 

20 — - 0 


8. 

d l y 

- 25 — 


dx 1 

dx * 

dx 


dx * 

dx 


0 


d*y 
dx* 


- 27y =0 
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d*y _ d*y 
dx* dx* 


0 


10 . 



0 


11. (.D* + 6D — Q)y = 0 

12. (D* - 6Z)* - Z> -f 30)y = 0 (Check your result by substituting it into the 
original equation.) 

13. D'(D - 2 )*y = 0 14. (D* +3 D + 1 )*y =0 

15. ( D* - 2D*)y = 0 (Check your result by substituting it into the original 

equation.) 


190. Auxiliary Equation with Complex Roots. If the auxiliary equa¬ 
tion has real coefficients, any complex roots will appear in pairs of conju¬ 
gate complex numbers. For example, if a + i/3 is a root, then its complex 
conjugate a - ifi is also a root. This fact, together with the results of 
Art. 176, will enable us to have only real terms appearing in the comple¬ 
mentary function. In the case under discussion, two of the terms of the 
complementary function are 


Cl e(°+V)r -f C 2 € (a-tf)x _ e <xx( ClC mz _{_ 

= e ai [ci(cos fix 4 t sin fix) 4 c 2 (cos fix — i sin fix)] 
= e«[(ci 4 ct) cos fix 4 t(ci — c 2 ) sin fix] 

= e OI (.4 cos fix A- B sin fix) 


where A = c x 4 c 2 and B = i(ci — c 2 ) are simply arbitrary constants. 

To see what happens if such a pair of roots is repeated, let us suppose 
that a 4 ifi and a — ifi are repeated once. Then the corresponding part 
of the complementary function would be 


(c i 4 c 2 x)e (a+mx -f (cj 4 C 4 x)e (a-tf)I 

= e ar [(ci 4 c 2 i)c idx 4 (c* 4- c«x)c- Wl ] 

= e ar [(ci 4 c 2 x)(cos fix 4 i sin fix) -f- (c* + c<x)(cos fix — i sin fix)] 
= e ai [{Ai 4 -4 2 x) cos fix 4 (Bi + B 2 x) sin fix] 


where A h A 2 , B u B 2 are arbitrary constants. 

In general, if a 4 ifi and a — ifi are roots of multiplicity s, the cor¬ 
responding terms in the complementary function are 


e**[(j41 -f- .4 2 x 4 


Example 1. To solve 


we have 


4 4.x* -1 ) cos fix 

+ (fli + B : x + 


£ + ? + »-<> 
dx 1 dx 

m* 4- m + 1 « 0 


+ Bj;*- 1 ) sin fix] 


from which 
Hence 


m 


-l ± •y/~—3 
2 





cos 


2 


1 



x 4 B sin 



Example 2. To solve 


(Z>* 4 *D)y - 0 
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we have m* + 4m = 0 m^m* + 4) = 0 

from which m = 0, 2x, —2 i. Note that mi = 0, a = 0, 0 = 2. Hence, 

y *=* C|€° + e c (i4 cos 2x + B sin 2x) = c { + A cos 2x + B sin 2x 

It may be desirable to express e ai (A cos 0x + B sin 0x) in a somewhat 
different form. For instance, let the reader show that either 

ae ai sin (0x -f 6) 

or ae “ cos (0x + b), where a and b are arbitrary constants, may be used 
instead of e az (A cos 0x + B sin 0x). 

The results of Example 1 can therefore be written 



or in one of the other equivalent forms. The solution of Example 2 can 
be written 

y = ci + a cos ( 2x + b ) 

In every case, observe that the solution contains a number of arbitrary 
constants equal to the order of the differential equation. 


EXERCISES 


Solve the following differential equations (Ex. 1 to 10): 


d l y 

1. ~ + 25y - 0 
ax 1 

d 4 y 

ss - 16 " - 0 

. d*x d*x 

*• dr« + 8 dr> + ,0l “° 

7. (Z>» - 5 D' + 10 D — 8 ) 1 / =■ 0 
9. (D* + 6 D + ll) l y = 0 

d*x . 

11. The differential equation — «=> -k*x expresses the conditions of simple 

dt 1 


-4,-0 

dx 3 dx 3 dx 
d 3 x dx 

*■ dr> + 2 °* ‘° 

6 . 2 ^ + 2„-0 
dx * dx 

8. (£>* + 40* + 8D*)y - 0 
10. /)*(D* + 2D + 10)></ = 0 


harmonic motion, namely, that the acceleration is proportional to the displacement x 
from the center of the motion and directed toward this center. Solve the equation, 
and identify the constants in the solution with the amplitude, period, and phase 
(eee Exercises 35 to 39, p. 162 ). 

12. Show that if m and -m are a pair of real roots of the auxiliary equation, then 
the corresponding terms of the complementary function can be expressed in the follow¬ 
ing equivalent forms: 


c,e m ’ + cte~ m * 

A cosh mx + B sinh mx 
a cosh (mx + b ) 
c sinh (mx + d) 
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191. Particular Integral. We have seen how to find the comple¬ 
mentary function for a linear differential equation with constant coeffi¬ 
cients, 

F{D)y = Q (31) 

This can always be done if we can find the roots of the auxiliary equation 
F{m ) = 0. If we can now find any 'particular integral of the complete 
equation (31), it can be added to the complementary function, and the 
result will be the general solution of (31). There is a quite general 
method for expressing such a particular integral, involving the use of the 
differential operator F(D). This and certain other methods are devel¬ 
oped in detail in books on differential equations. We shall discuss only 
one method, comparatively easy to apply and sufficient for many of the 
cases that arise in practice. It is the method of undetermined coefficients 
and can be used when the function Q contains only terms that have a 
finite number of distinct derivatives. Such terms are x n where n is a 
positive integer; c* x , sin bx, cos cx, where a, b, c are any numbers; or any 
terms that are products of these. 

The first step in this method is to write down a trial particular integral 
whose terms are multiplied by undetermined coefficients. This trial 
integral is then substituted for y in F(D)y = Q, and the coefficients are 
determined so that the integral is actually a solution of the differential 
equation. Examples will be given to illustrate the method, and then a 
general rule will be stated. 

Example 1. Solve the equation 

diy o d y . , 

—-\ - 3 — + 2y = x 2 + sin x 
dx* ax 

that is ( D 1 - 3D + 2)y - i* + sin x 

The auxiliary equation is m* — 3m + 2 = 0 

with roots m = 2, 1. The complementary function is 

y = cie** + cte* 

Here Q = i* + sin x. We note that the only functions of x that arise from the 
differentiation of Q are (except for constant factors) z, a constant, and cos x. We 
Bhall take the terms of Q plus all those which can arise from them by differentiation, 
multiply each by an undetermined coefficient, add all together, and call this our trial 
integral. Thus, 

u = ax * 4 - bx + c + f sin x + g cos i 
Differentiating this, we obtain 

Du = 2ar + b — g sin x + / cos x 
D*u = 2a — / sin z — g cos x 

Consequently 

(£)* - 3D + 2)u = 2ax* + (-6a + 2 b)x + (2a - 36 + 2c) 

+ (-/ + 3y + 2/) sin * + (~g - + 2g) cos x 



PARTICULAR INTEGRAL 


499 


Art. 191] 

We wish this expression to reduce to z* 4- sin z for all values of x. Hence, coefficients 
of x 1 must add to 1, of sin z must add to 1, of cos z and of z must add to 0, and the 
constant term must be 0. This gives 


Therefore 


2a = 1 

a - t 

-6a + 26 = 0 

6 = 3a ■ J 

2a — 36 + 2c =» 0 

c = —a + a ^ a T 

/ + 3g - 1 


-3/ + o =0 

V - 3/ eo / + 9/ ~ 1, and / =■ tV 


g 

0 = nr 


u => yz* + §z + x + iV sin z + cos z 


and the general solution of the differential equation is 

y — C|C*' + cjc* + £z* + fz + x + iV s ‘ n x + TTJ C09 1 

Example 2. Solve the equation 

y"' - 3y" + 2y' = z* + e a 

that is (/>» - 3D* + 2 D)y - z* + e* 

The auxiliary equation is 

m* - 3m* + 2m =0 

whose roots are m = 0, 1, 2. Hence, the complementary function is 

Y = c,e° + c,«* + c t e u = c, + c*' + c* u 

The scheme for setting up the trial integral used in Example 1 fails, 
as the student can readily verify. In fact, the method will fail in the 
following two cases. 

1. If a term in Q is also a term in the complementary function, the 
method fails. For if we introduce such a term into the trial integral, we 
shall have zero as the result of operating upon it by F(D). In Example 2, 
e* is a term of the complementary function corresponding to a simple 
root m = 1 of the auxiliary equation. We shall introduce, therefore, 
the term xe x (plus terms arising from differentiating this) into the trial 
integral. If m = 1 had been a root of multiplicity s, we should have 
introduced x*e x into the trial integral. 

2. If a term in Q is of the type x‘v where a is a term of the comple¬ 
mentary function, the method fails. In our case, x l is such a term of Q. 
For here v = 1 since o • 1 is a term of the complementary function 
corresponding to a simple root m = 0 of the auxiliary equation. We shall 
introduce z 2+1 • 1 (plus terms arising from differentiating this) into our 
trial integral. If m = 0 had been a root of multiplicity s, we should have 
introduced z 2+ * into the trial integral. In general, if v corresponds to a 
root of multiplicity s and x l • v is a term of Q, we introduce x ,+ * • v into 
the trial integral. The proper trial integral in Example 2 is therefore 

u = ax* + bx 2 + cx 4- g + fxe* + he* 
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But operating upon g and he 1 by D 3 — 3 D* 4- 2 D will produce zero since 
Ci • 1 and C 2 € z are terms of the complementary function. We can there¬ 
fore use for our trial integral 

u — ax 3 + bx 3 + cx + fxe* 

From this we got 

Du = 3 ax* 4- 2 bx + c + fe* + fxe* 

D*u — 6ax 4- 26 + 2 ft? 4- fxe* 

D*u => Ca + 3/e* 4- fxe* 

{D* - 3D 1 + 2 D)u => 6 ax' + (46 - 18a)z 4- (2c - 66 4- 6a) - fe* 


Hence 

6a - 1 

and 



& 

1 

1 

o 

and 

6-1 


2c - 66 4- 6a = 0 

and 

c-i 


-/- 1 

and 

/- -1 


The general solution of the complete equation is therefore 

y “ c, + c,e* + e,e*» + lx* 4- + it - xe* 

Example 3. Solve the equation 


that is 
We have 


&v _ 2 . du 

dx 1 dx * dx 


e* + cos x 


( D * — 2D* + D)p = c* 4- cos x 
m* — 2m* + m — 0 

for the auxiliary equation whose roots are m - 0, I, 1. Since m =■ 1 is a root of 
multiplicity 2, the complementary function ia 

y - ci + (c 2 + Cjx)e* 

In choosing our trial integral, we note that one of the terms of <? is cos x. This 
does not appear in the complementary function; we shall therefore include it, and 
any terms obtained from it by differentiation, namely, sin x. But the other term of 
<?, e* appears in the complementary function. Furthermore, it corresponds to a root 
of the auxiliary equation of multiplicity two. For the trial particular integral, we 
shall therefore multiply e* by the second power of x and then include terms arising 
from differentiating x»c*. These would be xe* and c*; but since these already appear 
in the complementary fu ction, operating upon them with D l - 2D* + D would 
produce zero. Consequently, we may omit them from the trial integral. We take 

u =* ax*e* + 6 sin x + c cos x 

The student can easily verify that a - f b _ 0, c - i and that the general snlution 
ox tne Qiilerential equation is 

V - Cl + (c t + CiX)e x + IxV + ? cos z 
Example 4. Solve the equation 

(D< + 8D* + 16)y = x sin 2x 

The auxiliary equation is 

m* + 8m* + 16-0 (m* 4- 4)* - 0 

and the roots are m - 2i, 2i, -2*, -2 i. The complementary function is 

y ™ (-di + Aix) cos 2x + ( B x + B t x) sin 2x 
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Observe that Q is sin 2x multiplied by an integral power of z, namely, the first 
power. Also, note that sin 2x is a term of the complementary function which cor¬ 
responds to a root of multiplicity 2. We shall therefore multiply x 6in lx by the 
second power of x in making up the trial particular integral. We must also add terms 
obtained by differentiation. This gives 

u - ax* sin 2r + bx 1 ain 2z + cx * cos 2z -f fx * cos 2z 

We also get i sin 2x, sin 2x, x cos 2x, cos 2x by differentiation; but we need not include 
them in u, for since they are all terms of the complementary function they would con¬ 
tribute nothing to the result. 

If we operate upon u by D l + 8 D* + 16 and determine coefficients so that the 
result is x sin 2x, we get 

a = -oV 6 - c - 0 / - -tt 

The general solution is therefore 

y = (Ai + A t x) cos 2x + ( B ■ + B*x) sin 2x - ^x 1 sin 2x - rrx* cos 2x 

We may summarize the procedure used in these examples in the follow¬ 
ing general rule for finding the particular integral of a linear differential 
equation F(D)y = Q in which Q consists of terms having a finite number 
of distinct derivatives: 

In general , take for the trill particular integral the sum of all the 
terms of Q plus all terms obtai.ieJ from these by differentiation, each 
multiplied by an undetermined multiplier. Substitute the trial integral 
into the differential equation, and determine the coefficients so that the 
result will be equal to Q. 

Modification. Suppose Q contains an exponential or trigonometric 
term of the complementary function (or an integral power of x times 
such a term) that corresponds to a root of multiplicity s in the auxiliary 
equation. The trial integral should contain this term (or the integral 
power of x times this term) multiplied by x*, plus terras obtained by 
differentiation. Each term is to be multiplied by an undetermined 
coefficient. 

Hint: It is useless to include in the trial integral any term that appears 
in the complementary function. No harm is done by such inclusion; 
but since operating upon any term of the complementary function by 
F{D) produces zero, the amount of calculation is needlessly increased. 


EXERCISES 

Solve the following differential equations: 

d l y d 9 y dy 

1. — 2 - 4y - x + c M 2. —■ - 5 — + 6y - sin x + cos x 

d*x dx J ax 

d*ii d*v d\j 

»■£+«-*’+ 2 ‘+‘- *■ 

5 . (D* — 4 D* - 6 D)y - «"• + sin x 
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6. ( D 3 + D 2 + D + l)y = 2 sin x + 3 cos x 

i. !n - 2 ~r + y " x ' e1 + s - 1 

dx 2 dx 


8 . pi + 3 p + 2 y = i* + 2 sin 2x 
dx* ox 

10. (Z) 4 + D*)y = x* + 15e** 
d*s d*s ds 

12 -3? +4 5! + 5= , ’+ sto2< 

ls .^-^-6^- e -. +S mhx + 2oo.hx 
ax 3 ax 1 ax 


9. (D + 1)*2/ = c _ * cos 2 
d 2 s ds 

11. — - 5 - + 6« = 3e* 
cU 2 dt 


d*8 d 2 s 

u -^ +2 ^ +s = 008 < 


d 2 s ds 

16. — - 3 - + 2s = e" cos 21 


d J u d*u dv 

16 - S'. - 2 ST. - 5 £ + •» - *■ + 




18. 2~ -Zp -2 y=xc*» 

dx 2 dx 


C. SECOND-ORDER EQUATIONS OF SPECIAL TYPES 

Certain special types of differential equations of second order and first 
degree frequently occur in applications. We consider two such general 
types whose solutions can be found. The methods explained can be used 
in attacking equations of higher order and of similar type, and in certain 
cases solutions can be obtained. We shall, however, restrict ourselves to 
equations of the second order. 

192. Dependent Variable Absent. It may happen that the dependent 
variable y does not appear in the differential equation. There are two 
cases to consider. 

1. The first derivative ^ may also be absent so that we have = f(x). 
The solution is at once evident, for 



J fix) dx + c, 


V = / [J/(x) dx] dx -f cix -f c 2 


if we write the constants of integration explicitly. 

It is obvious that the differential equation of nth order ~ = f(x) can 

dx n 

be solved by a similar method. 


Example 1. 


Solved 

dx 2 


sin x. We have 


dy 

— «=» - cos x + Ci y = - sin x + c,x + c* 
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2. Equations of the form ^ = / ^r, Here y is absent, but the 

first derivative is present. To solve the equation, set ^ = p. Then 


and we have 

dx 2 dx 


% = /<*>*) 


a differential equation of first order in the variables x and p. If this 
first-order equation can be solved, we get for its solution p = g(x,ci) 
where Ci is an arbitrary constant. From this we have 



y = Ig(x,ci) dx + c t 


if we write the constant of integration explicitly. 


d*y dy 
Example 2. Solve — + x — 

and the equation becomes 


x . Since y is absent, we set —^ 

dx 


d P , 

-+XP-Z 


d*y 
P ’ dz* 


dp 

dx 


This is a linear differential equation of first order in x and p, and 

,/* - = 


is an integrating factor (Art. 183). The solution is 

= Jxeto* 9 dx - + C\ and p — 1 + C\c~to»* 

Therefore ^ = 1 + Cie - **’ and y - z + Ci/fl-H*' dx + c, 
dx 


.Since dz cannot be expressed in terras of elementary functions, we leave the 

solution in this form. 


Note that this method depends upon reducing the order of the given 

equation by substituting ^ = p. If this new equation of lower order 

can be solved, the solution of the original equation can be expressed in 
terms of quadratures. If, in a differential equation of nth order, the 

dependent variable is absent, the transformation = P will produce 


an equation of order n — 1. If this can be solved, the solution of the 
original equation can be found. 

193. Independent Variable Absent Again, two cases may be con¬ 
sidered. 
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1. Equations of the form ^ = f(y). Here the first derivative ^ is 
absent, as well as x. If we multiply both sides by the integrating factor 
2 < ~dx, we get 


But the left-hand member is the differential 


ial of 

\dxj 


• Thus 


[(f)] - 


2/(y) dy 


Integrating, we have 


(£)’ - 2 1 


S(y) dy + ci = g{y) + ci 


If we write the constant of integration explicitly. Hence, 

dy 


to = ± Vg(y) + cj 


Separating the variables, we obtain 

^ d y 


Vg(y) + ^ 


= dx 


and 


X=± I 


dy 


y/g{y) + ci 


+ c t 


Example 1. Solve the equation - = y — a. Multiplying through by 2^ dx, 

dx 1 dx 


we get 




Integrating, 

Hence 

Separating the variables, we find 




— I =*(!/- a ) 1 + ci 


^ - ± Vfo - a)* + Ci 


dy 


— ±dx 


y (y - a) 1 + c i 

\y - a + V(y - o)* + c,| = ± x + c, 


2. Equations of the form 


dx * 






in which y, appear but x 


dy 


does not appear. Again we set ~ = p. However, if we write 

d*y _ dp dp dy _ dp 
dx * dx dy dx dy ^ 
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our equation becomes 




which is an equation of first order in the variables y and p. 
tion of this equation can be found, 

v = g(y,ci) 


If the 8olu- 


we shall have 


% = div.ci) 


from which we obtain 


f d y 

J g(y,ci) 


or dy = dx 

g(y,ci) 

= x + Ci 


Example 2. Solve the equation 2 y 


d'y ^ ( dy V 

rfi* \dx) 


dy 

+ 4. We set — *=■ p and 
dx 


d*y dp 


dp 


This gives 


dx * dx P dy 

dp 

2yp f - p* + 4 
dy 


Separating the variables, we obtain 


dy 


2 P 


dp In |i/| - In (p* + 4) - In |ci 


y p’ + 4 

This form of the constant of integration is convenient, and we rewrite this result, 


c t y - p* + 4 


From this wo get 


“ P ” ± VW “ 4 


dy 


dx 


y/civ - 4 


— ±dz 


Integrating, we find 


2 y/ciy — 4 

Cl 

2 \/ciV - 4 


±x + c 


±C|Z + Ct 


where c% — c^i 


for the general eolution. 

Again the student will note that the method consists of a device for 
reducing the order of the given differential equation by a transformation 
of variable. If the given equation is of the nth order and the independent 

variable x is absent, the substitution ^ = p can be used to obtain an 

equation of order n — 1 in p and y. If this equation can be solved, we 
can express the solution of the original equation in terms of quadratures. 

The student is referred to books on differential equations for a more 
extensive discussion of the methods here given and for additional methods 
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for solving ordinary differential equations which we have omitted 
altogether. 

It should be mentioned that, in case a differential equation does not 
yield to solution by the usual methods, numerical and graphical methods 
can often be used to very good advantage in special types of problems to 
obtain results that possess a high degree of accuracy.* 

It may be pointed out that the solution y = /(x) of a differential 
equation can often be advantageously represented in the form of an 
infinite series. This is done by assuming 

/(x) = a 0 + a x x + a 2 x* + ajx* + • • • 

and then determining the coefficients do, ai, a 2 , a 3 , . . . of the power 
series so that the differential equation is satisfied, f 


EXERCISES 


Solve the following differential equations: 

i d * y dy tx 
® , =0 

dx * dx . 
d A y 

3. — = c x + sinh x 
dx A 

B ** _ ( d jV m , 

dx s \dx/ 

T.£ + 4 y =0 

dx* dx 


9. 


<£y 

dx* 


e » 


d*u 

“•»& +2 


dy _ /dyV 

dx \dx ) 


1 


d*y dy 

4 &v 

dx 1 x* 

8. (x« + l)g+ 2 x|-x* 

io. 

dx* dx 

dx* dx 


- 1 


MISCELLANEOUS EXERCISES 


Solve the following differential equations (Ex. 1 to 17): 


« , d, J 

3. — — 4 —- =» x sin x + cos x 
dx 2 dx 


d*v du 

6. -7— - (a + 6) — + aby “ 0 
dx 1 dx 


7. 

9. 


(D* - 2D)y =» 1 + e : 

2 -*- 



d*V dy 

dx* dx 



4. 


d*y 

dx 1 


dy 

+i i +3 « 



0 


6. (D* — 4D 4- 6)y sin x 
8. (D* — l)y - e* sin x 

in 

10. — = sin x 
dx 4 


• See, for example, Lester R. Ford, Differential Equations, 2d ed., McGraw-Hill 
Book Company, Inc., New York, 1955. 

t See, for example, ibid., pp. 13-14. and later chapters. 
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IK ^ ( dV \ 

'i. - w ■ 




z*e* 


cos z 


— 


d 4 t/ d^y 

it ^ +i8 ^ +si! ' 

is - j - »■ 


0 


necessary 


18. In finding the curve assumed by a perfectly flexible cable supported at two 
points on the same horizontal line and subject to a force due to its own weight, it is 

d*y id / / dy \* 

to solve the differential equation — = - ^ 1 + I — ) • Here, w is the 

weight per unit length and h is the horizontal tension at the lowest point. If we take 

dy 

the (vertical) y axis through the lowest point, we have — = 0 when x =» 0. Further, 
let y = h/w for x =0. Show that the solution, under these conditions, of this differ- 

h ID 

ential equation is y = - cosh — z (catenary). 

tv n 

19. To find the velocity v x acquired by a body in falling to the earth from an infinite 
distance, assuming that the attraction is inversely proportional to the square of the 
"distance x from the center of the earth, we have the differential equation of motion 

d* 3 * ^ Set v ~ note that, when x — «o # v « 0. If the radius of the earth is 


dt* 


dt 


d*x 


r =■ 4000 miles and — a = —32 ft./sec.* is the value of — when x =* r y show that 

dt 1 

V\ - y/ziir - 7 miles/sec. approximately 




BRIEF TABLE OF INTEGRALS 


The constant of integration has been omitted in each case. 


(1) 

( 2 ) 

(3) 

(4) 

( 5 ) 


( 6 ) 

(7) 

( 8 ) 

(9) 

( 10 ) 

(ID 

( 12 ) 

(13) 


CERTAIN ELEMENTARY FORMS 


(du 4 ■ dv + 


J k dx = k I 

/ 

/• 

/- 


dx 


+ dw) 


“ j du + J do 


dv « uv — / v du 


n p* — 1 


1 7 


/ 


4- / dw 


FORMS CONTAINING (a 4- 6z) 


xdx x a i i | ■ • 
- - - - In |a 4- bx | 


a 4- 6z 6 6* 

z dx a 


(a 4- 6x)* 6»(a + bx) b * 

x(a 4- bx) m+l 


x(a + bx) n dx - 


- - In 


x(a 4- bx) a 
dx 


a 4- bx 


/ 

/ 

/ 

/ 

/ 

/ 

/ viTT. ^ 
/ 


4- — In |a 4- 6x| 

(a 4- 6z)« + * 


6(n + 1) 6*(n 4- l)(n + 2) 




a 4- bx 


z(a + bx)* n(a 4- bj) a* 

2 
\bb 

6z)M 

3)6 (2n 4- 3)6 


x y/a + bx dx - (36z - 2a)(a + 6z)l4 

2an 


n j* -1, -2 


J x n ~' y/a 4- 6z dx 


x dx 2 / 

“ ^rA bx ~ 2®) v° + 


2n 4 3 H 0 


Va+6z 36* 
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(14) 


/ z" dx 


2x" y/a + 6z 2an 


bx 


(15) 


[ — * _ 

J x y/ a + bx 


(2n + 1)6 (2 n + 1)6 

1 1 y/a + 6x — Vo 

y/a y/a + 6x + y/a 

or 


f z "~ l< k 

J y/a + 6* 


2n + 1 * 0 


o > 0 


(16) 


/ 


dx 



a < 0 


(2n - 3)6 


z" y/° -f- 6z ( n !)<“* 1 2(n l)g 


f dx 

J z n_1 \/a 


a + 6z 


n^l 


FORMS CONTAINING (a* - z») 


(17) 


/ a - 


la+x 1.x 

— In- = - argtanh - x* < a* 

2a a — z a a 


or 


- i z + a 1 . u * 

— In - =■ - argcoth - 

2 a x — a a a 


z* > a ! 


(18) 


(19) 


( 20 ) 


( 21 ) 


/ /- z /- a* z 

/ V a s — z 1 dx =■ - v a* — z 1 + — arcsin - 

/ (a* — z*)J4 dx =» ^ (a* — z*)*4 + ^ a*x y/ a* — x J + ^ a 4 arcain - 

J 4 8 8 a 

/ X* y/a* — z J dx = — ^ (a* — z*)H + ^- x y/a* — x 1 + 

J 4 o o 

[ *- - 1,>K + 

J n + 2 n + 2 J 


. x 
arcsin - 
a 


n —2 


. x 
arcsin - 
a 


(22) f = 

J y/a * - x* 

(23) f - * 

J (a* - Z*)?4 a * -y/ai _ 2 t 

/ x* dx z /- a* i 

~= “ o Vo* - X* + — arcsin - 
y/ a* — i* 2 2 a 

_ _ z n ~‘ y/a* - x* ^ (n - 1)a 1 f z»-*dx 

1 n n i y/a* ~ ** 


(24) 


(25) 


y/a* - 


(26) 


(27) 


(28) 


/ 

[ —, dI --lm 

J xy/a'-x* a 
f dx 

J x* y/a* - x* 

/ 


n ^ 0 


a + \/ a 1 — 


\Za* — 


\/a 1 — x 1 
a*x 

V^TT* n — 2 

(n — l)a*x m ~ l (n — l)a* 


r _dx_ 

7 x n ~* \/a 1 — x* 


n 1 
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(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

'39) 

(40) 

(41) 

(42) 

(43) 

(44) 


FORMS CONTAINING (x* ± a*) 


[ dz \ 

_/ x* + a* a 


x 

arctan - 
a 


^ Vx* ± ± j In |x + \/x* ± a»| 


/ (x* ± a*)l* dx = - (x* ± a*)*4 ± - a*x \Zx* ± a* 
d 4 8 


+ - a 4 In |x + \/x* ± a* 

O 

x* Vx* ± a* dx = J (x* ± a*)M T x Vx’ ± a* - In |x + Vx* ± a’i 

T O O 


x* ± a 


x"" 1 ^* t a*)** ^ (n — Da 1 
n + 2 n + 2 


j I '~ 1 V"x* ± a 


f * 

J \/x* + a* 

[ * 

_/ \/x* - a* 

f _*— 

J (x’ ± a*)* 

[ x ' <lx 
J y/x 1 ± a* 


n * —2 


In (x + Vx* + a 


argsinh - 
a 


argco9h - 
a 


a* Vx’ ± a * 


=^= = 5 Vx’ ± a 1 * % In I* + Vx* ± a ; 

± a* ^ ^ 


/ x" dx 
\/x* ± a* 


x* ± a* (n - 


- l)a* f x'-'dx 

n J \/x* ± a* 


n ?* 0 


/* dx 1 . a + y/x' + a* 1 . x 

/ t—= In-—- --argcsch - 

J x Vx* + a* a |x| a a 

f dx lx 

I - = - arcsec - 

J * Vx* - a* a a _ 

f dx _ T \/x* ± a* 

J x* a/x* ±T» " «*x_ 

f dx _ I Vx* ± a* ^ (n - 2) f 

J x" Vx* ± (n “ l)a*x" -1 (n - l)a* J r „-. 


x n -vx 


V** ± a 1 


n 1 


c —. 

J (a + 5x*)* 


z(« + 6x*) 


BINOMIAL DIFFERENTIALS 

— In 2:1 
2a |o + i»x*| 
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(45) 

(46) 

(47) 

(48) 


(49) 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

(56) 


(57) 

(58) 
(69) 


r x m-*+l (a lx 

) *-«.+*•)'*- • (nr + - m — 


(m — n 4- l)o 

(nr + m + 1)6 


r 1 

1)6 

J z"-" 


C x m+l( a + lx*)r 

J x-(a + 6z«)' dx - w . + w+T + 

y x"(a 


(o + 6X - )' dx nr + m + ljrfO 
anr 


nr + m 


— J z-(a + 6x 


•J^dx 

nr+m + 1 


+ bz*) r dx 


x- +1 (a -f 6z») H * 
a(m + 1) 

6 (nr 


+ n + m + 1) f m+ _, . , v , 

—-—- / x m+ *(a + 6z*) r dx 

a(m + 1) 7 


m —1 


f x- +, (o + 6x*) r+1 

j *‘ <a + ^ * -n(r + 1). ■' ' 


+ 


nr + n +»» + l f 

- ———- / x"(a + 6x*) r+1 dx 

n(r + l)a 7 


r ^ —1 


EXPONENTIAL AND LOGARITHMIC FORMS 


t* dx = e* 


a* dx =» 


In a 

a 
x 1 


a* log a « a > 0, o 1 


/ 

/ 

/ x«“ dx (ax — 1) 

7 a* 

f x n e** n f 

/ x*e“* dx --/ x" -1 * - * dx 

7 a a J 


In x dx ■= x In x — x 


x In x dx 


? (2 in x - 1) 
4 


•*+i 


x n In x dx - 


/ 


(In x)" dx 


n + 1 
x(ln x)" 


In x — 


•*+l 


n — 1 


-n/ 


(n + 1)* 

(In x)"~* dx n > 0 


FORMS CONTAINING TRIGONOMETRIC FUNCTIONS 


/■* 

/ 


sin x dx = — cos x 


cos x dx — sin x 


y tan x dx 


In (sec x! 



BRIEF TABLE OF INTEGRALS 


513 


(60) 

(61) 

(62) 

(63) 

(64) 

(65) 

( 66 ) 

(67) 

( 68 ) 

(69) 

(70) 

(71) 

(72) 

(73) 

(74) 

(75) 

(76) 

(77) 

(78) 


cot x dx =» In |ain x| 


aec x dx = In |sec x + tan z 


esc z dx = In |c8c z — cot z\ => — In |csc z + cot x\ 


sec* rir = tan x 


esc* i dx = — cot z 


aec x tan x dx = sec x 


esc x cot z dx => — esc z 


J sin* x dx = — t sin 2 x 

J sin* x dx ■=* - cos x + 3 cos* x 
j sin 4 x dx = jx — t sin 2x + ^ sin -lx 


/.i 


sin" x dx ■=-sin" -1 x cos x + 

n 


cos* i dx “ + i sin 2x 


cos* i(/i - sin x — * ain 1 x 


n - 1 [ . n _ 
- I sm n 

* 7 


1 x dr n integer > 0 


* 

j cos 4 x dx “ §* + t sin 2x + sin 4x 

/ cos’* x dx - - cos' 1 - 1 x sin x + --- 

n n J 

/ sin"* 1 x cos " -l x i 

sin" x cos* x dx — -;- + - 

m + n n 

/ , sin" -1 x cos** 1 x 

sin" x cos* x dx --;- + 

m + n 


sin"* 1 x cos " - 


cos*“* z dx n integer > 0 


x cos" xt/x - - 


cos " -l x n — 1 / 

-- + -;— / sin" x cos" - * x dr 

+ n m+nj 

m + n 

1 x cos "* 1 x m — 1 f 

—:- H-;— / sin " -1 x cos 11 x dr 

w + n m + n y 


m + n ^0 


/ , Bin-** x cos" +l x m + n + 2 / 

nin- x cos* x dx -—- +-—— / sin- 

n + 1 n + 1 J 


j a in" 


m+n^0 
x cos*+* X dx 


n * -1 


x cos* x dx - 


iin 1 


x COM ** 1 X , m + n + 2 f 

m + ~"m + l J 


m ^ - 1 
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(79) 

(80) 
(81) 
(82) 

(83) 

(84) 

(85) 

( 86 ) 

(87) 

( 88 ) 

(89) 

(90) 

(91) 

(92) 

(93) 

(94) 

(95) 

(96) 

(97) 


fsi 

l si 


sin (m - r)x sin (m + n)x 

sin mx sin nx ax = ——---—--—:— m* ^ n* 


2 (m — n) 


2 (m + n) 


. , cos (m — n)x cos (m + n)x 

sin mx cos nx ax -—---——--—-— m* n* 


2 (m — n) 


2 (m + n) 


, sin (m — n)z , sin (m + n)x 
cos mx cos nxdx = - -:-1- — - ;—:— m* y* n* 


/ 

/ z sin x dx = sin z — 

f X '* S * 


2(m — n) 
z cos z 


2 (m n) 


sin z dx = — z n cos z + 


n J x n ~ l cos z dz 


— nx cos z) 


/ . , sin" -1 z(sin z 

z sin" zaz --- 

n* 

/ z cos z dz = cos z + z sin z 
y z" cos z dz = z" sin z — n J z" -1 sin z dz 


n - 1 f . , 

- I x sin" * z dz 

n 7 


n ^ 0 


/ 

/ 

/ 

/ 

/ 

/ 

/ 


z cos'* z dz 


z" sin 
cos" -1 z(cos 


x + nx sin z) n — 1 f 

n * + n J 


x cos" -1 x dx 


n 0 


e°* sin bx dx 


e aI cos bx dx 


c— 

— — (a sin bx — b cos 6z) 
* + b J 


e°* 


a* + 6* 
tan* x dx = tan x - x 
tan n ~ 


(a cos 6x + b sin 6x) 


tan n x dx 


i'-'x _ f 

-i 


tan" -1 xdx n y* 1 


cot* z dz = — cot z — z 


cot" x dx 


cot" -1 z f 

~ »“ 1 ~ J 


cot" * z dx n y* 1 


/ „ , tan z sec" - * z n - 2 f 

sec" z dz = --- + -- / sec" - * z 

n — I n — 1 _/ 


1 x dx n 9* 1 


/i 


esc" z dz 
dx 


cot z esc" - * z n — 2 f 

JTH + — X J esc- z dz n*l 


+ sin z 


tan 


G-0 


[-*--Un('+Z) 

J 1 - sin z \2 4/ 
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2 (a tan + b\ 

\Za*-—~b* “ Ct “ ( V«* - 6* )_ 

I la tan + 6 — -y/b 9 — 


a tan -jz + 6 + \A* “ a 


f dx \ V 1 a* - b* \ y/a* - b* / 

7 a + b sin x j 1 ^ a tan *z + 6 — y/b 9 — a 9 

* V* f " a* I a tan ^z + fc + \A* “ a * 

(99) / — " — = tan yr 

7 1+ COS z 

/ dz . 

- » — cot -jZ 

1 — cos z _ 

(—JL= arctan ( V Q> tan 

r dx \ Vo* - &* V a + 6 / 

^ J a + b cos x ) 1 ,1 \/&* — a* tan jx + a + 6 

(— -— In — .. . - 

\ \Zb* — a 9 | \/b 9 — a* tan -g-z — a — 6 

l02) /siTTcosx " V? ln | t,n O 1 + l) | 


a 1 > 6* 


a 1 < 6* 


( 100 ) 


( 101 ) 


( 102 ) 


A 


a* > 6‘ 


a* < 6* 


dx 

sin x + cos x 


FORMS CONTAINING INVERSE TRIGONOMETRIC FUNCTIONS 


(103) 

(104) 

(105) 

(106) 


J arcsin x dx = x arcsin x + \/1 — x* 

f 2«+i . i /* z" +l dz 

/ z* arcsin x dx *=* -arcsin z — - / — 7=— 

J n + 1 n + iy\/l — z* 

arctan x dx = x arctan x — In \/1 + z* 

J arcsec z dz - z arcsec z — In |z + \/z* — 1| 


n ^ —1 


arctan z dz =* z arctan z — In \/1 + z* 



FORMS CONTAINING 

(107) 

j sinh z dz « cosh z 

(108) 

« 

j' cosh z dz — sinh z 

(109) 

« 

y tanh z dz — In cosh z 

(110) 

4 

^ coth z dz - In |sinh z| 

(111) 

^ sech z dz - 2 arctan e 9 

(112) 

* 

j csch x dz ■■ In tanh - 

(113) 

/ sech 1 x dx — tanh z 



516 

(114) 

(116) 

(116) 

(117) 

(118) 

(119) 

(120) 
(121) 
(122) 

(123) 

(124) 

(125) 

(126) 
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csch* xdx — — coth x 
aech * tanh xdx ^ — sech x 
each x coth xdx ^ — each x 
ainh* x dx “ y ainh x cosh * — y® 
cosh* ® d® — y ainh * cosh * + y* 

* 8inh xdx = ® cosh ® — ainh ® 

®* sinh xdx = (®* + 2) cosh ® — 2® ainh x 

x cosh xdx — x ainh ® — cosh ® 

tanh* xdx — x — tanh ® 

coth* x dx ™ i — coth ® 

argsinh xdx ^ x argHinh ® — \/l + ®* 

argeosh id®—® argeosh ® — \/®* — 1 ®* > 1 

argtanh xdx - x argtanh x + y In (1 — **) <■* < 1 



ANSWERS TO ODD-NUMBERED EXERCISES 


Page 8 

18. /(* + 1 )-*•-*•- 6z 16. 0(3 - x) - giz ) 17. /(r - z) - -/(x) 

Page 11 

/-- 3(1 -z) 

1. (a) V - ± V*‘ “8 <*) V " g , + g _ l 

. ,-, ... -(3x + 1) ± V'x* + 14x + 9 

(e) y - ±i V16 - x* (d) y - - - 

8. (a) y* - 4xy* + (4x* - x) “ 0 

(b) y» - 12xy» + (54x* - 4x)y‘ - (108x> - 24x 1 )y* 

+ (81z 4 - 36z* + 4x* - x) - 0 


Pages 20-22 

7.-1 9. 13 11. — ——7= 13. V- 16 - No limit 17. 0 21. No limit 

4 V2 

23. -^3 26. J 27.-1 29. -1 

Page 26 

1.0 3. 7 6. » 7. (a) 0; (6) a„/6 0 ; (c) « 9. 0, « 11. » 

13. 1 16. 0 17. No limit 19. No limit 21. (a) y «=■ 1, x - — 1, x - 4; 

(6) V - 5, x “ -2, x = -1, x - 1, x - 3 


6. x «■ — 3 7. None 


Page 27 


Pages 28-29 

1. « - fct/>(9 - u>*) 8. fir - x) = l//(x) 6. F (sin x) - x 9. $ 11. « 

13. -2 16. 2 17. No limit 19. No limit 21. 0 23. -f 26. $ 

27. -i 29. (o) y - 0; x - 1, 2, 3; (6) y - 2, x - 3, -3; (c) --3; id) y - 0 

31. x — 2, no; x — —x, no 

Page 32 

1. y - 2x - 3 3. 3x - y + 6 - 0 


Page 34 

1. 7; 4 8. -7; -8 6. 8x aq. in./aec. 


1. 6x 4 

— 16x 


11 . 


21 . - 


(x* - 4)* 
1 


3x* 


8 . 24x* 


Pages 40-41 

6 . — 6 < 


18. 


2 \/x 


16. 


28. - 


y/x* - 25 
15x* 

2(x* - 27 ;M 

617 


7. —— 

x* 

17. — 

3 »* 


19. 


26. 8 rr, 4 rr* 


4 



1 

2xH 
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27. (a) Increasing except at (0,0); (6) increasing at any point; (c) decreasing except 
at x =• 0; (d) increasing for x < 0, decreasing for x > 0 
—1 31. 2 S3. —J- 36. —1 ft. per sec. 37. —1ft. per sec. 

Yffft./sec. 

Pages 47-49 

7 3. 20x 4 - 9x* + 6 6. 15x 4 - 16x* + 6x* + 14x - 5 

2 


29. 

39. 


1. 

7. 


x* - 7x* + 12s - 10 9. 6 + — 

3x* 


13 . 

19. 

33. 

41. 

49. 

66 . 

67. 


-3x‘J* + 3x"44 

1 


,k 

2t * 5<* 


11. 27x* - 8x + 1 + \ 

X* X* X* 
17 

3x* + 4x 4 


+ 20x!4 


(2x)?i 
-x(x» - 48x - 54) 
(x* + 27)* 
x* + 6x + 7 
(x + 3)* 

— 40 ft./sec. 


29. - 


53 


36. 


(5x - 9)* 
2(3/* - 9/ - 1) 


(21 - 3)* 


31. 


39. 


6x(2x + 1) 
(4x + 1)* 
315x* 


4(x* + 8)* 

47. (a) 34°; (b) 63°; (c) 72°; (d) 83° 
63. Decreasing 


61. Increasing 

Decreasing for x <3; increasing for x > 3 
Increasing for x < — 1 and for x > 2, decreasing for — 1 < x < 2 


1 . 

9. 

16. 

21 . 

26. 

29. 


I 


V2x + 3 
#x(x* + 1)H 
a 


Pages 51-52 

3. 3x V* 1 + 9 6. — 5x(a* - x*)44 7. Y(3x + 4)44 


11 . 


21 


17. - 


5(7x - 9)W 

2ax + b 


13. -\(x + 2)(x* + 4x + 13)"H 


19. 5(a - x)(2ax - x*)44 


2(ax + 6)44 _3(ax* + 6x + c )54 

3/*(2/> + 1) y/ t* 4- 1 23. 6x(x* + l)(x* - 4)*(2x* - 4x + 1) 

x(4x* - 13) \/x* - 1 — 5(6x* + 8r + 5) 

Vx* - 4 

(z + 7)(z* + 2z + 7) 


27. 


2a* - x* 


2(2x* + 4x* + 5x + 7)14 

18 


36. 

z*(2z + 7)44 *» 

(4<* + 9/ - 2) \4* + 1 

— a* 

37. 

(2/ + 3)* 


39. 

3(z - D* 

41. 

2 V(2 - 1)* - 1 

43. 

T» $ 46. -£y 



33. - 


(x* - 9)44 

_ 4z(z* - 2z -f- 5) 

(z + 2)*(4z - 6)* 
_1_ 

4 y/x - a y/a + y/x - a 
47. 22.6 cu. in./sec. 


Pages 66-66 


1. 20x* - 24x* + 24x; 0 3. 9/x 4 


6 . 


12 


7. 


13. 


2x(490x* + 84x + 3) 

8( 3x« + 40x* + 64) 
fx* + 8)*4 


9. - 


16. n! 


18 1 


(/* + 9)44 


11 . - 


y/4x + 7 
48x 


(x* + 16)44 


"■ (S<" > 15 
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19. Leibnitz's formula: 

■j— (uv) = u ,n> v + nu (n ~ l) v' + ^ u <n ~ n v" + —- - >ln ~ 2l 

dx* 2! 3! 

+ • * + nuV*“ l) + ui> U) 


Pages 68-69 


1. 2 - 3. — — 5. - " 7. - ^ 

V 9y x a*v 


9. - —— 11. - 

a + y 


3x* 4- 4xy + y 1 
2x* + 2xj/ + 3i/» 


- 2y 


13. - - 16. - ■ — - y 17. —^ 

V * 2x* + 2xy + 3y* 3x 

16 16 16 81 4a* 

19. (1) (2) (3) - —: (4) - —; (5) 2y/x*; (6) - —; 

y* y* 9y* 16y* y* 


b* b* 

(7) “ TV < 8 > ~ — (9) “ 

a *y* a*y J 

(12) a>4/3yWx>i; (13) - ^ 

y" 


(a + y) 


(10) 2y/x‘; (11) aW/2x*»; 


21. 0 


23. £ 


26. 


29. 4 


1. 21, 2 


o J _ JL 

3 ' 2 16a 


Pages 62-63 

3 3 

6 . - l, - 

2 At 


7. V-<‘ 


dx 

d*y dx 

d l x dy 

d*z 

, o _ 

(i 2 f/ r/x 

d*X dl/ 

It 

h* dl 

” dl* ~dt_ 

3 di » 

d * 2 d/ 

d / 2 d/ 


(-J 


432 
6251 1 


1. 6z* - 8x + 5 + - 


Pages 64-66 

_3_ 14 

2 y/i 3« + 1)W 


6. 15x 4 + 144x» - 14x 


7. - 


(14x - 3)' 


13. -$h(hx + k)-'* 


9.- ■ 11. -y(2x -(- 3)(x« + 3x + 11)-* 

Va l — x* 

3x* + a*x 


16. - 


"v/a* + 


17. t(7t* + 8)«» + 4)H 


19. 2(2r - l)*(r* + l)(7r* - 2r + 3) 21. 

23. _4- - 3. -* „ _ U 

(4/ - 1)* y/2l + 3 x* V** + 9 


31 + 10 
2(1 + 1)* 


27. y” ~ 2 ii - 3 *> 
(3y - 2)* 


29. y" - ^ 
4x* 


81 - * “ o<* 


6<«» - 1) 


37. y" - —- 

«* + 1)44 

43. | 46. A 


,3. - » 


33. r - i 35. V - -2 (^)‘ 


41. - 


47. -1 


64<“ 
49. 4 
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Pages 69-71 

1. 2x - y + 3 - 0, z + 2y - 11 = 0, f V6, \/6, 4, 10 
3. 3z + 4y — 31 = 0, 4z — 3y — 8 = 0, 5, -3 

6 . 2z - 9y + 20 ~ 0, 9z + 2y + 5 = 0, y/S5, f y/&5, 9, $ 

7. 12z - y + 16 = 0, z + 12y + 98 - 0, £ \/l45, 8 y/ltf, -f, -96 

9. 3z + 4y - 18 = 0, 4z - 3y + 1 = 0, 5, -4, 

11. z - 3y + 9 - 0, 3z + V - 33 => 0, 6 y/lO, 2 \flO, 18, 2 
13. At (2,2): z+y-4=0, y=z, 2 \/2, 2 y/2, -2, -2. 

16. 2z + y ± 8 = 0 17. None 19. 2z + y - 6 = 0. 

21. 5z — 6y — 30 = 0, 5z — 6y — 4 - 0 

23. z - y + 5 = 0, 27z - 27y + 103 => 0 26. arctan f 27. arctan £, 90° 

29. arctan £ 31. arctan 3 33. z + 3y — 20 =* 0, 31z — 27y — 260 = 0 

36. 5z + 3y - 16 = 0, 13z - 5y + 48 = 0 37. y = 2z* - 3z + 5 

39. y = x* — z J + 2z* - 3z + 4 


Pages 76-76 

1. max. at (1,1) 3. min. at z = — 1 6. max. at ( — 1,5), min. at (0,4) 

- y/l y/l 

7. min. at z =» —-—i max. at z = —— 9. min. at (±o,0), max. at (0,o 4 ) 

5 5 

11. max. at z = 1, min. at z = 3 13. min. at z *■ —1, max. at z = 2 

16. min. at z = — 1 and z = 2, max. at z = 1 and z = —2 

17. min. at z = —3 and z <= 1, max. at z = —2 19. min. at (0,0) 

21. No max. or min. 23. min. at z = £ 26. max. at z = £, min. at z = 2 

27. max. at z = 1, min. at z = 3 29. max. of 7 at z = 1, min. of 3 at z - 3 

81. max. of 1 at t = 1 33. No max. or min. 36. min. of — at to — £ 

37. min.: /(1) = —3, max.: /(3) =■ 49 39. min.: /(0) =■ 0, no max. 


Pages 80-81 


1. 

max 

. at z 


■i, 

infl. at z 

3. 

max 

. at z 

= - 

■i, 

infl. at z 

5. 

min. 

at x 

= ±2, 

max. at z 

7. 

min. 

at z 

- h 

infl. at z = 

9. 

min. 

at z 

= — 


max. at z 

11. 

infl. 

at z 

= 0 



16. 

infl. 

at z 

■» a 



19. 

min. 

at x 

= - 

l 

Tt 

infl. at z 

23. 

min. 

at z 

=* a 


33. y = 

37. 

V - 

2z* - 

- 3x* 

— 

12z + 6 


= 1, min. at z — 3 
= £, min. at z = 2 


■=• — 1, infl. at z 


-1 ± Vis 

3 


3, max. at z = 5 

= a, infl. at z - 0 and x = ±a y/l 

13. max. at z *■ —a, min. at z = o(a > 0) 
17. min. at z = a 

“ — f and x => —1 21. infl. at z — a 

2z* - 3z* - 12z + 2 36. y = -z‘ + 8z* 

39. y = x* - 2z* + 4 


Pages 89-92 


1. A square 
11. 60 X 120 ft. 
17. 5 X 10 in. 

23. 2a 
29. h — £# 

39. 50 


3. £<J 




6. £a, £a 7. 1 9. A square 

13. 18 cu. in. 16. 8 X 8 X 4 in., $14.40 

19. Height = diameter 21. Height of cylinder - radius 

26. Depth — y/l times breadth 27. Width = height 

31. h =» £o 35. a + b 37. 3 miles from camp 


41. 900 


43. 205 


46. 


r - r*. 


A - T5®* 
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321 


47. h - 


49. Altitude of cylinder « 3 times radius 


61. At 2:24 p.m., distance =» 12 \/5 miles 63. h — —r 

V2 


Pages 96-97 


i 16 • / • 

1. — m./min. 

X 


7. 16x cu. in./sec. 

13. 4 ft./sec. 

19. After yy Bee., 41.8 ft. 
23. 211^ ft./min. 


3. £ ft./min. 6 . (a) 2 m.p.h.; ( 6 ) 5 m.p.h. 

9. y-| ft./sec. 11- 7 — ft./rain. 

16 t 

16. fj per sec. 17. 88.4 ft./see. 

21 . (a) 8.66 knots; ( 6 ) hr. after starting 


o 

11 . — ft./min. 

16r 


Pages 98-100 

1. x + 4y - 9, 4x — y - 2 3. IOi — y - 6 , x + 10y =51 

6 . 3x + 2y = 13, 2x — 3y - 13 7. 2x - y + 2 - 0 9. 0, arcUn ^ 

11. 90° 13. 2y* - 6 y - 3i + 1 - 0 16. y ~ x* + x* + x + 1 

26. Min. at x - —2, max. at x =■ 2, infl. at x - 0 27. Infl. at x = 4 

29. Max. at x - 0, min. at x =* ±1, infl. at x - ± 1/V^3 

31. Min. at x = —---■ max. at x »» ---» infl. at x — — - 

2 2 2 

S3. Min. at x - 1 86 . y - (x - 1)* 37. y = 3x‘ - lOx* + 15x - 7 

41. ^ 43. 5 X 5 X 4 ft. 46. Height “ f times radius 

47. 3.62 in. 

al aw 

49. 6 - - miles on land, — , - — miles under water 61. (o) b; (b) b 

y/w* — /* “V 

a 

68 . (a) Radius of semicircle — —; (6) height of rectangle =■ radius of semicircle 

X 

66 . 3 ft./aec. 67. f ft./sec. 69. £ ft./sec.; 5 ft./sec. 


Pages 106-107 


1. 4 cos 4z 


8 . 2 oz sec 1 (or*) 


7. — esc (z + k) cot (z + k) 

V V V 

H. _- CK .. +cot - 


16. 2 tan z sec* z — 2 cot z esc 1 z 


21 . tan 6 sec 0 + sin 6 

cot z 

26. — ( 2 z csc f z + cot z) —— 


*■ - 2 “ m (2 + i) 

9. cos z — z sin z 
18. —12 cos 1 Ay sin Ay 
12 sin* 3* 

17 ‘ 1^37 19 ' " COt ’ 3 

23. - sec (j - l) Un - l) 
2 sin x(x cos x — sin x) 


29. (1 -f cot x)*(l + cot x - 3x esc* x) 31. 6 sin 4x \/l - cos 4z 


— 4 sin x cos x 
(1 -f sin* x)* 


36. sec x(sec x + tan x) 
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b b 

37.-cot 9, -- esc* 9 

a o* 


41. 


sin 9 


1 — cos 0 a(l — cos 9)* 

b ... b 


39. — tan 9, — sec 4 9 esc 9 
3 a 

_ b b 

43. - esc <p, -- cot* <p 


46. -cot (kt — a), -- esc* (Jet — or) 

a a* 

x 3jt 

47. Min. value = 0, max. value = 1, infl. at x = ± ± —» . . . 

4 4 


49. Min. value = — y/ o* + 6 *, max. value = y/ a 1 + b* 

61. No max. or min. 63. arctan y, arctan 4 yfi 66 . arctan 

Pages 109-110 

7. h = -Jo 9. h = a y/2 


1. 90° 

13. 5(2*4 + 3*4)H = 35.2 ft. 
19. a/a-, that is, semicircular 

23. 8.7 in.Vsec. 


11 . (a* + 6 * 4 )* 

17. arc cos y, 25 in. 

21. Decreasing at 15.2 ft.Vmin. 


Pages 116-117 


1 . 


9. - 


y/l ~ 10 x* 
1 


3. - 


6 . 


2 z 


y/lQ - 9x* " 1 + x* 

3 


7. - 


\/3 


2 y/x (x 4- 3) 


vT^ 


16. 


21 . 


29. 


(3x - 5) V(3x - 4)(3x - 6 ) 
1 2 


11 . - 


17. - 


x y/ x* - 1 
2 a*x 


y/2ax — x 1 
2 a 


23. 


31 . 


25. 


x* + a* 

35. 2x arctan (x/a) 37. 2 \/a* — x* 


2 + 7x* 

3u' 

o.l + 3u* arctan - 33. 2 arcsin 2x 
9 4- u* 3 


a 4 + x 4 
1 

1 + V * 
u 


13. 


19. 


27. 


\Z3x* - x 4 - 2 
1 


y/t - t * 

x» + 1 

x V3x’ - x 4 - 1 


39. 


1 + x 


41. 


6 arctan 3 z 
1 + 9x* 


46. — radians/min. 
oil 


11 


47. Decreasing at radians/sec. 

375 


Pages 123-126 


1. 

1 

3. 

1/lP 

5 311 


7 

6u — 

1 

Q 15 


x - 2 


x* - 9 


«• 

u(3u — 

1) 

9. ■ 

5x + 1 

11. 

5x 4 + 

3x* - 16x 

13 

7 - 6x 

1 R 

20 



X 


(x* + 

D(x* - 8) 


(3 - x)(2 + 3x) 

10. 

4** - 

"25 

17. 

x* + 16 

19. 

3(6< 

- 5 )M 

21. 

(15x* + 7 )M 

23. 




2(3<* - 

- 5f + 1) 

5x* + 7x + 1 

cot 5 


25. 

—3 tan 3<p 


, M 1 
27. — tan - 


33. 


2 2 
sec 9 esc 9 
In tan 9 


29. -2M cot 9 
1 


36. 


31. 6 esc 2x sec 2x In* tan 2* 

sec 9 esc 9 


2 1 y/lnl 


37. - 


In 3 cot 9 
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89. sec z tan z(l + In sec x) 


46. sec ■jz esc yz log e 


61. (7z + 5)(z + 3)'(z - 1)« 


41. — log - 

li 1 


43. 


sec 1 6 


1 — tan ; 6 


2 4 

47. — esc' z, 2 esc’ z cot z 49.-, — 

z» z> 


63. 


7x + 9 


66 . 


3z(9z» - 135z + 10)(3z» - 5) « 
(z* - 9)* 


(2z + 5)14(3z - I)* 

61. 2z — y — 1 — In 2 = 0 


63. 2x-y = 4+ln2 


66 


.(-i)-M 


Pages 126-128 

1. 3e ,x 3. 2e’* +l 6. 2 te 1 '** 7. e 1 *" « sec* 0 

9. ze-*(2 - z) 11. 3(2**) In 2 13. -e~*’'sin 2f 16. 1 

17. e ,u (2 cos 3u — 3 sin 3 u) 19. e** 0 *(l + 6 sec* 0) 

2e u 1 


21. — 6e* x sin c ,x cos e ,x 23. 
-e- x ’(2z* + 1) 


27. 


\/ \ — e** 

29. 3z»'(l + In z) 


26. 


33. z‘*' +x > |j + In z + ln'zj 


39. z — y + 1 = 0 


36. 0 


41. (6) 


y/e" ~ 1 

31. (I + (In x) In In ;r)(ln z)*~ 
37. t*(x + n) 


(* vi v) 


1 X 

17. - cosh - 

2 2 

23. — each* - 


Pages 129 130 

19. -3 sinh (4 - 3<) 


1 fi 

21. — sech* 
5 




27. 2 1 csch (16 - 1*) coth (16 - t*) 


26.-sech \/l tanh y/l 

2 v 1 

29. 2 tanh z sech' z 


31. x cosh' — sinh — 
8 8 

37. e* sinh e* 


17. 


2z 


V* 4 + 1 


19. 


33. {/ cosh y -4* sinh y 

39. tanh z 

Pages 133 134 

±* 3z* 


86. e“(sech* u + tanh u) 
41. csch z 


y/x* - 2z 


21 . 


1 - z* 


23. 


4 - z' 


26. - 


2z* 


29. 


6 ^argtanh ^ 


— . for z < 0 27. - f- 2z argtanh z' _ 

z V4 +z‘ 1 _ z 4 - z' 

Pages 136-137 

1. + 6z - z-M 3 . 2(2x - l)(z» + l)'(8z* - 3z + 2) 


6 . 


6 — 4 y — 6 y* 
" (l/ 1 + U* 


7. 




1 - u« 


9. - 


In u 


u‘ 


11. + In In y 
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13. x(3x + 2)e ** +1 


( am x 

19. z* ln * I —-1- cos x 

\/l - t* - t 

”• i-f- 
29. c°° ,h * sinh x 


36. sec v 


In x^ 


<* + 21+ 6 


17. ~3 esc* v8 cot vO 


i. x^e* + In x^ 


A 44/ 

26. - x sinh — 
2 4 

31 tanh y 
In cosh y 

a* In a 

/l - a** 


27. sinh* f cosh ^ 
3 3 


u \/l + log* u 


3 sec* 3x 
2 a/ tan 3x 


41. J (to-l+±) 


43. esc 0 

61. -f-i 

4y y* 
67. te 4 , e*(*» + <) 


46. «** sin x 47. v y* + a* 

V 3y 


49. y sin y 


63. — —» — 66 . — cos t + sin t, -e*(sin t + cos t) 

xx Ax’ 


69. tanh u. — sech 4 u each u 
3a 


Pages 141-142 


1. (4x* - 21x*) dx 3. -■ *** 

V*' + 4 

7. (I* - 1)(15I* + 161 - 3) cU 9. - 4rdr 

(r* + l ) 1 


6 . 8 x(x* - 9)» dx 


11. 4 cos 40 do 


13. — tan* 0 do 


esc* x 


16.- - - dx 17. 4 cos* x dx 

2 A/cot x 


V4 - x* 

27. £ * 
t 

35. tanh x dx 
43 2 xy dx - x» dy 

V* 
yVi 

49. - — 


6 6 

53. - coth u.-csch* u 

/i /it 


x* + a : 


u* — a* 


37. 2ye»*-*dy 


23. - _* 

x a/x* - 1 

31. esc x dx 

39. — sin y dy 


46. 2x sin y dx + x* cos y dy 


A/x* - 


33. cosh u dw 

41. 2xy dy + y* dx 
„ 3y(y* — x*) 


2 x(x* - 6 y*) 


b b 

01. -cot 0] - CSC* 0 

a a* 

66. V '' 1 ~ u * u ( u ' ~ 3 ) 
1 + u* ’ (1 + »<*)* 


Pages 144-146 

1. 2 rr Ar *■ circumference X width 

3. §rrh Ar = | height X circumference of base X change in radius 
6 . 0.5 cu. ft. 7. Edge < 100 cm. = 1 m. 9. 1.5% 11 . 2% 

16. (a) - ^; (b) - — 17. 0.0098 19. 4.96 21. 3.009 23. 6240 

26. x > 193 27. x > 34 29. angle > 69°50' 

81. angle < 40*25' 33. angle > 57°25' 36. cot 0 SO 
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87. (a) 2%; ( b ) 1.7%; (c) 2%; (d) 60% 

46. 0.002 
sin 20 

13- iv 


89. —, 

x x In x 

47. AT Ay 
68 . 66°31'0" ± 2 


43. x > 434.29 
49. 75.940 ± 0.004 


Pages 164-166 


1. (a) « = 2; ( 6 ) -- 7 = 3. P =}\/5 

17 V17 

7. (a) p - f \/5; ( 6 ) « ~ 0 9. p =■ 


6. p — 


7\/7 


o (l+A/')« (l+A/*)h 

9. P --- ii. p -—^7 


(1 + cos' x)H (2 - x*)*> 

13. « = 1 16. 1 , , 17. c—(1 + «**)>» 19. -—— 

|sin x| |x| 

(a*y* -f 6 ‘x*)M (4a* + x*)« 

21. - y as. 1 — 26 - 

a 4 6 ‘ 4a' 

(x 4 + y 4 )M 29. max. at ± (45)“H, rero curv. at x 

| 2 a*xj/| 

31. max. at x - l/\/2, no min. 33. max. at x = —5 In 2, no min. 

36. max. at x ■■ ±argsinh 1 , zero (min.) at x =» 0 


Page 166 

1. P - V V37 3. P = 2 \/2 8. P = n, « = 1 /a 

^2 g (a 2 sinh* u + 6 * cosh 1 u)** 

3a|sin 2*>| P a 6 

11 . max. at ends of major axis, min. at ends of minor axis 
18. min. at 0 = t, no max. 

Pages 168-169 


1. (0,4) 

9. ^3x, + 2a, - 11. 27X* - 4 (Y - 2)‘ 13. (oX)» + ( 6 K)»* = (a« - 6*)»4 

16. AT — a (0 + sin 0 ), K — — a(l — cos 0 ), that is, a cycloid of the same size as the 
original one 

17. X ~ ±2a cosh* ti, Y - -2a sinh* u 19. (aX)H - ( 6 K)» - (a* + fri)M 

Pages 161-162 

4 V 


3 . ( 8 , 8 ) 


6 . -143, Vr- 


7. (0,2a) 


Pages 161-162 

41. x — 2 cos ( ? rt + »> ) 43. x “ \/33 cos — 7 =. 46. amp. = 8 , per 

\3 / V2 

Darrac 1AA_1fiR 




7. 

» ” V 2 ,; 

- 

jr - iw - 0 

9. 

*-l,J- 

1 , j T = 0 

11 . 

<5 

1 

00 

B 

12 , 

, Jr - 0, J.v = 12 

13. 

v - 8 ,; - 

12 , jr - 1 

16. 

2 , 

• 

;r 

- 0 , j N - 2 

21 . 

— 6/\/146, a 

23. 

- 12 ,j. 

- 

0 , - 8 

26. 

x = 0, X - 

t/3 

27. 

at (4,3) 



29. 

No collision 
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Pages 169-170 

1* ** + I/* = a*, « =» 1, v = a 3. u = 9 radians/sec. — 9/2x r.pa 

8* ■ ~V T ft./sec., v t = 4x ft./sec. 7. ± 4f radians/sec. 

9. v x = (1 — cos 0)x, v, =» t sin 9, t> = 2x sin ftf.ft./sec. 

11. v = 4x sin -y# ft./sec., j = fx* ft./sec. 1 IS.--— 

x* + y* 



x* + y* 


Pages 170-172 


1. V \/H) 


3. 


(81y* + 16x*)* 


11 . 


“3~ 

a|(1 + sec* a)* 


|tan* a\ 


1296 
13. <p 


6. \/l3 


7. 4 a/5 9. 1 


0 , 


25. amp. 

27. v = y/b,j = 2 y/2 9 j T = 2/V^iiar ** 6/\/5 
29. = f, j = 4, jr = 0, jat = ^ 

31. I> = Ve, i = V34, ir - 14/V6, y# - 2/V3 


7, per. = x/6 


33. i- - i 


\/34,J 



Pages 176-177 

1. * “ t / 3» no slope 3. ^ m = 1 6. 4> = - x, m = 0 

4 6 

7. ^ “ arc ^ an 7 \/3 9. 45°, arctan ^ =» 26°34' approximately 11. 8.32 

13. -x 16. 60° 17. 90° 19. arctan $, 45° (at the polo) 21. arctan 4 

Pages 179-180 

1- Vo, fa, f VTOa, | \/To a 3. -a \/2, -a \/2, 2a, 2a 

6. a0*, a, aO y/1 + 0*, a y/\ + 0 * 

7. a sin* 0 , a sec* 0, a tan 0 vT + sin* 0 cos* 0, a -\/tan* 0 + sec* 0 

9. -2a Vi, - ^ VTT4?. ^ VTT5 


1 . K 

7. p 
13. 0 


1. tv 

3. tt r 


6 . Vr 

9. 

11 . * 

16. * 


=* 1/a 3. P 

- c“ 9 \/l + a* 9. p 

- 0, 2x 16. 0 = 0 


Pages 182-183 
fa 

B. « = 10/a, K — 2/3a 

£ a + *)» 

_ (1 — c cos 0)* 

ac(l + c* — 2c cos 0)K 


Pages 184-186 


“ ~ f xa sin 0 ft./sec., v, ° f xa cos 0 ft./sec., t> = | xa ft./sec. 

--We ft./sec., c, -ft./*c., . - ^ ft./sec. 

™ ® in./sec., t>® = 3 in./sec., <•> = 3 radians/sec. 

- arctan (-f V§j, m - f- V3 


- 120°, ro - 0 18. * 

" — arctan —m = 
4 V3 


— arctan 4, m 


l 

7 


13 

3 V3 


17. 135°, 45° 


19. arctan f 
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21. 0 = ± arctan l/\/5, 90°, 270° 23. 0 = 30°, 90°, 210°, 270° 

26. -jtx sin* 0 tan 9, 2a sin 0 cos 0, ^ sin* 0 \A + tan* 0 27. p = — 

2 3r 


29. center at a, ^ 31. 


Ar = 0.009, As = 0.012 33. Ar - 0.21, As 


0.60 


Page 190 

9- * = Vl 11 . f = ± VI 13. { = 1.08 16. { = 1.5 


1- I 

13. 4 
26. 1 
37. 0 


3. =o 
16. £ 
27. i 


39. -A 


Page 6 196-197 

5. 2 7. +« 9.-1 11. 0 

17. « 19.-® 21. 1 23. 0 

29. 1 31. oo 33 , i 35 () 

41. « 43. If a g 0, no limit (<*>); if a > 0, limit is 0 


Pages 198-199 

1* — 3. —j 6 . — j 7. 0 9. 1 

11. If a gO, no limit (- oo), if a >0, limit is 0 13. 1 16. 1 17. 1 

19. 1 21. 1 23. e* 26. e* 


Page 204 

1. |ft| < 10 ~ 7 6 . n => 3 (that is, three terms) 7. |ft| < 0.000001 

9. cos z ~ 1 _ §5 + fj - || + ^io ((0 < f <*) 

11. Five terms, that is, 1 - ^ -1- 

21 4! 


Pages 207-208 

1. No max. or min. 3. min. at z =■ — 2 6 . min. at 0 = 0 

7. No max. or min. 9. 0 11. 1 13. 0 16. 1 17. — 

21. 1 27. |tf| < 0.000005 29. |«| < 0.0003 


19. k 


Pages 214-216 

1. V - z* + x - 10 6. y ~ Ax* - 5x + V 7. y - x* - 5x + 8 

9. y - z» - 2z* - 6* + 9 11. j, = —16/* -(- 128/, 256 ft., 128 ft./sec 

13. 3 sec., 96 ft./sec. 16. 400 ft. above the ground, ICO ft./sec. 

17. The parabola y = - z* sec* o + x tan a 19. — sin* a 

Jvo 1 2(7 

Pages 221-222 

26. N = 100e° *‘»‘ 27. 29,000 29. In 34.0 years 


Page 236 


1. sin 0 — 0 cos 0 + C 
6 . z tan z + In |cos x| + C 
9. (y* — 2) sin y + 2y cos y + C 
13. (z* -f 6 z) sinh z — (3z* 4- 6 ) cosh z 


3. e*(z - 1) + C 
7. ye*’ + C 

11 . A(3^* - 2 )(z* + 1 )^ + C 
+ C 
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16. z tanh x — In cosh x + C 

19. x arctan x — ^ In (1 + **) + C 
23. | In* x + C 

27. x argsinh x — Vx* + 1 + C 


z* 4- 2 

17. • + C 

V** + 1 

21. ^z*(2 In x - 1) + C 

26. j y/x* - 16 - i(i< - 16)* + C 

29. £e*(sin x — cos x) + C 


31. 4e~ 9 (Bin 0 — cos 0) + C 


e ax 

33. ——- - (a sin bx — b cos bx) + C 
o* + 6* 


z B+I ( 1 \ 

36. —— (in x -— 1 + C 

n + 1 \ n + 1 / 

37. —-y[csc x cot x + In |csc x + cot x\] + C 


Pages 241-242 

1. cos* 0 — cos 0 + C 3. —^ cos* 2x + C 

6 . -j cos* 0 + tv cos'* 0 + C 7. £ tan 30 — 0 + C 

9. £ tan* O - $ tan* 0 + tan 0 - 0 + C 11. cot* 2x - £ cot* 2 x + C 

13. g- tan* a + iV tan 10 a + C 16. — £ esc* 0 + f csc J 0 — g esc* 0 + C 

17. Ijfu + -j sin 2u + C 

19. -g- sin 3x — -j sin* 3x + £ sin* 3x — 8 in 7 3x + C 

21. -gx — sin 4x + C 23. yg-gx — i' 2 g sin 4x + 10*3 j sin 8 x + C 

26. rz sin* 3 0 + C 27. - {x sin 2x - | cos 2x + C 

29. -jx cos' x — x cos x + -| sin x + y sin* x + C 

31. -i cot* 2x + 5 - cot 2x + x + C 33. ^*(5 - 2 sin 2x - cos 2x) + C 
g 6 _1 sin (m — n)x sin (m + n)x 
2 m — n m + n 

cos (m + n)x ^ cos (m - n)x 
n* + 7 i m — n 

39- sin 2x — sin 8 x) + C 





Pages 247-248 

1. 2 y/x - 2 In (1 + y/~ x ) + C 

3. - 3x + 18 \/x - 54 In (3 + y/x) + C 

3 - y/9 - 4x 


6 . 2 V9 - 4x + 3 In 


+ C 7. -^(1 + x)*(5x - 3) + C 


3 + y/9 — 4x 

9 - T^t( 3 + 5x)W(5x - 12) + C _11. y/at + z* + C 

a — Vo* — x* 


13. V®* — x* + - In 

2 


+ c 


a + Vo 1 — x 

15- TS Vz* - 0 * (3x‘ - 1 la*x* + 23a*) + a* arcsin - + C 

x 

17. tt( 1 + x»)« - ^(1 + x*)* + |(1 + x *)* + C 19. -f - In (x« + 41 + C 

x -f* 4 2 


21. 


a* a* 1 

^7« “ if*' - ..)• + j I" I** - “’I + C 


23. g£! - 1) c 

3x* 
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25.-In 

\/2 


z + 1 + V2(5z« + to + 1) 
3z + 1 


4-C 


27. 


9 y/z* 4- 9 


4-C 


29.-— + —-- In (- + ° > N ) + C 

4a*z< 2o*z* 2a* \ z* / 

31. 2 \ /4 + z - 8 In (4 f \A + z) + C 

33. £ y /1 + y/z ( y/z — 2) + C 36. 2 y/z sin y/z + 2 cos y/z + C 

37. In sec* \/z + C 39. f (e* + 8) y/e* - 4 4- C 

ttC®* + 1)^(3«* — 2) 4- C 43. ^-(1 + cos z) cos z 4- ^ In |1 — 2 cos z| 4- C 

46. J(tan* 0 - 18) -v/jT+~tao*l + C 


1. 


y/T^ 


6 . - 


4x 

y/ a* -f z* 


a*x 


+ C 


+ C 


Pages 260-251 

x / - a* x 

3. - va* — x* + — arcsin - + C 
2 2 a 

7. ^ y/a* +z« 4- ^ In (x + \/7 + 7 *) + C 


1 v/x* — a* 1 ✓- r~ 

9 . _ In JL_ - + c 11. - (x« -7)^-7 y/z* —7 - 1 y/i 

a* x 3 


13. 


25 \/9z* + 25 

».±\- 

250 [_x* + 6x + 34 

19. y/ax — z» + a arcsin ^ 


16. ^ •%/5 - 3x» 4- 


2 -s/3 


arcsin 




• v7 , 

arcsin- + C 

i 


x + C 


5(x+3) *+3] 

+ arctan —-— + C 

+ C 


21. - In 
a 


z + a 


+ C 


38- ~ . + —^-parctan y/*x 4-C 26. x - In |1 - r\ + C 

2(1 + 2z) 2 y/2 

1 x 4 

27. 2 arcsec + C 29. — In —— 4- C 

33. 


31. - 


y/*x -f 

2x 


4- C 


4<j 4 a* + x* 
x 


36. - argtanh - + C — p- In 
a a 2a 


Va* + 


+ C 


a + x 


a — x 


+ C 


*■ S'° 

7 ro ta 


*+3' +C 
z*(z - 3) 


3. \ In 
6 


+ C 


Pages 257-269 

x - 3 
z + 3 


4-C 6. i In |(x - 7) T (x + 1)| + C 


~ , (x - l)‘(z + 2), 

9. £r* 4- 4z 4- V Mx - 3| - i In |x - 1| 4- C 

* ” 4- C 13. i In |1 - 6 esc e\ + C 


U ‘ 10 lD x* + 4 


,« 1, 1 + sin 9 , „ 

l5 * o 111 i« + C 
2 1 — sin 0 

2x — 1 

19. - t + In 




2z* 


1 +x 


+ C 


21 . 


8(4 - z*) + 32 ln 


x 4-2 
z - 2 


4- C 
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23. 

27. 

31. 

33. 

36. 

37. 
39. 
41. 
43. 
46. 


1 3 

- z 1 +2x - 

2 x - 1 


- In |x» + 2x - 3| + C 26. + 2 In 


-1 


2 — sin 0 


2 — sin 0 
2e x + 1 


4-C 


e x (e x + 1) 
1 


+ In :-: 

! — sin 0 

+ 2 In (1 4- e-*) + C 


x(x - 1) 
29 ' 3? + ,2X “ 11 + ° 


x — 1 


4-C 


4- -In |sec 0 - tan 0| + C 
2(1 — sin 0) 2 

2 x 1, (x - 1)* 

_ aretan . + _ ln __ + C 

T' ~~f r+2 ~ i arctan <* + *> + c 

In (z 1 -l- 4)(z* + l) 1 4- - arctan | — arctan x + C 

2 2 


-In 

4 


2x - 1 

arctan-— + C 


1, (j + 1)1 . 1 
G n (x* - z + 1) + ^3 
l , x 1 4- 2x 4- 2 1 1 

TO n x *- —~2x + 2 + 8 arCtan {X + l) + 8 arCtan ( * “ X) + C 


V* 


2^nj + i arctan 5 + >“ N + C 


47. - 
Pages 261-262 


2(?T7j - l ~ - ^ arctan x + C 


1. 




- 2 + V** 4- x + 4 


6 . - 


+ 2 + V** + * + 4 
4 


4- C 


3. In 


— 14- y/x* 4- x 4- l 


7. 


z + Vz 

X - 1 


\/2x - 


1 4- 2x 
+ C 


11 . 




3 + tan ^ 

3 - tar. ^ 

2 


s + 1 + \/r* + x 4- 1 
4- In |x 4- 1 4- Vz»~+2z| 4- C 

V 4 4 ~.~ - 2 yr= 

\/4~4- x + 2 *s/T3 


4-C 


9. ^ In 
2 


X 

X 


+ C 


+ C 


13. -In 
4 


tan ^ - 3! - - In 

3 tan — — 1 

2 4 j 

2 


4-C 


16. In 


X 

tan - 
2 


+ c 


17. — In : 1 4- cot - 


4-C 


19. 


x 5 

- - - »rctan 


4 45 tan — 
_2 

3 


1. 

6 . 

7. 

9. 

11 . 

16. 

17. 


+ C 

Pages 266 266 

3- ~ T»r cos 1 9(2 4- 3 sin 1 0) + C 


■jTf sin 4 0(1 4- 2 cos 1 0) 4- C 
sin 1 0(sin 9 tan 9 + cos 0) 4- 2 cos 0 + C 
cot 0 esc 0 4- w In |csc 9 — cot 0| 4- C 
| sin* x cos x - ^ sin 1 x cos x - sin x cos x 4- Ax 4- C 
s(x - sin x cos z) - | sin 1 x cos x 4- C 13. - ^ C osH 0(10 4- 9 sin 1 0) 4- C 

\ Vo 1 + X* 4- In (x 4- y/a> 4- x 1 ) 4- C 


55(a« X + x 1 ) + Brctan I + C 


19. -§(x* 4- 2) Vl - z* 4- C 
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Pages 266-288 


1. 2 sin | - ^sin* \ + C 8.-2 y/x cos y/x 4- 2 sin y/z + C 

2 3 2 

6. ts(3x* - Ax + 8) y/\ +x + C 7. f tan’* x + rr tan'W x + C 

9. £(x* + 2a*) y/ x* - a* + C 11. ru(l + 2x*)'4(5x* - 1) 4- C 

13. —2y/a*—x t + C 16. T fax + iV sin* 2x — rrs s ' n 4x ~ nnrr s ‘" 8x4-6' 
17. ^-x tan* z — x tan x — i tan* x 4- iz* 4- $ In |sec x| 4- C 

19. 4 Vl + y/x + 4 ^ 4- C 21. £(e** - 2) V> + 1 + C 

V14\A 

23. *V(1 4- 2 sin 8)H(6 sin 0 - 2) 4- C 27. -ryOx* 4- 32) (16 - x‘)?> 4- C 


29. - 


2(x* 4- a 


lx 2 /- la Ibx 

— + — arctan - + C 31. - y/x - A - arctan A ~ + C 

*) 2a a 6 v \ 6 \ a J 


33. -i In |z| - * In |* - 2| 4- * In |x - 3| 4- C 36. - In 


- 2 


5 2x 4- 1 


4- C 


37. -1- 4-i ln -i- 

2(x - 2) 4 x - 2 


+ C' 


r 

>. 1 JliL + 16 In |x - 4| 4- 33 In |x 4- 3| 4- C 
49 l_x 4- 3 J 


41. — In —-- 4- C 

2a 1 u* 4- a 1 


1 (x 4- a)* 1 2x — a 

43. — In-— 4-- t- arctan -7= + 6 

6a* x 1 - ox 4 a' a* y/3 ay/ 3 


46. In ^-— - - arctan X -^ +C 47. 2 V x ‘ + * + 1 + C 

x« 4- 2x 4- 6 2 2 

49. 2 arctan (x 4- \/x* 4- 2x — 1) 4- C 

61.- * ... — 4- In |x 4- 2 4- V x * + 4x| 4- C 

x 4- y/x 1 + 4x 

63. -^= arctan tan 2) ^ tan 2 ^ 


Pages 274-276 

1. a(5) - 2.80, S(5) - 3.20 3. 1.066 6. 0.889 7. 0.822 

9. a(20) - 1.209, S(20) - 1.229 11. a(20) = 0.9169, 5(20) = 0.9662 


Pages 280-281 


1. 3 

3. 1.099 

6. 0.910 

7. 0.865 9. 1.219 11. 0.9371 

13. In 2 

- 0.69315 

16. r/8 

17. arcsec 4 — ^ 

0.2531 19. 

r/18 

21. In 2 

23. 1 

26. \/3 a* 

27. 0 29. £ 

81. a(y/2 - 

1) 

38. |a* 

36. 2 

37. a’ 

39. 9 






Pages 284-286 



1. -jra* 

8. V- y/3 a* 6. 

4(1 - In 2) 7. a ( 

>-i) 

9. 2w 

11. 128 
26. ia‘6 

18. fa* 
27. f»*6 

16. *^ra 4 
29. 

17. */4 19. 0 

21. 4a‘ 

23. -g-ftl 
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1. t/2 

9. Divergent 
17. f 

26. Divergent 


3. 2 V* 
11. 3 y/2a 
19. x/8a* 
27. l/o* 


Pages 290-291 

6. Divergent 
IS. 0 

21. Divergent 
29. 0.347/a* 


7. -1 
16. fxa* 

23. Divergent 
31. Divergent 


Pages 292-294 

1. T3T 3. Divergent 6. f(l - In 2) 7. 3x/16 

13. t/2 16. 6 - 2 y/2 17. * 19. 0 21. -4 


9. r/12 

no 848 

as. ytts 


11 . 1 
26. 3.8975 


Pages 298-299 

1. f 3. 12 6. V 7. 4 9. V- 11. la* 

16. a*[2 y/z - In (2 + y/Z)] 17. 16 19. -24 + 50 arcsin f - 8.3 21 

23. 2 \/2 26. §a*(3x - 2) 27. 3xa* 29. — 31. fro* 33. fa* 


21 . 1 


23. 2 \/2 26. §o*(3x - 2) 

36. fa*« 


1. wo* 3. |ra* 
17. fa*(2x - 3 \/3) 


6. io- 


27. 3to* 29. 

Page 302 
7. a* 9. fxa* 


11. fr*a* 16. fxa* 


19. 1.4a* 


ai ” a 3 f(‘-i) 


Pages 306-308 


3. fra* 6. fra* 7. 9. fxai* 13. (224t)/3 16. 4x y/z a* 

19. fr* 21. fx/t*(3a - A) 23. 1^x0* 26. fxe*(e 4 - 1) ■= 621.8 


’• 2r (* " *) 


29. x/2 31. fr h 1 33. fr(8 - 3\^)a» 


U24 


37. 2r>a5c 


Pages 310-311 

1. foie 3. fraic 6. fa6A 7. fa* 9. fa* 

13. |fa* 16. rjxa* 17. Vo* 

21 - TK 0 ’ 23. fra*c 26. fa*i> 


11. v 


19. a* In (2 + \/3) 
27. fafe* 


Page 316 

1- W S. 5 - -s/lO + 3 In ~ + 2 V ^ 6. In (2 + \/3) 

7. a(V2 + In (1 + \^)] = 2.29a 9. 6a 11. 8a 13. 4 \/3 

17. \ V 2 (V 2 + In (1 + \/2)l 19. f -v/l3 (1 - *->*) 


18. fra 


Page 319 

1. 4ra* 3. |t(2 y/2 - l)a* 6. ^ ra* 
13. 2 v^>ra*(v^ - 1) 16. 2xa*(l - «->) 


*7 4 4 1 

«• f sq. m 


11. TprO* 


e aT - 2a 
l + 4a* 


01 o_».» . 2ra * b b 

41. 2x0* + —arc cos - 
Va* - 6* a 


■ * - - ^- 

17. x[\/2 + In (1 + y/2)] 

23. a* 26. £ (5 y/l - 1) 

1« 
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1. 2/*■ S. (a/4): 
16. (2/*)a 17. a 


Pages 321-322 
6. fa* 7. fa* 9. faA 


11. (r/4)a* 13. (4/r)a 


1. T + 2 

11. f-xa’ 


3. */2 

13. 2r*a* 


Pages 322-323 
6. fa* 7. fx*r* 


28. In (1 + y/2) 
36. 4a* 


1. 30 ft.-lb. 

7. 43,750rto ft.-lb. 
13. 3,529 ft.-lb. 


1 / G 3 1 \ 

!• (-*, Tff) 

9. 2 ~ ff in 


17. 2.89a* 

26. -f + In 3 
37. jm* 

Page 326 

3. fn*Au> ft.-lb. 

9. 510*u> ft.-lb. 

16. 24™ ft.-lb. 

Page 330 

6. (f, f) 

11. I = 6.9 in. 


19. fa* 


31. 


9. fra* 

21 . tq* tan a 


vTT 


(*-1 - r,) 


39. jTi’oa* cu. ft. 


6. ^ ft.-lb. 
11. Kw ft.-lb. 


17. 


a 7 5 2 


rU) 


ft.-lb. 


7. <f, 2) 

13. -y 8 - in. above base 


(f, 5) 8. (0, fa) 


Pages 332-333 

&• (A. A) 


_ . 4a 
7 - * = £ 


9. Intersection of medians 


11. (|, -1) 13. (2, 5) 16. (l.bla, 0) 


”•( 


256a 256a 
315* 315* 


) 


21. 2 = fa 


1- « “ & 
11. 2 - 2a 


Pages 334-336 

3. j/ ~ fa 6. £ = fa 7. y = f \/3 a 9. i = 0 

18. i = fa 16. (A*a, fa, A 10 ) 17. f %/»* a units above base 


19. 0.38 in. below base of cone 


- (t- t) 


8. (fa, fa) 6. f 


Page 337 
a sin a 


7. X - fa, J? - 0 


9. f fa + b ) units from the center 
17. 6 ft. (approximately) above vertex of lower cone 


Pages 340-341 

1. fi v lb. 3. lb. 6. 12.0 lb. 7. 27*w lb. 9. 600* lb. 

11. Tpu' lb. 13. 40.9 ft. below surface of water 16. f ft. below top of tank 
17. f ft. below surface of water 

Pages 346-346 

1. /. - 79, /„ - 87 3. /„ - 118, - 65, /„ - 120 

6. /, = 133, I, - 248, - 311 7. a*Af 9. f/*A/ 11. fa'Af 

13. fa'A/ 16. A«»Af 17. /,=**- 4 19. - f, - 2 

21. fa’A/ 23. fa*A/ 27. fa*A/ 29. V* 

81. fa’A/ 33. |a*A/ 86. fa*A/ 37. fa‘Af 39. fa’A/ 
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1. 42.5 
17. 26.7 


DIFFERENTIAL AND INTEGRAL CALCULUS 

Pages 361-353 

3. 20.4 6. 63.3 7. 26.4 9. 0.93 11. 0.9974 16. 12.5 

19. 1.19 21. 2.48 23. 0.877 


1. 4 ft.-lb. 


9. 


12 

11. (fa, fa) 

4(a* + ab + b *) 


Pages 353-354 

3. w ft.-lb. 6. ~ f) 


7. 2 


67 

T* 


z = tt in. 


13. Or/2, I) 


17. (— 
\315t 


256o\ 
’ 315x/ 


19. 

26. 

31. jaW, 33. 


21 . z 


fa 


23. 5 = ±h 


3r(a + b) 

2-jt 7 in. above vertex of cone 27. £ = £(1 -f y/2)a 29. fftc lb 


21*a* 

2048 


„ dz „ . dz 

1- — = 3x* + 8xy, — = 4x ; 

Ox dy 


6. — 


3x* dz 


2y 


36. iironP ra5 37. ^irciW 

Pages 359-360 

3. ^ . 2 - ^ 

dy 

du 


dx x 3 + !/’ dy x* -f 7/* 


dx 

7. — 
dx 


1 

x 


2xc* ,+s ' — = 3e x ’ +, ‘ 
at 


9. 

11 . 

13. 

15. 

17. 

19. 

21 . 

26. 

29. 

33. 

37. 

1. 


du 


— = (2x + i/;10 x, *'>' + * , In 10, — = i - 10* ,+x «' + * 1 1 q 10, — = 2z ■ l0 xS+ '» + *’ hi 10 

° x dy dz 

Ow . dw 

— = wn y + y sec x tan x, — = x cos y + sec x 

OX <7// 

dX „ , dx 

— = 3s(s- - — = -3 t(s* - t*)H 

dv dv Alt 

--yz + 2xy- z‘, - - xz + x> + 4j,., g - xy - 3xz> 


dtf 2x dw 2y dw 2z 


dx 


a* ay 6* az 


^ = 2x sinh (x* -f 3 y), ~ = 3 9 inh (x* + 3y) 




O.s* 


23 _ _ sin 0 0Q cos 0 


Or 


00 


ax 

as 

** -r 2 + !/ 2 dy ~ X 2 -Ty 

02 X 02 // 

ax z ay z 

02 Z 0z z 

dx x dy y 

dr d0 cos 0 

— = cos 0, — = - 

° t X dy r dx 2 ' dy 2r 

4,-8 39. 3y + z - 10 = 0, x = 2 41. y + 3z + 6 = 0, x - 2 

Pages 361 362 

6xV, 6x*v. 2x> + 20 ff = 3. 0 , cos y, _* sin „ 

xy y* + 42* 


27. — = _ £!?, d -l = ^ 

dx 0*2 ay 6*2 

31 = 8xy - 9 x»y» dz_ 4 x» - 15 xV 

dx 682* ' dy “ 6Sr 5 


ar 


1 


at? 




36. — = ^ D _ £1 


7. 


x* + 16c* 


2562 


642 s 


5. 2ye l+ >’, 2(2y* + llc'+v’ 


16«* 
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Pages 386-387 

1 • = (3x*y + 2 xy*) dx + (*» + 2x*y) dy 

3. * - ( 8 x J - 9x‘y + 2xy* + 4y») dx + ( -3x> + 2x»y + 12xy» + Ay*) dy 
6. du = e'*-»*-^( 2 x dx -2ydy -2 dz) 7. dw - c* 

3(r dr + tdt) y* dx — xy dy 


9. da 


11 . dz 


+ dr\ 


• I * 

13. dw = ^ sec 1 ^2/ 4- [6 dt 

y dx - x dy i 

17. dz = ---cosn - 19. 1.6 so. ft. 

y* y 


16. dz - 


23. 1006.8 cu. in 
29. 0.29 ft. 


26. 0.020, 3% 
31. 0.09 


(** + y*)ii 
x dy — y dx 

x * + y* 

21. 4% 

27. 2 ft. 

38. 21.7 sq. ft- 


Pages 370-371 

1. 5 4- y/z deg. per linear unit 

3. max. = 10 for a = aretan min. - 0 for a - arctan ( —f) 

6 . a =» arctAn 5 , 0.152 “ 1 


7. - 


Vxi* + y,‘ 


0 9. x 4- 2y — 4 — 0 


4 « V I 

II. a ■= arctan j-. that is, in the direction of OP,; value - 1 


18. \/2 (\/3 - 1) 


1 . 2 x cos t — 8 y ain l 


6 . — ainh ^ (xe* - 2 yy>) 

15. - (xe 1 - ye"*), -— 


Pages 374-376 


3. - e» sin y + 2te* cos y 
13. — - 36/y, - ~ - 36»y 

• 5 


17. 2^ 


x* 4- y* 
t iye* 4- ve 


x* + y< 


’-?>■( 


1. 2x - y - 3z + 14 - 0, 

8 . 2x + y - 9z - 28 - 0, 

#• x 4- 6 y 4- 8 x - 21 - 0, 


2 yuf 

- 


Pages 380-381 

x +2 

CO 

1 

1 

1 

1 

1 

2 

-1 -3 

z - 4 

V - 2 r 4 - 2 

2 

1 -9 

X 4 - 5 

1 

CO 

N 

1 


7. x - 10y 4- 12 r 4-15-0, 
9. 3x 4- 4y - 26, 


1 6 8 

x 4- 1 _ y - 5 z - 3 

1 " -10 “ 12 
x — 3 y — 4 z — 6 

3*4” 0 
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11. 6x + 3j/ — 2 z - 84 =• 0, 


x — 1 y — 8 z + 27 


6 3-2 

16. 2x — y — 2z + 12 - 0 17. llx + 10y + 2z - 66 - 0 


1. min. z = —6 
7. max. at (0,0,1) 
13. a/V3 


11. esc '-(-dy - 

y V V ) 


17. 0.97 ft. 


Pages 386-386 

3. No max. or min. 6. No max. or min. 

9. 11- Square base, depth 

16. 2x + y + 2z = 6 19. (£, -f) 


1 

J 


Pages 388-390 

dx 

13. — + tan y dy 


19. 0 


16. 169.2 cu. in., 1.3% 


21. — (x sin 9 + y cos i 


29. (2x -f y) cos 9 + x sin 9, xr cos 9 — ( 2x + y)r sin 9 


(» + 2m) 


dz 1 

31. — = -lni>+2x^- + 2 mo J + yv' sec* x 36. Xii + y,y -f ziz =* a ; 


39. max. z = 33 


41. (0,0,1) 


Pages 397-398 

1- 16 3. V 6. | 7. i 

13. (?r/4)a 16. 8 t 17. f 19. |a« 

25. 27. t/32 29. 31. 

37. a’|2 \/3 - log (2 + \/3)) 39. ia' 


9. $a s 
21. 4* 

36. 2o*(t - 1) 


11. f?a 
23. -nya 


Pages 401-402 


1. 4r 
13. 


3. 6. V-a* 7. fxa* 9. 6* 11. T Vj»(3:r - 4) 

« A. 1*. —. 


1. 36 


1. i 


xd‘ 


17. 75jFa» 21. 3fl J (r — 2) 

Pages 404-406 

3- tV 6. - 3) 7. §wa< 

Pages 406 -407 

3. 2rr‘a i f> 6. 5 ‘T^a 3 7. Vw 


9. t W(9t + 44) 


9. 


4 0 


1. 4xa> 


Pages 410-411 

3. to* \A + m ' 6. ro 1 V2 7. ^ra‘ \/2 


“• (f 2 + 1^ 3 ~ 0 16 - 


a* 

9. - (t - 2) 
n 


TCI 


1 1 1 

1. 


3. t/12 


9. 

\3 16/ 


Pages 416-417 

6. 3^ 


7 1 1 
*• BT 


16. Yiprkha'ia* + 2h') 17. 


width 


- y) 


3 

I 


11 . ka' 



1. yra* 

9. |a‘ 


ANSWERS TO ODD-NUMBERED EXERCISES 

Pages 420-421 

*• 5. 2r(b* - o»)Jfe 7. V* y /3 a *k 
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11. ■jtt/uj 4 


13. fra 4 


15* iV*** 4 


1. f/ unit* from A 

n 275_ 275 

«. T37 a » TTr 1 

13. fa, fa, fa 
19. 

26. » g - M 

5(6* - a*) 

31. 


Pages 423-426 

8. y - 4a/3x 

9. 2 “ 5 -ga 

16. f *» yya 

21. fyaM/ 

27. fJaW 


6. </ - 3a/2r 

lt a(3q» + 26» ) b(2q« + 36» i 
4(q» + 6») ’ 4(a* + 6») 

17. I - $a 
23. 3-yq*.V 

29. £q*J/ 


1. 8 

11. ^*S Ta> 


21. Vo 


31. * 


3. i( 

13. jjVqbc 

23. frq'A 
3 V^a 


-3) 


Pages 426-427 

6. ira* 


16. — 
32 


26. &rkha* 


7. ng-ha* 
17. J4±xq» 


27. 2r* In - 
q 


9. $q« 

19. §to* 

29. y - 16q/15r 


2(3 V3 - ») 33 ' 37 ‘ * a ’ ,V 39 ’ A ^ lx4 


Page 429 


■h -i 


n — 1 


3. ? X" 

n — 0 


«o 

i. V -- yJL 

Li 13 5 - - 


n-0 


(2n + 1) 


t. f 2 - +i 8 . y ( _ 

(n + l)(n +2) Zj 

n-0 n-1 

n, 2 + 5 + 10 + IT - + ~26~ + ■ ■ ■ 


2 * 

l)"* 1 • - 


n 


z* x % x 4 


15. x - - + I* - - + L* _ 
, 3! 5! 71 ^ 91 

17. (l -») + (»- i) + (» - t) + (i -£) + (£- |) + ... 


13. x -+-4-... 

4 9 16 25 


1. Divergent 
9. Divergent 


1. Divergent 
7. Convergent 


Page 433 

3. Convergent 8. Divergent 7. Convergent 

11. Divergent 13. Convergent 16. Convergent 

Page 436 

8 . Convergent 5 . Co nvcrgcnt 

9. Convergent 11 . Convergent 
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Pages 438-439 

1. Convergent 3. Convergent 6. Convergent 7. Divergent 

9. Convergent 11. Divergent 13. Convergent 16. Divergent 

Pages 441-442 

Convergent: numbers 1, 3, 7, 9, 11, 13, 16, 19; divergent: numbers 6, 17 


Page 446 

1. Convergent 8. Divergent 6. Convergent 7. Convergent 
9. Divergent 11. ttt 13. 0.63212 


1. Conditionally convergent 
6. Divergent 
9. Absolutely convergent 
13. Absolutely convergent 


Page 448 

3. Absolutely convergent 
7. Absolutely convergent 
11. Divergent 

Pages 461-462 



n-2 



X 

N-l 


1 

n 4 + n* 


7. 1 + f + + /A + • • • 

11. l+-ff + Tff+TT+Tff + ••• 



^ (-D" +1 

n — 1 


n±_l 

n* 


9. 1+0+i—+ — 

18.1 + l+ $+ i+ i+ .. 


• • • 


Page 465 

l*“l<x<l 3. — 1 2 < f| 6. — » < X < 00 

7. -1 £ x £ 1 9. -1 < x < 1 11. -1 £ x £ 1 

13. x >=> 0 16. - y/2 < X < y/2 17. 0 < x < 2 19. -4 £ x £ 0 


Pages 468-469 

1. 1 -f x* 4- x* 4- x‘ + • • • (-1 < x < 1) 

3. Sum = 2^x4-— 4- — 4- • • for — 1 < x < 1 


_ „ 8x’ 32x» 12Sx 7 

f). ZX -4- -- 

3! 5! 7! 


(all values of x) 


7. 1 + 2x + 2x‘ + 2x» 4- • • • (-1 < x < 1) 

9. /'(x) - 2 + 8x + 24x* + 64x» + • . . + 2» • nx"" 1 + 

Pages 462-464 

29. 1.6487 31. 19.774 33. 10.583 36. 8.0260 


( — 5 < x < y) 


37. 0.19997 


13. — sinh x, — cosh x, tanh x 


Page 468 
Pages 468-470 


1 - to6 + t^ 
> 1 “ 1 

9. Convergent 


6. Convergent 


11. Convergent 


7. Convergent 


IS. Convergent 
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16. Divergent 17. Divergent 19. Convergent 

21. - 0.103638, error negative and numerically not greater than 0.0000006 

23. Conditionally convergent 26. Absolutely convergent 

27. Abaolutely convergent 29. Absolutely convergent 

31' — 1 — z < 1 33. *- 0 36. *<x<$ 37. a-(l + x)- 

Z l x \ X 1 

2 "" T 2!5 ~ 3!7 " ’ ' * or values of x 


41. x - 


+ 


1 • 3x 4 1 •3 • 5z : 


2-3 2-4-5 2-4-67 


1. Second order, first degree 
6. Third order, first degree 
9. Second order 


d'y 


7. Sr -a^ + I1 £? 
dx* dx' dz 

IS. p. - JL 

dz 2z 


Page 474 


3. First order, second degree 
7. Second order, first degree 


Page 476 

a dy 

’•£-»- * + i 


6y - 0 9. y* + 


(dy\ _ 

\dxj 


5. 

dx' dx 


- 0 


11 . 

dx 


y 

X 


IS. fir _ _ £ 

dx (/ 


1. 2xv + I/* - C 
v 

7. xi/* + e* - C 


1. x* + y* - C 
7. a ~ C cos v 


13. e»* +2- C 
17. y* - sin (x* 4- C) 

1. x* + 2zy - y* - C 
7. In |Cx| — arcsin - 


Pages 477-478 

3. xy + In |x| — C 6. x'y* — 2xy* + x 4 — y* • C 
9. sin (x 4- y) + cos xy ~ C 

Pages 479-480 

8. (x - 3)(y + 1) - C 5. arcsin x -f y/y' — j . 

9- r - C(scc 0 -f tan $) 11. e -u + arctan y m c 

2 

4 

16 - - + V 4- x -f In |x| - C 


19. (x« + l)(y - D* _ c 


Page 481 

3. x 4 + 2x*y* - C 


•* ~ 2 yfe- la 


\Cv\ 


6. X* - y» - Cx 
11. 2x» 4- 3xy* + 3y* 


- C 


13. In {21* 4- 10«* + 25a*) + - arctan —±- 5 ? ■ 


16. Var* 4- y* 4- x In |x| + y arcsin | - Cx 17. e* + In |x| - C 


19. - + ln |y| - 4 
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Pages 483-484 

1. y = x* 4 Cx_& 2y = e* 4 Ce - *_ 

6. (x — 2y) V** + 1 *= In (x 4 -\A* + *) + C 

7. 2y + sin x 4 cos x = Ce* 9. y + 2 - 2 sin x 4 Ce~* ,n * 

11. s cos * = 24 4 sin 2t — cos 2 1 + C 

13. s = 4 4 C \/l - <* 15. - + y In |x| = C 

17. Cx*y* 4 2xy* = 1 19* «* *• <* In I* + Ct* 

Pages 485-486 

1. x* + 2xy 4 2 In |x| = C 3. arctan ^ + In |sec y\ = C 

5. l(x* + y *)H + arctan (y/x) ■= C 7. 2xy 4 e - **' - C 

2t/ ^ 

9. x* + y* - - * C 

x 

Page 487 


1. 

ev 

=» 1 4- Ce*+v 




3. 

xy = sin x - 

• X cos 

x + C 

6. 

y 

arctan - + In |xj/| 

X 

- C 



7. 

y — 1 4 C cos x 


9. 

y* 

- + 2 In |y| 

X* 

- C 



11. 

xy = sinh x 

+ c 


13. 

zy 

+ ^y* = C 




16. 

Cx*y" 4- xy* 

t/ 

- l - 

0 

17. 

X* 

4 4xy - 3y* - 

4x 4 

20y - 

C 

19. 

c* + In |x| - 

- c 


21. 

X® 

4 2x*y* =■ C 

• ff 




23. 

ij sec x + In 

|sec x 

4 tan x| = C 

26. 

y 

_ V 

= Ce * 27. 

(sec x 

4 tan 

x)(y 

- 1) 

= -x + C 

29. 

x — y — 1 = Ce - * 

81. 

dy 

(z* - 16) f - xy 
ax 

- 0 



33. 

* (2)' ■ 

[■* 

ew 


1. z* + y* - C 
6 

7. r - Ce* 

IS. 2x* 4 y* - C 
17. v - i> 0 e _u 


Pages 490-491 

3. y = Ce”M** 6. y — CeM** 

9. r* = C sin 20 11. y = Cx 

16. x — y 4 2 4 Ce* =* 0 
19. p = \/y/fc tanh (\/yfc i) 


Pages 495-496 

1. y - Cie°* 4 c*e _a * 3. y - e,e* 4 c*e** 4 c>e - »* 

5. y — (d 4- c»r)e-** 4 c»e* 7. y = c, 4 Cte 4 * 4 Cje - ®* 

9. y =» Ci 4 CjX 4 c*e* 4 c«e~* 11. y = e~**(cxe v ^ 1 4 

18. y — Cx + c»x 4* c»x* 4 (e« + ctx 4 e*x* 4 CTX*)e** 


Page 497 

1. y ■» A cos 5x 4 B sin 5x 3. y - cie** 4 cje -1 * 4 c» sin 2x 4 e« cos 2x 
5. x — (ci 4 c t t) cos 21 4- (c> 4 c«0 6in 21 
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7. y =* c t e u + e-4*(ci sin y y/l x + c t cos y y/l x) 

9. y - e _,x |(ci + ctx) sin y/i x + (c, + c,x) cos y/2 x] 


Pages 601-502 

1- y = Cie u + cte~ u - ye* - jx 

3. y = A cos x + B sin x + ye 1 4- z* + 2z - 2 

5. y = c, + c,e‘* + C,e-* + ize~* 4- tV sin z 4- cos z 

7. y = (c, + Cti)e* + TT* 4 e* + z + 1 

9. y => e"*(ci + c»z + c*z*) - e - * sin z 11. s = r,e u + ae u 4- 3<e" 

13. y = ci + c*e _1 * -f- Cje 1 * + ^-c - * — | sinh x — y cosh x 

16. a = cie“ + cte‘ 4- y^e 1 ^ sin 2 1 — cos 2<) 

17. y = (ci + c 2 z)e* + (fr* - jx + |)e»* 


1. y = e,z* + ci 

6- y = fi + In |sec (z + e 2 )| 

_ _ v+Vci 

9. V2e* + r - \A? - 2 


Page 606 

3. y - e* + sinh z 4- c, 4- r s z 4- r»z* + c*z> 


7. In 


ci + y 
ci - y 


ClZ + Ci 


11. e,y = Cje'.* - 2 


Pages 606-607 


1. y = C| + Cje** 4- Cje - * 

3. y = ci + c* 1 ' 4 - fje-*' + yz co9 z — yy sin z 
6- y - c,e“ + ce 4 ' 7. y - e, + c,e«* + 

9. y - c,e‘* 4- *-(r, sin V3z + c, cos V3 z) 11. y - c, 4- r, In |z| 4- i ln« 
13. y - cie*' 4- c-e* 1 4- xe u - nr sin z 4- ry cos z 
16. c,y - cosh (e,z 4- c.) 17. y - c, 4- c,z 4- r, sin 4z 4- r, cos 4z 
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Abel’s theorem, 45C, 456, 458 
Acceleration, angular, 168 
components of, 164 
in curvilinear motion, 164 
normal, 165 

in rectilinear motion, 160 
tangential, 165 
Amplitude, hyperbolic, 468 
in simple harmonic motion, 162 
Angle between two curves, 68, 176 
Angular velocity, 168 
Antiderivative, 209, 276 
Arc, centroid of, 335 
differential of, 148, 181 
length of, 312 
ratio to chord, 147, 315 
rectification of, 313 
Area, under a curve, 269 
of curved surface, 407 
of cylindrical surface, 318 
element of, 270 
generating, 303 

plane, in cartesian coordinates, 295 
in polar coordinates, 300 
of surface of revolution, 315 
Argument, of a function, 5 
infinite, 23 

Axes, translation of, 486 

Bernoulli’s equation, 483 
Branch, of a function, 7 
principal, 7 

of inverse trigonometric functions, 

111 


Cauchy’s theorem, 450 
Centroid, of an arc, 335 
by integration, 330 
of plane area, 331 
of surface of revolution, 335 

543 


Centroid, of system of particles, 327 
using double integrals, 421 
using triple integrals, 421 
of a volume, 333 
Circular functions, 1U1, 467 
Coefficients, undetermined, 498 
Components, in vector addition, 163 
of velocity, 164, 183 
Computation, approximate, 142, 365 
Concavity, 76 
Conics, properties of, 70 
Constant, 5 
derivative of, 43 
of integration, 209, 213 
Continuity, 25, 356 
in an interval, 26 
at a point, 26, 356 
Convergence, absolute, 447 
conditional, 447 
of an infinite series, 430 
of an integral, 287, 289 
interval of, 453 
necessary condition for, 432 
radius of, 453 

tests for, alternating series, 443 
comparison, 436 
integral, 434 
ratio, 439 

Coordinate system, change of, 419 
Critical points, 73 
Critical values, 73 
Curvature, 150, 152 
center of, 156 
circle of, 156 

in parametric representation, 155 
in polar coordinates, 181 
radius of (tee Radius of curvature) 
Curve, area under, 269 
derived, 81 
slope of, 32 
tracing, 79 

Cylindrical coordinates, 398, 415 
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D’Alembert’s ratio teat, 439 
De Moivre’s theorem, 466 
Density, 327 
linear, 343 
surface, 343 
Derivatives, 34 
anti-, 209, 276 
of a constant, 43 
definition of, 35 
directional, 367 
of exponential function, 125 
formulas for, 63 
of a function of a function, 49 
of hyperbolic functions, 128 
of inverse functions, 52 
of inverse hyperbolic functions, 132 
of inverse trigonometric functions, 113 
left- and right-hand, 3Gn. 
of logarithmic functions, 122 
in parametric representation, 60 
partial, 356 
of higher order, 360 
of a power of a function, 50 
of a product, 44 
of a quotient, 46 
of second and higher order, 54 
sign of, 39 
of a sum, 44 
total, 371 

of trigonometric functions, 103 
Differential equations, 471 
degree, 472 
exact, 476 

homogeneous, 480, 492 
linear, 491 

with constant coefficients, 493 
of first order, 481 
order, 472 
ordinary, 473 
partial, 472 
of second order, 502 
solution, 472 
Differentials, 138, 362 
of arc length, 148, 1S1 
binomial, 264 

derivative the quotient of, 139 
exact, 386 
formulas for, 140 

use in approximate computation, 142, 
365 

Differentiation, 35 
of implicit functions, 56, 375 
logarithmic, 123 


Differentiation, order of, 361 
of power series, 457 
Discontinuity, 26 
points of, 30 

Divergence, of an infinite series, 430 
of an integral, 287, 289 

e, 118 

Equations, auxiliary, 494 
with complex roots, 49G 
differential (see Differential equations) 
reduced, 493 
Error, percentage, 144 
relative, 143 
Euler’s theorem, 465 
Exhaustion, method of, 2, 3 
Exponential function (sec Functions) 

Family, orthogonal, 488 
Fluid pressure, 337 
Fractious, partial, 252 
rational, 10, 251 
Functional notation, 7 
Functions, 5 
algebraic, 10 
argument of, 5 
circular, 101, 467 
classification of, 10 
complementary, 493 
continuous, 25-27, 356 
decreasing, 39 
definition of, 5 
differentiable, 36 
differential of, 138 
double-valued, 7 
even,7 

expansion of, 459 
explieit, 9 
exponential, 118 
derivative of, 125 
integral of, 220 
gradient of, 371 
graph of, 6 
homogeneous, 480 
hyperbolic, 128, 466 
integral of, 230 
implicit, 9 

differentiation of, 56, 375 
increasing, 39 
integral rational, 10 
inverse, 52 
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Functions, inverse hyperbolic, 130 
derivative of, 132 
integral leading to, 225 
inveree trigonometric, 110, 111 
derivative of, 113 
limit of, 13, 15 
logarithmic, 121 
derivative of, 122 
integral leading to, 228 
many-valued, 7 

maximum values of, 71, 204, 381 
mean value of, 320 
of more than one variable, 355 
odd, 7 

primitive, 209, 276, 474 
rate of change of, 33 
rational, 10 
single-valued, 6 
transcendental, 10 
trigonometric (see Trigonometric 
functions) 

Fundamental theorem of integral 
calculus, 276, 404, 413 


Gradient of a function, 371 
Gudermannian, 468 


Hooke’s law, 325 

Hyperbolic functions, 128, 230, 466 


Increment, 35 

Indeterminate forms, 191, 194, 197 
Infinite series, 428 
Infinity, 22 
notations for, 23n. 

Inflection, point of, 77 
Integral calculus, fundamental theorem 
of, 276, 404, 413 
Integrals, 209 
centroids by, 330 
complete, 493 
convergent, 287, 289 
definite, 275 
divergent, 287, 289 
double, 402 
centroid using, 421 
of exponential function, 220 
of hyperbolic functions, 230 
improper, 285, 289 


Integrals, indefinite, 278 
iterated, 391 

leading to inverse trigonometric 
functions, 225 

leading to logarithmic functions, 228 

mean value theorem for, 279 

particular, 473, 398 

of a power of a function, 215 

tables, 266, 509 

test, 434 

trial, 498 

of trigonometric functions, 222 
triple, 411 
centroid using, 421 
Integrand, 209, 277 
infinite, 285 

as rational function of sin i and cos x t 
261 

rationalization of, 259 
trigonometric, 239 
Integrating factor, 484 
Integration, 209 
approximate, 346 
constant of, 209, 213 
interval of, 277 
infinite, 289 

iterated, volumes by, 391, 398, 405 

limits of, 277 

by parts, 232 

of power series, 458 

of rational fractions, 251 

by substitution, 242 

variable of, 277 

Inverse hyperbolic functions, 130 
Inverse trigonometric functions, 110, 111 , 
225 


Leibnitz formula for nth derivative of a 
product, 56 
L’HApital's rule, 195 
Limit, 3, 4, 11 
of a function, 13, 15 
of more than one variable, 355 
of integration, 277 
left- and right-hand, 16 

of 5!^. 101 
£ 

Linear density, 343 
Logarithmic differentiation, 123 
Logarithms, 120 
change of base of, 121 



INDEX 


Natural growth, law of, 221 
Normal, to a curve, 66 
length of, 67 
to a surface, 379 
Normal acceleration, 165 


546 

Logarithms, common, 121 
modulus of system of, 204 
Naperian, 121 
natural, 121 
properties of, 120 
Lower sum, 270 

Maclaurin’s integral test, 434 
Maclaurin'8 series, 459 
with remainder, 202 
Maclaurin’8 theorem, 202 
Mass, heterogeneous, 327 
moment of, 423 
homogeneous, 327 
by triple integration, 414 
Mass moment, 327 
Mass point, 327 
Maximum, absolute, 73 
applications of, 83, 107 
of a function of two variables, 381 
relative, 73 

test for, 73, 77, 205, 383 
Maximum point, 71 
Maximum values of a function, 71, 204, 
381 

Mean, theorem of, 188 
extended, 191 

Mean value of a function, 320 
Mean value theorem for integrals, 279 
Merten’s theorem, 450 
Minimum, absolute, 73 
applications of, 83, 107 
of a function of two variables, 381 
relative, 73 

test for, 73, 77, 205, 383 
Minimum point, 72 

Minimum values of a function, 72 204 
381 

Modulus of system of common 
logarithms, 204 
Moment, of first order, 327 
of a heterogeneous mass, 423 
of inertia, 341, 421 
of an arc, 343 
of an area, 343 
polar, 344 
of a volume, 344 
Motion, curvilinear, 163 
acceleration in, 164 
rectilinear, 159 
acceleration in, 160 
simple harmonic, 162 


Operator, 37, 491 
Orthogonal trajectories, 488 
Osculating circle, 156 

Pappus, theorems of, 336 
Parametric equations, 59 
of motion, 163 
Particle, 327 

Period in simple harmonic motion, 162 
Phase in simple harmonic motion, 162 
Polar coordinates, 173 
curvature in, 181 
radius of, 182 
plane area in, 300 
volumes of revolution in, 405 
Polar subnormal, 177 
Polar subtangent, 177 
Polynomial, 10 
Pressure, center of, 339 
fluid, 337 

Primitive function, 209, 276, 474 
Principal part, 138, 363 

Quadrature, 295, 473, 478 
problem of, 2, 4, 278 

Radius, of curvature, 152 

in parametric representation, 155 
in polar coordinates, 182 
of gyration, 341 
Rate problems, 92 

Rational fractions, integration of, 251 
Rationalization of integrands, 259 
Reduction formulas, 262 
Resultant vector, 163 
Rolle’s theorem, 186 

Scalar, 163 
Sequence, limit of, 11 
Series, addition and subtraction of. 449 
alternating, 442 
binomial, 462 
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Scries, convergent, 430 
divergent, 430 
division of, 450 
geometric, 431 
harmonic, 431 
infinite, 428 
multiplication of, 44 ( J 
of positive terms, 434 
and negative terms, 442 
power, 452 

differentiation of, 457 
integration of, 458 
sum of, 430 

* Simpson's rule, 349 

Slope of curve, 32 
Speed, 160 

Spherical coordinates, 417 
Subnormal, 67 
polar, 177 

Substitution, algebraic, 242 
trigonometric, 248 
Subtangent, 67 
polar, 177 

Surface, area of curved, 407 
of cylinder, 318 
of revolution, 315 
centroid of, 335 
Surface density, 343 

Tangent line, 30 
definition of, 30 
equation of, 66 
length of, 67 
slope of, 31 
Tangent plane, 378 
Tangential acceleration, 165 
Tangents, problem of, 2, 4, 30, 67 
Taylor’s series, 461 
with remainder, 200 
Taylor's theorem, 293 


Time rates, 92 
Trajectories, orthogonal, 488 
Transition curve, railroad, 172 
Translation of axes, 486 
Trapezoidal rule, 346 
Trigonometric functions, differentiation 
of, 103 

integral of, 222 
inverse, 110, 111 
integrals leading to, 225 

Undetermined coefficients, 498 
Upper sum, 270 

Variables, 5 
becoming infinite, 22 
dependent, 6 
independent, 6, 13 
separable, 478 
transformation of, 486 
Vector, 162 
radius, 173 

angle between tangent and, 173 
resultant, 163 
Velocity, 34 
angular, 168 
components of, 164 
radial, 183 
transverse, 183 
in curvilinear motion, 164 
in rectilinear motion, 159 
Volumes, by iterated integration, 391, 
398, 405 

miscellaneous, 308 
of revolution, 303, 405 

Wallis’s formulas, 293, 294 
Work, 324 
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